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ABSTRACT 
Thc Poi ncfl ré- Dulnc normnlizntion procedurc is based on fl sequencc of coor­

diuutc trnnsíor111ations gencrut cd by :;olutions to homologlcal cquations; in 1hu 

prcsence of resonnnces, such solutions are not uniquc and onc hns lo mnkc somc­
wha! urbitrary cho ices for clcment s in thc kernel of rclcvm1t homologicnl opcr· 
ulors, differcnt choices produc i11g differcnt l1igher order efft>cts. The s implcst, 
and usual, choice is ! o set t hesc kernel elcments to zcro; her e we discuss how a 
different prnscription m u lt'nd t.o a íu1'lhe r s i111plifica tion of the resulling uonna l 
form , iu n complctcly nlgo rit.hmic way 

RESUMEN 
l~ l proced imiento de no rmalización de Po incu ré-D ulnc se bnsn e n una sucesió11 

de transformaciones de coordcnndns gc111.!rndns por soluc iones de las ecuucio11es 
homológicas. En la prcse11c io do resonuncins, esas soluciones no son ünicns y 
se hacen elecciones nrbitrn rias de los eleme ntos en el kerne l de relevnntes oper· 
udores de homolog ín . Diferentes elecciones producen diferentes efectos de orden 
superior. La e le<:ci611 más s imple y co11iú11 es 11nul ar los elementos del kernel. 
Aquí discu timos cómo 111H1 elección diferente puede comlucir a una si mplificnción 
1uuyor de In fornm nornrnl rcsul 1.n 11(,o, de una 1Hnncrn completamente nlgorílm ica 

K c y wo rcls n nd p h rnscs : Non/i11car Dy1101111cs; D1.mam1wl Syslems; Nonn(1l 
/!o,.ms; Pcl"tul"IH1lion Theory. S1rtnmctry. 
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Introduct ion. 

Poincaré-Birkhoff nor ma l fonns [1, 12, 15) a re centrfl l to our understa nding of uon­
linear dynamics in pert.urba t ive terms in many wnys. 

When Lhe nornrn l forrn of X docs not red uce to its linea r part Xo, i t is well known 
thnt there is some freedo m in t he normnlizing procedure; different choices in this will 
produce d ifferent normal forins. T he choices alluded to here can be thought ns a 
choice of nn element in t he (nontrivia l) kernel of t he homologica l operator; in the 
or iginHI Poinca re.Du lnc discussion - and in most discussions in later times - this is 
assumed to be just zero for simpli city. 

Already Dulac [GJ renrnr kecl t lt at it is conceiva ble that a different choice would 
produce a somewlrni "sirnplcr" norma l form, 1:md severa] authors have beeu working, 
nlso in recent times, in l;his direction. We will not attempt at rev iewing the difforcnt 
approaches presenL in t he lit;ernt.ure; a short discussion with reforences is providcd 
c.g. in j-1]. 

The presem aut.!1or lrns cliscusscd a "fur ther normali za tion" of Poinca ré- Dulac 
normnl forms l9J: as th is is a cli rect exte11sio11 of Poinca ré- Dulac appronch bnsed 
on highcr order homo!og icn l opernt:ors, the corres ponding normal forms havé bcen 
christened "Poincnré renormalizecl forms" (PRF'). This approach has la tcr on been 
ndnptecl to cases where a Lie a lgebrn ic st.ruct.ure is na tu rn lly present in t.he set oí 
resonnnt vector fie lds, i.e. in t hc normal forms corresponcling to a given linear port 
[IOJ: in this case the name "Lie renormi:tl ized forms" (LR.F) is used. · 

The purpose of this note is twofold. On t:he one hand , we want to provide a brief 
but comprehensive overview of t:his approach and of t:he resu lts t hat cn n be obtained 
within it. On lhe othcr hnnd , in rnany occurrences, in pa rticular {but not 011ly) far 
systcms oí phys icAI significn 11cc, we den] wiU1 non linea r dynamical syst.ems with gi\·en 
symmetry propert ies; thus we want to discuss how this npproach deals with sy nmletric 
systems. 

In this note, we cica! with dynamics descr ibed by a vector field X on a smooth 
rea l 11-d imcns ional nrnnifold JW; we w<int to study t.his around an equilibriu m position 
mo E .\/, and redu ce to a ncighbourbood E oí mo in flf. As considera tions nre 
merely local, we idcntify E wit;h an R" space, ancl int:roduce ca rtes ian coordinntes 
(.r 1 ..... .r"): the equ ilib rium point 111.0 will co rrespond t:o the origin of this coo rdin ntc 
system. 

Tlms our genero[ fnone will be to considera clynam ica l system in R n, 

:i: ~ f(x) (!) 

wherc /(O) = O nncl f is expandcd arou nd thc origin as a power series 

x = f( x) = L fk (.c) (2) 
k=O 

with /k(cu) = ak+ i JA.(.1:). \Ve could cqui valently consider vector fields X = f'(x)f) / fJI' 
or ''l't'tOr ¡>ower series ¿:k· fk(;i;). 
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Not ice t hat wc will riot consid('r thc convergcnce of the f expansion [5, 16], so nll 
t.hc Sl'ries mct hcre will be fornw l ones. 

Siuiil nrly, wc will 1101. consider the spccific features of hnmiltonian systems nnd of 
üirklioff-Custavsson norm nl fonus [4]; ll simi lar t heo ry nlso cxists in thi~ case, den ling 
wit,b l:i implcr objects (hnmil ton inn fun ct.ions rnt.hcr t hnn vector fields). 

1 Norma l forrn s a nd redundancy of t he ir c lass ifica­
tion 

T hc Poincn ré normnliznt ion procedmc [l , 12, L5] is bnscd on considering n scquencc 
(111 = 1, 21 .. . ) of nen r- identity chnnges of coordina tes 

1:=X+ h111 (X) (3) 

with hm (a.I') = am+ 11im(X). \Ve cn n nlso consider Lic- Poinca ré transformn1ions [13] 
(w li icli hns scverol conceptun l nnd computntional nclvantages [2J): we define a vector 
ficld H = 11:11 fJ/fJr' 0 11 R" nud consiclcr t he flow under it , 

(4) 

which, wi1,h :r.(O) =ro, we denote by :i:( ,\) = <I>m (,\ ;:ro); lhcn the changes of coordi­
nntcs are gi\'cn by 

(5) 

Tht> two procedures give the snme result up to order x'"+ 1• 

Undcr (:J) or (5). (2) is chnnged ton new system (we d rop the tilde over :r; fo r cnsc 
of notn tion) 

.i = L jk( ,r ) (6) 
k·=O 

whcrc fi:(.r ) = fk(r) for k < 111 , nnd J,,, = /,,. - .Co(li ,,.) with Co the homologicfl l 
opernt.or nssociated to / 0 • i.e. C0{h) := {/0 (x), li (:r)} where we USC' the Lio-Poisson 
brnckct {¡p, rp } := ( · \7)1/.i - (1/J V' )cp; t.his corres ponds to t he commutator of vector 
ficlcls lwving compone111 s cp nnd r/1 wheu expressed in :r coordinates. 

The nction on 11 wilh ~· > 111 is d iffcrcnt for Poincnré and Lie-Poinrnré trnnsfo r­
rnfllions; ÍOI' the lntter, we hnve (witlt [k/ 111 ] t he integer pnrt of k/ m) 19, 13] 

_ [k/m[ [ 

h = L.: :;¡ '1-l;,,(fk _,,.) 

'"º 
(7) 

whcrc tht: operntor 'Hm is defined ns ?í111 (.) := {l1m,. }. 
Noticc that ií \ i. denotes vector polynomlflls homogencous of degree (k + 1 ), wc 

hnvc {. , .}: \ '¡ x \ ~ - \/1+111 , so t.hnt, Co: \lk- Vi, nnd 'Hm: Vi: - \li.-+m· 
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By int roducing t he projection íTO on t he range of C0 , and choosing flt eoch step a 
h,.. solution to the homological equntion 

J.:o(h,,,) = ~ofm () 

(here fm is the one obt.a ined a fter t he previous m - 1 transfonnat ions), we con elim. 
ina1e flll the nonlinear ter rns which are not in (Ran (.C0)JJ. = l<er(.C6), a nc\ set the 
system in Poincaré-Dulac normal fo rm, 

;, = ¿ gk(x ) (9) 
k =O 

where go(r) = fo(:r} = A:z.: and a li t he terms 9k with k 2 1 are resonant oues (sce 
staudard refcrences [l , 12] fo r details, as well as for the meaning of the ndjoint operntor 
mentioned above) . 

for ease of discussion, we will consider A to be semisimple, so that we can - with 
a linea r uansformation - takc it to be diagonal, A = diag (>. 1, .•• , ..\,1); the resonnnt 
terms are then a sum of resonant monomials IJI, r ): t hese are vectors lwving only the 
,. component different from zcro, and ec¡ua l to 

(JO) 

with ¡i sat isíying a resona nt relat ion of order Iµ! = L, µ,: 

(11 ) 

see usual references [l , 12] for more general A = (DJ)(O). 
h is obvious from (8) tlwt: (i) we cannot e liminate terms in Ker(CÓ), which /líe 

indeed lhe reso1rnn1 ones; (ií) t:he hm is determined up to a óh 111 E Ker(.Co)· 111 pnr­
ticulnr, choos ing clifferent óh.., will not affect J,,, but wi\l produce different cffects 011 

highcr order terms, see (7). T ltus, di fferent. normal forms can be (formal ly) conjugated 
to thc samc system (2), and therefore (fo rnwlly) conjugated among t.hemsclves. 

\Ve would like tberefore to reduce t:his redundancy in normal fo rms classifi cation ; 
this wou ld a lso have a cornpututiona l advantage (10], and is thus relcva nt to obtain 
nlgorithmic a nd easil y implcrnentab le - procedures, as the standard Poincaré one. 

2 Poincar é re normalized form 

The idea behind l he approacl1 1 proposed in prev ious work l9J is to use thc free<lom 
in the choice oí óli"' in a rder 1.0 colltrol - i.e. if possible e liminate - highcr arder 
rt'SOllflnt terms. 

1 should sny immediately t.hflt. t he "Poinca ré renonnalized fonns·• (PRF) obtnined 
in thb way are, in genera l, not u11ique; on the ot.her side, they: i) cnn reprcsent n con· 
s1dl"rnblc simplificnt ion ovcr stnndard normal forms; ii) can be obtained nlgebraicnlly, 
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wit l1 1 )1(' sn111(' ki11d o f co111pu1n1 ions necdcd for Slflllclord norma l fo rms (NF ), by n s i1n­
pk· nnd 1wll <ldiucd rt'C' urs iv1.• nlgo rit hlll . 1 will uow bricfly define PRFs fmd desc ribe 
tlwir eo11struction, followi ug [9]. 

\V(' dC'finf' big hc r orcler homolog icnl opcrntors 

e,,, : ~ (!,,.,.) ( 12) 

(notict· this will be uscful only nftcr fm hns s tnbilizcd , sec be low), and thc spnces 

wltt·rc JV11,: f! {Pl - · \/ is tbc rcstrictiou of C11: \/-• V to /-/ (Pl. 

Wc wil l o pt' rnlc sequen! inlly far k = l , 2, ... ns follows. Supposc we lrnvc nlrcndy 
opcrntcd t lw l rn11sformntio11 nt ordcrs 11 p t.o k - 1, f1 11d denote by ¡f0> the resulting i-errn 

Jk; W<' will thc 11 opernte n Sl'qucuce of Lic- Po i11 cnré t,rnnsformntions with genc rnt.ors 
/1 i?J, 1ii.1\, ... , h~k - 1), whcre /1 ~•) E 11 1~8 ) = 1-1 (8) n V11 : 1 his conclition gunrn ntees, sec 
(7), t.l111t t,hc fm nnd thus thc C.,. - with m < k will not be clrnnged nnd cn 11 be 

couside rcd as s tnbilized. The lrnnsformnt ion wit.h gc ncrntor 1it~!P will drnngc Ji'') 
i11to 

/ (11+ 1) = ¡ (11) _ M [1t(11l ] 
k· k /1 k -p ( 1•1) 

Tht• h i~) which o perntcs the s t.nndnrd normnlizat.io u nt a rder k - is choseu ns solu1,io11 

10 thc stnudnrd ho mologicn l equnt.iou (8), whilc tbe 1i pi~,, E 1-l~~P s ho uld be chose11 
ns solutiou to! lit' highcr a rder ho111olog icn l equnt ious 

" [1 (¡•) l ¡ (p) Jv1¡¡ lk - ¡1 = 1f¡1 k 1 (15) 

w]1('fl' 11",, is tl ic projC'Ct io n on t he range of J\tt 11• 

111 1ltis wny wc arrivc i111h<' cml to 11 sys1c111 .i· = L~0 /¡ (.r) in which 1hc renor­

mnlizcd 1t>nns sntisfy f~k) = fk sn1 isfy fk E F? ¡ = p (k) n \/k· \\'e definen syst.em to 
be i11 PH F up to arder 11 whe11 th is is sn t.isfied - i. c. fk E p (kl - fo r k < fl, nnd t.be 
nbovc disc11ss io11 shows thnt any dy1wm:icol systcm (11ccto1· ficld. fornwl powc1· series) 
111 llu am be forn1ally bro119/it i11to PllF up lo a11y desi,.cd ordcr n by mcrms of rl 

fom/(/l $C,.ics of lie-Po1ncaré trr.msform11.tio11s. 

Ex 11 111plc. LC'l 11 = 2 with A = (DJ)(O) giveu by A,1 = -io,1 (the stnndflrd rotal. ion 
11w1 r ix), nml de note by I t he two d i111cnsionril idc ntity mnt rix. Thc stnndmd NF is 
tlwn J (.r) = A.l" + ¿;- 1(;r-i + :r~)k[ok l + h-Al:r. 

1 f t he fi rst no nzero ª'- is o 1,, n nd t he fi rs t nonzcro bk is b,,, t he correspond ing PílF 
(wilh 1·2 .ri + .d) is f" (.r) = A.r + r11'cu · + r41' /J:r + 1·2"¡A.l", where o = n1, ond 
{3,¡ E H.; if 11>11, then ¡= O. Thc proof is given - by explicit computatio n - in [9]; 
fro111 it nlso re:;uh:.-; thnt no snmll do11ou 1i11 otors cn n nppear in the proccdure. This 
l'('SU11 ("01Tt'SPOllds to ll wcl! k11ow11 one j l •I, SJ for hnmilt o nif\11 systcms, bul ílppl ics 
nlso to 11m1-h,lmiltoni1rn o ncs. 
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3 Fur t her norma liza tion and symmetries 

lt is well known tha1, when (1) is symmet ri c under t he linear action of n Lie group 
G, the \\'hale norma lizing procedure can be made compntible wit h t he sy mmetry, nnd 
thc NF will also be G-sy rnmetric [<I, 7, 12). 

~!o re precisely, let C act in Rn by a rnatrix representa tion M9 : t;hcn (1) is G­
cquivarinnt if, fa r al l :¡;E R" n.ncl a ll g E G, 

J(M9x ) ~ Af9 J(:c) (16) 

[hcre we nre identify T,.Rn and T 9xR u in t he stand a rd wayj, a nd t he NF (9) wi!I also 

sntisfy the analogue of (16). If we wri te t he NF as :i: = f(x) = I:~o j¡.(x) (we use j 
to a\'oid confusion a mong d ifferent meani ngs of g), we have t hen f(AI9 x) = M9 i(.i:), 
nnd ncum lly 

(17) 

dueto the linearity of t he group act ion. 
This result is bet.t.er recfl s t in terms of Lie a lgebras, fo llowing Broer's nppronch 

13]. Let us focus on connected Lie g roups, and let S be an infinit,esimal geuerntor 
for G (for ea.se of cl iscuss ion I wil l flSS ume t bis is semisimple); t hen t ll'e equivn riflllce 
concl ition ( 16) ref\ds (as can be seen by choosing !1.119 = I + eS) {f(x),S:r} = O or, 
introducing the linefl r operator S := {Sx, .} we have eq uivalent ly t ha t f is equivarimll 
if ancl only if 

J E Ker(S) (18) 

and thc equivnriance of t ite NF mea ns t hat actua lly2 

j,, E Ke>(L'.0) n Ke•·(S) = F IOl n Kec(S) . (19) 

1 will now show t.hat ( Iü) generalizes to PRF. F irst of a li , ( 18) implies thnt h E 
Kcr(S), nnd thus in pa rt.icula r f 0 (x ) = A:i: must satisfy {Sx , Ax}= O. But for linc11r 
fie\c\:; we lrnve- from Jacobi ident ity - t hat {S:i;, Ax } = [.4 ,Sjx: t herefore we mus! 
hnvc !A , SJ =O, from whi ch it nlso follows [.C0 , SJ =O. 

lt follows from t his t;lrnt. S : I<er(,C0) -1 I< er(C0), fl nd converse ly C.0 : Ker(S) __, 
l( er(S ). For non semisimple A and S we should consider also adjoint operators, with 
similar rclntions hold ing t rue. 

Now, suppose we l111ve already set t he system in NF , so that (19) a pplies, oud 
cons ider the transformation to P RF. First of a l! we notice that (19), togerher with 
J acobi relotion , implies tfo.1.t {L..,, S } = O: indeed, 

{L'.0 ,, S}(h) = ¡f.,,, {Sx, h) } - {S.,, (f.,,, h) ) ~ { { f.,, ,Sx), h) = - {S(j.,,),h). 

Thus, C0 • C.., nnd S nll co rn 1uu t;e wi t h each other (note !Cm, C.n ] f:. O in ge1wrnl); 
recalling thot we act.un lly operate only on h 's wh ich belong to I<er(C.0 ), i.e. with 

2The cnse whcre G(:r) docs not coincide wi~h ils closure in R " present.s somo aubtlt>ties, stt 
chnp1cr XVI oí ll lj; this coso cnn occm· only for non-compact groups 1 will not discur;s thls Cll5I' 

hcrc.nnds111>J>05CG=C. 
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01)L'rn\ or:-; ivl ~ rn thC"r tl um Ck, it is im111cdintC' to SC'C' Lhnt nll t he ¡Jkl will ulso remain 
in l( er(Co) n Kl'r(S), nnd thus i11 pn r1i cu! nr iu l(cr{S ). 

Tlius WC concl ud(' thnt : / 01· (1 G -symm et ric syslem - witll e acting line<1 d y - 11 ot 
011ly /h e slond(l irl NF is G-symmetric, bu /. the P/lF is G -symmetric as well. 

Notkc 11lso Lhot W(' Cfl ll choosc the gencro t i11g runclions hm - both in the st nndn rd 
norn1nllw t.ion ~rnd in 11 11 st eps of Lhe rcnonnnlizo tion proced ure - to be in J( er(S) , 
lllid t.ln11. it. is precisely this dioico which ensurcs t.hc G-symrnet ry of the NF ond t he 
PB F. 

We :-; trcss thnt here wc have nr 1.milly considcred the Lie nlgebrn of symme!;ries 
rnthcr t l ulll thc l~ i e group, t lm::; 1101, tnkin g int o nccount. f\ ny genui nely disc rete sy111-
1Het.ry. 'l'hc nrgumenl gencrn lizes C'f\Sily, at ICflSt. Íll !,he prescnt seuing OÍ linen r )?;!'Ollp 
n(' tio11 , to disc rctc.- group actions nml di :-;crete symrnet.rics ns well. 

lmk•cd , r('writt> {17) by considering Uie fl ct.ion /\. of G on vector fie lds, whcre 
!l. yf is u vector fidd with co1npOH('11 ts (A yf) (:i;) = J\l9- 1f 1\J9.r: we say tlrn r t;hnt f is 
~'q 11i vm iH 1t t if /\. 9 f = f for ali g E G. Now t he role of S is piflyed by A; more preciscly, 
wc sho11ltl con~ i clcr, instead of Kcr(S), t.liü set C{G) of vector fic lds such thnt Ah = h . 
T hl' argumcnt goes 1h011 11 long t he snme !ines, showing t.hnt C(G)n J<er(Co) is invnr innt. 
1111dt"r t he renonnnliz ing trn11 sfornrntio u, u 11d we c1:1 11 nlwnys choose h E C(G) so t ; h at ~ 

ng11in , tlw P llF will be G-sy mmetric. 

4 L ic rc norrna lized fo rms 

Ll·t. us now co 11sidcr f\ dilfc rcnL furt,ber nonnnlbm t ion schcmc. T his mnkes n COll sis1·cnt 
11se of t.hc Liü a lgcbrnic struct,u re of Poiucnr6- Dulac norm al forms [3j. 

ConsidC'r thC' :;et oí vector ficlds iu íl" wbicb ore in normnl form with rcspcct: to 
t.be giv('ll lincnr pnrt J\, i .e. t hc set. of Y E V such th nt !XA, l'J = O. 11 is obv ious 
tl Hl1 1ill'SC" fo rm n LiC" nlgc brn (i,lie Lie opcrnt,ion being the stnndn rd comm ut.at,o r of 
vcr1or liclds): we deno1e this nlgcbrn by(}. 

Let. us rC'cnll a genernl ch11 rnct:crizn1.ion of vecto r fields in norma l form t·c lcvaut 
iu this cont ext l· I. 7, 12, 15]. Cousider t he linenr vector fic ld X A; wc sny tl111t. t hu 
differcntiabll' fuuction o.p : R " R is on iuvnrinnt fo r X 11 if XA(rp) = O. 

Ül' llO!.l' by Zº(A) the sei oí i11 w ria1 11s for X 11 which nre meromorp hi c (Umt is, 
<"ll ll bt• ex prcssed ru. n quot ic.• 111 of a lgobrnic fuuctions) in t he .r roordinotes; cl enot.c by 
I( A) e I"(A) th(' SN of nlgebrnic i1 1w1rinnts for .XA, und by Ik (A) e I(A) t hc set or 
11lgebrn ic in w1rinnts fo r X 11 wbich flre fun ctions homogenoous of degree k + 1 ill tho :1; 
vnri ables. 

Ll'l G C ( .4 ) bC' the cC"11t rnlizer of A in t.he nlgcb rn of 11 dimcnsionu l nint. ric~·s; lct. 
\1 ~ Lil' nlgcbrn b<> :sf>nnned by mnl.rices {1\ 1, ••• , ¡,·,¡} (\\'(' cnn nlwnys assmnc ¡,·1 = ! , 
nnd tlrnt K0 A for somc C\, prnvidud A #- O; not icc t lrnt d $ n). Wc denote 
by x fol the Vl'<'IOr lields cor rcs ¡lo11di11g t o t !1csc, i.e. givcn in Lhe r coord ino1cs by 
x (n) - u \·o.r)'8,. 
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T hen the rnost genen1! vector f1 eld W in (j can be written ns 

d 

w ~ .L /.•. (x) x <•) (20) 
o = l 

where 11 0 (:i:) E Iº( A). ln other words, 9 is cont.ained in a finirely genernted module 
O\"Cr7"(.r\ ). 

!\otice t hat t.be vector fie ld W must be a lgebrn ic in t"lie x , rrnd x <0 > are linea r 
in :r , so that functions /la( :t:) E I"(A ) luwing po les o f degree d ;::: 2 in :i: = O cannot 
appear in (7). Tlrnt is, 01lly <1lge braic fu nctions ond functions wi t h simple po!es in Lhe 
o rig in3 ca n appefl r iu t;he flCtua l normal form un fo ld ing: 9 is not t.he full C -ge nern t.cd 
modu le O\W I" (J\ ). 

[n se,·ern l CflseS it. lrnppellS Lhat 9 has a more conve nie nt st;ru cture, i.e . tbe ¡ 10 in 
(7) cnn nct un lly be takc11 to be in I(A ), and not just in Iº (A ). In t.his case we say that 
all the vecto r fl elds in 9 are q1La8'i-li11ear, or t hat \\le have a quasi.-l-inear normal fo rm. 
In pa rticular, t.his is the case wlicn A admit s only one basic invaria nt. (see be low) . 

lf t hc no r1nn l fo rrn is q11ns ilinenr , we have Q n Vk + I = Ik (A ) ®C , H11cl Uie n11a lysis 
of the structu rc of Q res ults 1;0 be 1mrt.ic11la rly simple, as we now discuss . 

Coll .l.'~ 1 he nl gebrfl s pn11ned by vectors wb ich a re wri tten as X = s(:i:)..-Y(o) wit h 
s E I"( A); ca ll X0 t;li e a lgcbni spanned by vecto rs ns fl bove witJi s E I (A ) (t.his is t.he 
module on~r I (A ) generated by _'.( (º ) ). ' 

As sccn befo re, in ge nera l we lrnve ... Y¡ 01 ... 01.-\"'¡1 i;;;; <;; C A'j €!? ... 01 ... Y(¡ , 011d in t.he 
(fm·orable) quns i- linenr cnso we 1.1 c\;ually llflve <;; = X 1 e .. . @ Xd. 

Consider now üie con11rn1 t;a tio n rel ntions between eleme nts o f t.he subalgebras ...Y~ 

nnd ...l'¡j; it is innneclin1.e to check t ha t 

[1• n( ~' )x <• > , op('')x<P>J ~ (l'n( '" ) (8op/8~,) X(•l(~, )) x <Pl 
- (ao( 'I' ) (a1 •.• ¡a,¡1; ) x <•>( ~;)) x <•> + (µ.( ~' )oo("' )) [x <•>, x <•>] 

Noti ce t hnt when _'.( ((J ) = X.i1, by definition X (J)}(¡p,) = O, a nd ¡x <0 l, X ((J) ] = O; t hus 
t he corresponding subnlgebra Xn is nlwnys a n nbelinn idea l in Q. Note a lso t hat , ns 
obvious fro rn thc formul a obove, t hc union of subnlgeb ras ...\"'0 1 U .. . u ... Y0 • is a subnlgebrn 
in g if a nd only if {X (0 il, ... ,X( '" )} s pan a suba lgebrn in C. 

l t cnn hn ppe n t li at we are a.ble to determlne a sequence of suba lgebro.s :F11 ~ Q, 
each of i" hcm bcing the utlion of X0 s uba lgebms, such t hnt :Fo = <;; 11nd 

[G, F1, ) = :F1,+ 1 ; 

if this term innLes in zero we say tl11.1 t g has n quaS'i- nilpot enf. stru cture. Notice t. Jwt. 
t he facto r a lgebrns r,, := F11 /F1,+ 1 nre in genernl not abeli a n. 

3Lel us briefly 1ncut.io11 nn exn 111plc wherc indc(.-'(i 111eromorphic íonctions oí i he invnrinnt s cntcr in 
thc normnl fonn unfold ing. Consid cr systems in R3 with coordinates (r, y, ::: ); lcL t hc lincl\r pnrl be 
gh-en by thcdhigonnl 11mlrix A = ding:( - 1, 1, 2), so thnl X,i = -:z8r +11811 + 2: 8, . This hns two bnsic 
invnrinnts, gi \"Cll by IJ11 = ~· ¡¡ nnd 'l' 2 = J"2 ::: . \\'e tnke tlS X I") the ~-cctors X {I ) = :r8:r: X (l) = y811 , 

nnd Xlll = :::8,. lt is i1111nc<lin t c to c heck thnt ( 1J1 U 11t ~)X <3 l = 1118, and {•1•2¡ 111i)XCi ) = :r. :::8 11 nrc 
polynominl nnd resonnnl wi1,h XA . 
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13y thc obO\'l' rc•mnrk, G f/1 11 hnvc 11 qu nsi-nilpotC'nl !il rnC'tUlt' only if e is nilpo!Ptil. 
Tli<· !'1111in of subn lgcbrns :F11 C G cn n th n bC' rC'!ld off the dt~nding cc n1 rnl St:ri t's 
C:1, of G; n'C"llll th nt tlw fflctor nlgcbrns "(p = G'1i/G,,+ 1 for this nrc 11 bc: li1H1. TILu 
subfll~C'brns r P introduc<:d nbovt· nrc tltcrcforc moduli º""r 7 ( .rt ) gcnernted by 11br lii111 
suhol~C'bm!i ')p of C. 

Assunu.• now G is q11nsi-11ilpo1e11t . 111 this C'f\sc we c1111 fina work wi1h ¡,wncrnt on; 
iu r·1 nnd simplify tcrms in 1"' 1 (c.g. by followi ng thc PRF nlgorit l11n within Lho 
M.' I r 1; this nllows to work with 111ore Ínmili nr projection nnd homologic11l cq 1111Lio11s 
th1111 if :;cttiug tht· problc 111 in u completcly Lic nlgebrnic frnmewor k). 1 he11 eo11sidcl" 
g(' llCl"lllOr!i in r 2 nnd si1nplify 1 he COl"rcs ponding ! t'l"ll\S bcing gusrn ntred lh!l1 J"' 1 ! CrlllS 

l\lt' uot chnngcd, f\ nd so 011. 
Notkc thnt i11 this rn:-;c wc nrc - ro11ghly speuking ju~t using tht• 11ilpolcnt 

stru<·turt' of (tite finit c dime11sio11 f\ I group) G, rnth<>r thnn th(' onr of (thc i11fi 1lit0 
dirnt'ttsiounl f\ lgebrn ) G. 

Nt't•dlCS!i to sny, 1 his f\pproncl 1 is p1utic11lm·ly COll\'Cllil'nt when ihc r,J 1'1"(' gc11ern t.ed 
by n singh.• f' lcment of C. T lu..: s it,11ntio11 dcpictcd f\bovC' is mC't in 11ppli c11t.io11 s: t'.j.\"., 

it 11ppfü-s to nnv non! rivinl t.wo-di111c11sio11f\ l case. ~ l orc gt•ncrn lly, it f\ !w11ys npplic.'! 
wht·u t hC're is 11\y Otll.' bnsic invnri nnt. 

Exumplc l...t'I us considcr f\ syst.l'lll i11 R3 (wc use roordiunlC'S r, y,.:) wi1 h li 11t•11 r pmt, 
giwn by 

( o - 1 o) 
A = 1 O O 

o o - 1 

lt is C'ns~· to S('(' t l\f\1 this lws 011 ly onc bnsic inrnrinnl ti! := (.r2 ¡ y2). As 11 11y 
uu·romorphic funr tio 11 of 111 is ci1,her nlgcbrnie or has n poi<' of clcgn.x, d "2: 2 iLi l hc 
origin , wt• decl11cc 1l1n1 tl1e 111ost ge11crnl Vt.'<.'IOr fi cld in nornml fonn wit!1 rcspt•c.·L 10 
!lils li1war pnr1 is 

(2 1) 

whl·n~ {with k "2: O) X ~· := 1 1 1 ~· (:r8~. + 11811 ), \,..k := * k( - y8z + .r8.,), Zk := 1l1k( z8:) · 
Thb form C'f\ n nlso be cnfl ily dcd11C'l'fi by cxplicit romputntion f\ J)plying 1 hc.1 clríh 1i­

tio11 of r~nam vector fic lcl. Obv ious ly, X,1 = l''o - Z0 . \\"e d<'notc by ¡1 , 11, <r 1 ltu fin;1 
k ~ 1 :mch ihnl 01 , 11 1 ,c~. nru 11m1zc ro. 

Tlw Xl. l 't.Z1!"l1ti:<fy 111L' co111111ut atio11 rC' lfl tions 

¡x, , x..,J = 2(rn - q x.,.., , Jl',, \~,,¡ = o. ¡z,. Z.., J o 
[X1. l '111 J = 2n1 Vk·t m , [S ki Zm] = 2mZk+m . l ',... Z,,,] = O 

(22) 

l)(' l\Ol lllR by ,\' . ) '.Z t hc nlgobrn:s S])f\l\11(.'(I by the x k, thC' } ',1, (lml tht• Z1;, W(' lLll\'IJ 

!l111t ~ ,\~t? )' ti Z, f\ 11d tlml )l e Z is f\ ll f\be linn ide.11 in~. \V(' c11111hus npply 1hu 
LílF proct'duw di!;Cu::;scd ubow. 
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We fhst. opern1;e on (Y, with generators nlso in t1' (t hus l h = o·,1..Xk}; in t b is Wfl~' 
we Cfl !\ elimi1rnte a.I J !JenHs except t be X 1, and t>he X21, ones, ns imp!ied by (22) . In 
doing t his we modiíy t;erms i•n Y E9 Z. 

Hav ing perfonned th is frrst ste ¡~, we pnss t.o consider t he Y nnd Z terms, o¡~ernting 
wit h generators H1; = fh.Yi. + /~·zk E Y $ Z. Jt, is dear from (22) t.hnt we cn n 
eliminate nll terms with k > µ, but 110 lowest a rder e nes. T hus we ene! up wit;h 
W =X .. \ + <i1,X1, + 0.21,X21, + Lt=u b1,:l'"i.- + L:t=o CkZ.1:; t he lrnt on constants mean 
t hat these «re not t he same as in the initial form (2 1), and obv iously a sum with lower 
lirni t g renter tforn t he h-igher lil+lit shou ld just. be mea nt as zero. 

As shown by 1;his exc.~H~ ¡~ l e , t:he co mputnt ions required far t he determination of t.he 
genera l LR.F a re nctu&l ly very si·rn ple. 

5 Líe further normalization and symmetries 

The Lie renornwlizati0 11 schcmc is dcsigned to take fu ll adva ntage of the Lie a lgebrn 
strncture of Poinca ré-D~tl ac Ronrn1 l forms, al\C] it shou ld be no surprise tAat tuking 
into uccou nt. sy mrn ctrics of t Ae pro!Dlem resul ts speciully sim ple in t his scheme. 

Indeed , if t bc system is syH1rnetric under a Lie symmetry group S wit h Lie algebrn 
S genernted by vector li.elds Y; (i = 1, ... , r) , this means t hat [X,Y;] = O far ali 
i = 1, .. ., r; hence that X is in the centrn.lizer of S. We a re specially interested i11 t ; Ju~ 

case wbere t he Y; a re f.in e<i>r vect0 r li.clds a nd S is a group of mati~i ces acting in R". 
In t his case, t he fu.ll LRF coHstruction is inuned iate ly genera lized, with now G = 

G'(A) n C(S) . T hat is, we just intersect t he centrn.Jizer of A with the centrn lizer of 
t he sy mmetry grou¡~ S . Corresp011ding ly, we lrnve to consider I' (A , S ) nnd I(A, S) e 
T" (A, S) ; t hnt is, conrn1011 iHvnrinnts far A nnd S. 

If G has generatms X(ol, tAen t he LR.F wil l be 

" w ~ ¿: ,,.(,,,) x (o ) (23) 

wherc now 11 0 (:1:) E I ' (A , S); Chus 9 is stil l contained in a finit;ely gencrnted modu le, 
now over I" (A , S). 
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