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ABSTRACT

In the context of para-contact Hausdorff geometry n—Ricci solitons and gradient Ricci
solitons are considered on manifolds. We establish that on an (LCS),—manifold
(M, d, &,7, g), the existence of an n—Ricci soliton implies that (M, g) is quasi-Einstein.
We find conditions for Ricci solitons on an (LCS),—manifold (M, ¢, & n,g) to be
shrinking, steady and expanding. At the end we show examples of such manifolds
with n—Ricci solitons.

RESUMEN

En el contexto de geometria para-contacto Hausdorff, consideramos n—Ricci solitones
y Ricci solitones gradientes en variedades. Establecemos que en una (LCS),,—variedad
(M, &, &, g), la existencia de un n—Ricci solitén implica que (M, g) es casi-Einstein.
Encontramos condiciones para que los Ricci solitones en una (LCS),,—variedad
(M, &, &,1, g) sean contractivos, estables o expansivos. Al concluir, mostramos ejemp-
los de dichas variedades con n—Ricci solitones.
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1 Introduction

In 2003, Shaikh [34] introduced the notion of Lorentzian concircular structure manifolds (briefly,
(LCS)n,—manifolds) with an example, which generalize the notion of LP-Sasakian manifolds intro-
duced by Matsumoto [27] and also by Mihai and Rosca [26]. Then Shaikh and Baishya ([32], [33])
investigated the application of (LCS),,—manifolds to the general theory of relativity and cosmology.
The (LCS)n,—manifolds are also studied by Atceken et al. ([I], [2], [2I]), D. Narain and S. Yadav
[B0], S. Yadav et al. ([39]-[42]), Shaikh and his co-authors ([35], [36]) and many others. Ricci
solitons represent a natural generalization of Einstein metrics on a Riemannian manifold, being
generalized fixed points of Hamilton’s Ricci flow %g = —2S [24]. The evolution equation defining
the Ricci flow is a kind of nonlinear diffusion equation, an analogue of heat equation for metrics.
Under Ricci flow, a metric can be improved to evolve into more canonical one by smoothing out its
irregularities, depending on the Ricci curvature of the manifold, it will expand in the directions of
negative Ricci curvature and shrink in the positive case. Ricci solitons have been studied in many
contexts: on Kéhler manifolds [I8], on contact and Lorentzian manifolds ([3], [15], [25], [31], [38]),
on Sasakian ([19], [20]), a—Sasakian [25] and K—contact manifolds [3T], on Kenmotsu ([4], [28])
and f—Kenmotsu manifolds [I5] and by ([16], [43]) etc. In paracontact geometry, Ricci soliton
firstly appeared in the paper of G. Calvoruso and D. Perrone [I3]. C. L. Bejan and M. Crasmarean
studied Ricci solitons on 3—dimensional normal paracontact manifolds [5].

A more general notion is that of n—Ricci soliton introduced by J. T. Cho and M. Kimura [6],
which was treated by C. Calin and M. Crasmareanu on Hopf hypersurfaces in complex space forms
[14].

2 (LCS),—manifolds (M, ¢, &,n,g)

An n—dimensional Lorentzian manifold M is a smooth connected paracontact Hausdorff manifold
with Lorentzian metric g, that is, M admits a smooth symmetric tensor field g of type (0,2) such
that for each point p € M the tensor g, : T, M X T,M — Re is a non degenerate inner product of
signature (—, +,...,+), where T, M denotes the tangent space of M at p and Re is the real number
space. A non-zero tangent vector v € T,M is said to be timelike (resp., non-spacelike, null and
spacelike) if it satisfies gp(v,v) < 0 (resp., < 0,=,>0) [29].

Definition 2.1. In a Lorentzian manifold (M, g) a vector field p defined by
9(X, p) = A(X),
for any X € x(M) is said to be a concircular vector field [44] if
(VxA) (V) = a{g(X,¥) + w (X)A(Y)},

where « is a non-zero scalar and w is a closed 1—form. Here V denotes the operator of covariant
differentiation with respect to the Lorentzian metric g.
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Let M be a Lorentzian manifold admitting a unit timelike concircular vector field &, called

the generator of the manifold. Then we have

g(&, &) =—1. (2.1)
Since & is the unit concircular vector field, then there exists a non-zero T—form n such that for
9(X, &) =n(X), (2.2)
the following equation holds
(Vxn) (V) =a{g(X,Y) +n(X)n(Y)}  («x#0), (2.3)

that is,
Vx& = X +n(X)E}

for all vector fields X,Y on M, where « is a non-zero scalar function satisfies

Vo = (Xar) = da(X) = pn(X), (2.4)
p being a certain scalar function given by p = —(&). If we put
1
dX = —Vx§, (2.5)
o

then from 23] and (23]), we have

dX = X +n(X)E, (2.6)
from which it follows that ¢ is a (1, 1) tensor and called the structure tensor of the manifold. Thus
the Lorentzian manifold M together with the unit timelike concircular vector field &, its associated
1—form n and (1, 1) tensor field ¢, is said to be a Lorentzian concircular structure manifold (briefly

(LCS)n—manifold) [34]. Specially, if we take o = 1, then we can obtain the LP-Sasakian structure
of Matsumoto [27]. In a (LCS)n—manifold (n > 2), the following relations hold ([32]-[35]):

a) n(&) =-1, b) & =0, ¢) ¢2X=X+n(X), (2.7)
d) n(eX) =0, e)g(dX,dY)=g(X,Y)+n(X)n(Y),

N(R(X,Y)Z) = (o = p) {g(Y, Z)n(X) — g(X, Z)n(Y)}, (2.8)

R(X, Y)E = (a? —p) (n(Y)X =1 (X) Y}, (2.9)

R(E,X)Y = (o —p) {g(X, V)& —n (V) X}, (2.10)

R(EX)E = (o —p) {(N(X) &+ XJ, (2.11)

(Vxd) (Y) = a{g(X, V)& + n(X)n(Y)E +n(Y)X}, (2.12)

S(X,&) = (n—=1)(a? — p)n(X), (2.13)

S(dX, dY) = S(X,Y) + (n—1)(a — p)n(X)n(Y), (2.14)

(Xp) = dp(X) = pn(X), (2.15)

for any vector fields X,Y,;Z on M and f = —(&p) is a scalar function, where R is the curvature

tensor and S is the Ricci tensor of the manifold.
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3 n—Ricci solitons on (LCS),,—manifolds

Let (M, ¢, &,1,g) be a (LCS),—manifold. We follow the equation
Leg+2S+2Ag + 2un®n =0, (3.1)

where L is the Lie-derivative operator along the vector field &, S is the Ricci tensor field of the
metric g, A and p are real constants. We write Lyg in term of the Levi-Civita connection V, we

obtain

(Leg)(X,Y) = g(VvE X) 4+ g(Y, Vx&) = 2x[g(X, Y) +n(XIn(Y)]. (3.2)

In view of (B1]) and [B.2]), we get
QX = —(a+A)X— (a+ un(Xg, (3.3)
r=-nA—(Mn-—1a+u, (3.4)
SIXY) = —(a+A)g(X,Y) — (e + wn(X)n(Y), (3.5)
S(X) E.) = S(E,,X) = (H_ 7\)T1(X)a (36)
p—A=n—1)(a*—p), (3.7)

for any X,Y € x(M). Here r is the scalar curvature and Q denotes the Ricci operator corresponding
to S, that is, S(X,Y) = g(QX,Y), for all X,;Y on M. The structure (g, &, A, n) that follows the
equation (3] is said to be an n—Ricci soliton to (M, g) [6]. In particular, if p =0, (g,&,A) is a
Ricci soliton [24] and it is called shrinking, steady, or expanding according as A is negative, zero
or positive, respectively [12].

Proposition 3.1. On a (LCS),,—manifold (M, ¢, &1, g) the following relations hold

(1) n(Vx&) =0, (il) V& =0, (iil) Vn=afg+n®n}, (iv) Ven =0,
(v) Lgp =0, (vi) Lgn =0, (vil) Lem®n) =0, (viii) Lgg = 2x(g +1 ®n),

where V is the Levi-Civita connection associated to g. Alsom is closed, the distribution is involutive

and tensor field of & vanishes identically, i. e., the structure is normal.

Proof. Since
(Vx®)(Y) = ofg(X, Y)E + m(XIn(Y)E +n(Y)X},

this indicates that
VxdY — $(VxY) = o{g(X, Y)E + 2n(X)n(Y)E +n(Y)X]}.
Taking Y = & in above equation, we have ¢(Vx§) = adX. Applying ¢ both sides, we get

Vx&E+1(VxE) = X +n(X)EL
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Since Vx& = adX and X(g(&, &) = 29(VxE, &), therefore n(VxE) = 0 and V& = 0. Also
(Vxn)(Y) = ag(Y, $X) = {g(X,Y) +n(X)n(Y)}, this implies that

Vn =o{g+n®n}i.e,Ven =0.
In view of definition of Lie-derivative, we get
(Led)(X) = [€, dX] — d([E, X]) = Ve dX = d(VeX) = (Ve d)(X) =0, ie,Lgd =0.

Also,
(Len)(X) = EM(X) —n(I& X]) = g(X, V&) +g(VxE &) =0, ie, Lgn=0.

Further we compute
(Lem@n))(X,Y) = EmX(Y)) —n(lg, XIIn(Y) —n(X)n((E, Y1),
which implies that
(Lem@n))(X,Y) =n(X)g(Y, Ve&) —n(Y)g(X,VeE) =0, ie, Lem®n) =0.
Again (Leg)(X,Y) = £9(X,Y) — g([&,X],Y) — g(X, [, Y]), implies that
(Leg)(X,Y) = alg(dX,Y) + g(X, $Y)].

Using (20), we get
Leg =2a(g+n®mn).
At last (dn)(X,Y) =XM(Y)) — Y(M (X)) —n([X,Y]), that implies

(dn)(X,Y) = g(Y,Vx&) —g(X,Vv§E)
= o{g(¥, X) +n(X)I(Y)} — {g(X, Y) +n(X)n(Y)} = 0.

Finally,
N (X, Y) = &7 1X, Y+ [0X, Y] — d[dX, Y] — dIX, HYI.

This yields that
Ng(X,Y) = $?(VxY) — $2(VyX) — d(VxdY) + d(VydX)
+VexdY — d(VexY) = Vv dX + $(VeyX) = 0.

Thus the structure is normal. O

In [I7], S. Chandra et al. proved that a second order parallel symmetric tensor on a (LCS)y,—
manifold with &? — p # 0, is a constant multiple of the Ricci tensor. Thus we apply this concept
for n—Ricci soliton and we prove the following result:
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Theorem 3.2. Let (M, $, &1, g) be a (LCS)—manifold. Assume that the symmetric (0,2) tensor
field h =Lgg + 2S + 2un ®n s parallel with respect to the Levi-Civita connection associated to g,
then (g, &,A) yields an n—Ricci soliton on M.

Proof. Since

h(&, &) = (Leg) (&, &) +2S(&, &) + 2um(EM(E) = 22,
implies that

1
A= Fh(E &), (3.8)
In [I7], we have
h(X,Y) = —h(§,&)g(X,Y), X, Y ex(M). (3.9)
Therefore, L g + 25 + 2pun ® n = 2Ag. Our theorem is proved. O

If w =0, it follows that Lgg +2S 4+ 2(n — 1)(oc? — p)g = 0. Thus we conclude that

Corollary 3.3. On a (LCS)—manifold (M, ¢, &,n, g) with the property that the symmetric (0,2)
tensor field h = Lz g+ 2S is parallel with respect to the Levi-Civita connection associated to g, then
the equation B1), for w =0 and A = —[(n — 1)(e? — p)], defines a Ricci soliton.

As a consequence of the existence of n—Ricci soliton on a (LCS),, —manifold. From &I, we
state that
Corollary 3.4. If the equation [BI) define an n—Ricci soliton on a (LCS)n— manifold, then

(M, g) is quasi-FEinstein.

Since the manifold is quasi-Einstein, if the Ricci tensor field S is a linear combination (with
real scalar A and p, respectively, with 1 # 0) of g and the tensor product of a non-zero 1—form n
satisfying (2:2)) and for an Einstein if S is co-linear with g ([13], [23]).

Theorem 3.5. If (M, d,&,1,9) be a (LCS)n—manifold and equation B.Il) define an n—Ricci
soliton on (M, g), then

(i) Qod=¢oQ, (i) Q and S are parallel along &.
Proof. The prove of (i) follows by direct computation. For (ii) we have

(VeQ)X =V QX —Q(VeX)

and
(VeS)(X,Y) = &£(S(X,Y)) = S(VeX,Y) = S(X, VeY).

In view of (B3) and ([B.5]), above equation leads the result. O

In a particular case if the manifold is ¢p—Ricci symmetric, then ¢p? o VQ = 0, therefore we
state the following proposition as:
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Proposition 3.6. If a (LCS)n—manifold (M, $, &,m,g) is —Ricci symmetric and equation ([B.1)
leads to n—Ricci soliton, then u = —a, A = —[(n — 1)(«? — p) + « and the manifold reduces to
Einstein.

Proof. We compute
(VxQ)Y = VxQY —Q(VxY).

In view of (B3] above equation takes the form
(L+ o {X+n(X)EM(Y) =0, for X,Y € x(M).

From above it follows that @ = —o, A = —[(n — 1)(&? — p) + &, and S = (n — 1)(«? — p)g. O

As a weaker version of local symmetry, the notion of local-symmetric Sasakian manifold was
introduced by Takahashi [37]. Chaubey ([7]- [11]) studied the properties of symmetric spaces in
different extent. Shaikh et al. ([35], [36]) studied locally ¢—symmetric and locally ¢—recurrent
(LCS)n—manifolds. Hui [22] studied ¢—pseudosymmetric (LCS);, —manifolds and obtained the
form of Ricci tensor S as

—1)(a —p)}g(X)YH{(n—l)(az—p)A(&)

~ (an
S(X’Y)_{ o+ A(E) o+ A(E)

}n(xm(v), (3.10)

provided o« + A (&) # 0.

Theorem 3.7. If the tensor field Leg + 2S on a d—pseudo Ricci symmetric (LCS)n— manifold

with «® — p # 0 is parallel with respect to Levi-Civita connection associated to g, then for p =0

(e —p){Al&)—a) _

the Ricci soliton (g, &,N) is shrinking, steady and expanding according as ST ATE]

2
A(E) = « and %}W > 0 respectively.

Proof. Let his a (0,2) symmetric parallel tensor field on (LCS),—manifold. In view of B.1l), we
obtain
h(X,Y) = (Leg)(X,Y) + 2S(X,Y). (3.11)

Using 32) and BI0), equation BII) reduces to

h(X, Y) = 2alg(X, Y) +n(X)n(Y)] + 2 { SE0=2 (X, V)

x+A(E)

3.12
2 { e RIS b (X (). 1
Replacing X =Y = & in B12), we get
_ [2(n—T1)(o* —p){A(E) — o
h(E, &) _{ ATA } (3.13)

In view of ([B.8)) and [BI3]), we obtain

}\_{( —1)(a? — p){A(E )—OC}}
x4 A(E) )
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Sincen>1,a?—p#0and x +A(E) #0 , we concludethat7\>()if(°‘2_of++}\((5)_°‘} >0, A=0if

A(E) =aand A <0 if %W < 0. Our theorem is proved. O

Corollary 3.8. If the tensor field Leg + 2S on a d—pseudo Riccisymmetric (LCS)n— manifold
with o —p # 0 is parallel with respect to Levi-Civita connection associated to g, then for w =0 the
Ricci soliton (g, &, N)is shrinking and expanding according as o> —p > 0 and «? —p < 0 respectively.

Let (LCS);,—manifold admits a Ricci soliton defined by (BI)) for p = 0. It is known that
Vg = 0. We consider A constant, so VAg = 0. Thus Lyg + 2S is parallel. Hence Lyg + 2S
is a constant multiple of metric tensors g, i.e. Lyg+ 2S = ag, where a is constant. Thus
Lvg + 2§ + 2Ag reduces to (a + 2A)g, we get A = —5. In view of above statement we state the
result as the proposition.

Proposition 3.9. In (LCS),—manifold the Ricci soliton (V,&,A) is shrinking or expanding ac-

cording as a is positive or negative.

Theorem 3.10. If in a (LCS),— manifold, the metric g is a Ricci soliton and V is a point-wise
co-linear with &, then V is a constant multiple of g provided A = —(n —1)(«? — p).

Proof. Suppose that V is pointwise colinear with &, i.e., V = c &, where ¢ is a smooth function on
(M, g). Then (Lyg+ 2S + 2Ag)(X,Y) = 0 implies that

cg(Vx&,Y) + (Xen(Y) + cg(VvE, X) + (Yen(X)
H25(X,Y) + 2Ag(X, Y) = 0.

With the help of (23], the above equation takes the form

caxg(dX,Y) + (Xen(Y) + cag(dY, X) + (YeIn(X)

(3.14)
+2S(X,Y) +2Ag(X,Y) = 0.
Substituting Y = & in (814) and using (2.7) and ZI3)) in it, we get
(Xc) =2 A+ (n—1)(a* —p)] n(X). (3.15)

Since n is closed, i. e., dn = 0 on (LCS)n—manifold. From @BIH) we yield Xc = 0, provided
A=—(n—1)(a? — p). Our theorem is proved O

Theorem 3.11. If in a LP-Sasakian manifold the metric g is a Ricci soliton and V is a point-wise
co-linear with &, then the manifold is an n— Einstein manifold provided ¢ # —1.

Proof. Particularly if V = &, then in view of that equation (Lyv g+ 2S 4+ 2Ag)(X,Y) = 0, we have
ag(dX,Y) +S(X,Y) +Ag(X,Y) =0. (3.16)

Putting X = & in (3.I0), we get A = —(n—1)(a? —p). Since n > 1, «?> —p # 0. Therefore the Ricci
soliton is shrinking or expanding as «? < p or a? > p respectively. Specially, if we take ot = 1,
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then (M, g) reduces to a LP-Sasakian structure of Matsumoto [27]. Then in view of [BI4]) and

BI3), equation BI6) reduces to

2A 2
S00Y) = (125 ) 906V + (12 ) (A= =D = ey, (317
provided ¢ # —1. Our theorem is proved. O

Corollary 3.12. If in a (LCS)n—manifold, the metric g is a Ricci soliton (V,&A) and V is a
point-wise co-linear with &, then the Ricci solution (V, &, \) is shrinking or expanding according as
a2 —p>0oroa?—p<O.

In [31], Sharma proved that a compact Ricci soliton of constant scalar curvature is Einstein.

On contracting B.I7), we get v = (h%b) A(n+ 1)+ (1 — p)] =constant. Thus we state the result

as:

Corollary 3.13. A LP-Sasakian manifold equipped with a compact Ricci soliton is an Einstein
manifold.

Theorem 3.14. If (LCS)n—manifold is n—Finstein of the form S = g+ vyn ®n with 8,y =
constant, then the manifold is equipped a Ricci soliton (g, &, —(6 + o).

Proof. Let (M, g) be an n—Einstein (LCS),, —manifold, then
S(X,Y) = 89(X,Y) + yn(X)n(Y), (3.18)
where 8,y = constants. Taking V = in 1) (for 0 = 0) and using BIF]), we get
(Leg) (X, Y) +25(X,Y) +2Ag(X, Y) = 2(x + 8 + A) + 2{ec +yIn(X)n(Y). (3.19)

It is clear from [B.I9) that (M, g) admits a Ricci soliton (g, &, A) if x+8+A=0and a+vy =0 it
implies that v = — = constant. Also from (3I8) we have &6 = —oc+ (n — 1)(«? — 1) = constant.
Thus A = —(x+ 8) = constant. Our theorem is proved. O

Corollary 3.15. If an n—FEinstein (LCS)n—manifold with the form S = dg+vyn ®n admits a
compact Ricci soliton (g, &, —(8 + «)) then it leads to an Einstein.

4 Gradient Ricci solitons

In this section we consider gradient Ricci soliton on (LCS),— manifold and prove the following

results

Theorem 4.1. If an n—Finstein (LCS),,—manifold equipped with a gradient Ricci soliton then
manifold reduces to an Einstein provided A = (n — 1)(o? — &) within the frame field &f = 0.
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Proof. Let the vector field V be the gradient of a potential function f, is called gradient Ricci
soliton. Thus (B]) takes the form

VVf=S+Ag, (4.1)

that implies
VyDf = QY + AY, (4.2)

where V is the gradient operator of g. From above we notice that

9(R(&,Y)Df, &) = g((VeQ)Y, &) — g((VYQ)E, &). (4.3)
In view of 23] and [B.I8), equation (@3]) yields
9(R(E, Y)DF, £) = 0. (4.4)

Using (2.10) in [@4)), we get

Df = (a? — p}{-n(Df)&} = —(o — p)(g(Df, £)&) = —(a® — p)(EF)E. (4.5)
From (£2) and (£3), we obtain
S(X,Y) +Ag(X, Y) = =Y(&f) (o — pIn(X) — (EF) (* — p)g (Y, X). (4.6)

Replacing X = & in (L0) and using [B.I3)), we yield
Y(ER) (o — p) = {A— (n—1)(a? — p)In(Y).
It implies that if A = (n — 1)(«? — p) then &f =constant and therefore from (@3)), we have
Df = —(o? = p)(EF)E = wE, w = —(a® —p)(EF).

If we consider &f = 0, then (@&5) implies that f = constant. Thus (&) yields that S = (n—1)(x? —
p)g. Our theorem is proved. O

5 Examples of an n—Ricci solition on (LCS),—manifolds

Example 5.1. Let M = {(x,y,z) €Re>:z# 0} be a 3—dimensional smooth manifold, where

(x,y,2) are the standard coordinates in Re>. Let {E1,Ea, E3} be linearly independent global frame

on M given by
0 2, 0

0 0
z E z E
! e<xax an)’ 2 eay’ 3¢ o0z’

Let g be the Lorentzian metric defined by

g(E1,E3) = g(E2,E3) = g(E1,E2) =0, g(E1,Eq) = g(E2,E2) =1, g(E3,E3) = —1.
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and n be the 1-form defined by (V) = g(V, E3) for any V € x(M). Let ¢ be the (1,1) tensor field
defined by E1 =E1, GE2 =Ez, $E3 =0. Then using the linearity of & and g we have
n(Es) =—1, ¢V =V+n(V)Es g(d6V,oW) = g(V,W)+n(VIn(W),

for any VW € x(M). Let V be the Levi-Civita connection with respect to the Lorentzian metric g
and R be the curvature tensor of g. Then we obtain

[E1,E2] = —¢"E2,  [E1,Es] =—¢”E1,  [E2,E3] = —eEa.
Taking E3 = & and using Koszul’s formula for the Lorentzian metric g, we have
Ve, E3 = —e**Ey, Vg, By =—e*®E3, Vg, E2 =0,
Ve, E3 = —e*Ey, Vi, E2=0, Vg, Ej =—e*Ey,
Ve,E3 =0, Vg, Er=—e*E3—€®E;, Vg, E; =0.

From the above it can be easily see that E3 = & is a unit timelike concircular vector field and hence
(b, &,1,9) is a (LCS)3-structure on M. Consequently M3 (b, E,m,9g) is a (LCS)3-manifold with
o = —e?% # 0 such that (X&) = pn(X) where p = 2e**. Using the above relations, we can easily

calculate the non-vanishing components of the curvature tensor R and Ricci tensor S as follows:
R(E2, E3)Es = e**Ey, R(E1,E3)E3 =e*E1, R(Ei,Ez)E2 ={e* —e”*}Ey,
R(Ez, E3)E; = e**E3, R(E;,E3)E; =e*Es, R(E;,Ex)E;) ={—e* — e},
S(E1,E1) =0,  S(E2,Ez) =0, S(E3, E3) = 2¢*=.
Also from B3], we calculated that
S(E1,B1) =—(c+A), S(Ez,BE2) =—(x+A),  S(E3E3)=(A—p).

Thus we conclude that from [B.3) for « = —e?* A = e?% and u = e?* —e**, the structure (g, &, A, 1)
is an n—Ricci soliton on M3(, &,m, g).

Example 5.2. Let a 3—dimensional manifold M = {(x,y,z) €Re> 24 O} , where (x,y,z) are
the standard coordinates in Re> . Let{Eq1, B2, B3} be linearly independent global frame on M given
by

s 0 0 ., 0 _
Ei=e (x&—&—y@), Er=e ay’ Es=e .

Let g be the Lorentzian metric defined by

g(E1,E3) = g(E2,E3) = g(E1,E2) =0, g(E1,Eq) = g(E2, E2) =1, g(E3,E3) = —1.

Let n be the 1—form defined by n(V) = g(V, E3) for any V € x(M). Let ¢ be the (1,1) tensor field
defined by $E1 =Eq, dEy = B2, PE3 = 0. Then using the linearity of & and g we have

n(Es)=—1, ¢V =V+n(V]Es g(dV,d¢W) =g(V, W) +n(V)n(W),
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for any VW € x(M). Let V be the Levi-Civita connection with respect to the Lorentzian metric g

and R be the curvature tensor of g. Then we obtain
[E1,E2l =—e *E;,  [Ey,Esl=—€ 1,  [Ez,E3] =—e¢ **Ea.
Taking B3 = & and using Koszul’s formula for the Lorentzian metric g, we have
Ve, B3 =e %%Ey, Vg, E1=e %E3, Vg, E2=0,
Ve, B3 =e #E,, Vg, E2=0, Vg, Ej =e 2%E,,

Ve, B3 =0, Ve, B2 = C_ZZE3 —e “Eq, Ve, BE1 =0.

From the above it can be easily seen that B3 = & is a unit timelike concircular vector field and hence
(b, &,1,g) is a (LCS)3-structure on M. Consequently M3(d, &,m,9g) is a (LCS)3-manifolds with
o = e 2% #£ 0 such that (X&) = pn(X) where p = 2e~** Using the above relations, we can easily

calculate the non-vanishing components of the curvature tensor R and Ricci tensor S as follows:
R(E2, E3)Es = e **E;, R(Ey,E3)E3 = e **Eq, R(Ey,E2)E; ={e ** — e *}Ey,
R(E2, E3)E2 = e **E3, R(E1, E3)E1 = ¢ **E3, R(E1,E2)Ey ={—e ** —e *}E,,
S(Eq1,Eq) = 2e 47 — 6727', S(Ez, Ez) = 2e 47 — 6727', S(Es, E3) = 2e 4,
Also from B3, we calculated that
S(E1,B1) = —(ex+A), S(Ez,E2) =—(x+A), S(Es E3)=(A—n).

We summaries that from B.3) for &« = e**,A = —2e % and u = —4e *?, the data (g,&, A, 1)
admits an n— Ricci soliton on M3(d, &1, g).

Example 5.3. We consider the 4—dimensional manifold M = {(x,y,z, u) € Re*:u # O} , where

(x,Y,z,u) are the standard coordinates in Re*. Let{Eq1, Ea, E3, E4) be linearly independent global
frame on M given by

0 0 0 0 0
E; —u<xa+ya>, Ez—ua, E3_u(@+$)’ Es = (uw) Ve
Let g be the Lorentzian metric defined by
9(E],E]) = g(EZ)EZ) = 9(E3)E3) = ]) 9(E4)E4) = _])Q(Ei)Ej) = 0)1 7&])1)] = ])2)3)4'

Let n be the 1—form defined by n(V) = g(V,E4), & = (u)4% for any V € x(M). Let ¢ be the
(1,1) tensor field defined by $E1 = Eq, dEy = Ea, ¢E3 = E3,bE4 = 0. Then using the linearity
of & and g we have

n(Es) =—=1, ¢V =V+n(VIE; g(d6V,dW) = g(V,W) +n(VIn(W),
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for any VW € x(M). Let V be the Levi-Civita connection with respect to the Lorentzian metric g
and R be the curvature tensor of g. Then we obtain

[E1,E2] = —uEs, [E1,Eal = —(u)'Er, [EzEal = —(W)'Ez, [E3,Eal = —(w)'Es.
Taking B4 = & and using Koszul’s formula for the Lorentzian metric g, we have
Ve, Es =—(w)?Ey, Ve, By =us, Vg Er=—(u)'Es,

Ve, Ba = —(u)Es, Ve, E3=—(w'Es, Ve, E2 =—(u)?Es —uE;.

From the above it can be easily seen that the structure (b, &,1m,g) is an (LCS)a— structure on M.
Consequently M*(d, &1, g) is an(LCS)4-manifold with « = —(w)* # 0 such that (Xa) = pn(X)
where p = 2(u)*. Using the above relations, we can easily calculate the non-vanishing components
of the curvature tensor R and Ricci tensor S as follows:

R(E1,E4)Er = (u)*E4, R(E2,E4)E2 = (u)*E4, R(E3, E4)E3 = (u)’Es,
R(E1,E3)E3 = (w)*Eq, R(E1,E3)Eq =—(u)*Es, R(Ez,E3)E2 = —(u)*Es,
R(E1,E4)Es = (w)*Ey, R(E2,E4)Es = (w)*E2, R(E1,E2)E =[(w)* — (w)?]Ey,
R(E2, E3)E3 = (W)*Es, R(E3, E4)E4 = (W)*Es, R(Eq, E2)E; = —[(w)?* — (w)?]E,,
S(E1,E1) =3(w)?* — (W)?,S(E2, E2) = 3(w)?* — (w)?, S(E3, E3) = 3(w)*, S(E4, E4) = 3(w)?.
Also from B.A), we calculated that
S(E1,E1) = —(x+A), S(E2,E2) = —(ax+A), S(E3,E3) = (A — ), S(Esq,Eq) = (A —p).

We conclude that from B3) for « = —(wW)* A = =3(w)* +2(uw)? and u = —6(w)* +2(u)? the data
(g, & A, 1) admits an n—Ricci soliton on M*(d, &,1, g).
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