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ABSTRACT

Methods of quaternionic analysis are used to obtain solutions of Maxwell’ s equa-
tions. By the help of time-discretisation Maxwell’s equations are reduced to an
equation of Yukawa type. Initial value and boundary value conditions are real-
ized by a representation formula in each time step. Approximation and stability
is proved.

RESUMEN

Se usan los métodos de andlisis quaternionico para obtener soluciones de las ecua-
ciones de Maxwell. Con la ayuda de la discretizacién del tiempo, las ecuaciones
de Maxwell son reducidas a una ecuacién del tipo Yukawa. Valores iniciales y
condiciones de valores en la frontera son realizadas por una férmula de repre-
sentacion en cada paso de tiempo. Se demuestra la aproximacion y estabilidad.
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1 Introduction

In 1873 J. C. Maxwell’ s fundamental paper A Treatise on Electricity and Magnetism
was published. Since this time generations of physicists and mathematicians felt
facsinated from the deepness and beauty of these equations. From the very beginning
scientists tried to give Maxwell’s equations a more simply algebraical structure maybe
in the form

Du+Au=F

with a suitable derivation operator D and a potential operator A. In this connec-
tion we should mention people like L. Silberstein (The theory of relativity, 1914), H.
Weyl (Raum -Zeit-Materie, 1921) and M. Mercier Ezpression des équations de elec-
tromagnetique au moyen des nombres de Clifford, 1946). New algebraical notions
were introduced and used for the description of Maxwell’s equations (for instance: C.
Lanczos (1929): spinors, A. Proca (1930): Clifford numbers, A. Einstein/A. Mayer
(1932): semi-vectors, F. Bolinder (1957): 4-d forms, G. Kron (1959): skew-symmetric
tensors and D. Hestenes (1968): multivector calculus).

We will use in our conception real and complex quaternionic analysis, more exactly
a quaternionic operator calculus, which also contains a corresponding quaternionic
numerical analysis.

We intent to apply a time-discretisation method (Rothe’ s method) in order to reduce
Maxwell’s equations to a disturbed Yukawa equation. The latter one is considered
under realization of initial and boundary values by means of a suited quaternionic
calculus. This paper belongs to a series of papers where we use Rothe’s method to
involve time-dependent problems in our quaternionic calculus. This paper can also
be seen as an alternative supplement to latest papers by V.V. Kravchenko et al (cf.
[3], [8] and [9].

2 Maxwell’ s equations in a chiral medium

Let G C IR® a bounded domain with a sufficiently smooth boundary I'. In MKS
Maxwell’s equations read as follows:

divp = 2, (1)
€0

rot E = —0iB, (2)

divB = 0, (3)

rot H = poJ +eopodsD, (4)

where p is the permeability of the free space, g the permittivity of the free space,
E the imposed electric field, B the magnetic field, p the (free) charge density, H
the effective magnetic field inside the dielectric medium, D the effective electric field
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inside the dielectric and J the charge density. In a homogeneous chiral medium G
the operators B and D have to fulfil the Drude-Born-Feodorov constitutive relations:

B: = pH+ pprot H, (5)
D: = eE+c¢efrot E, (6)

where 3 is the chirality measure of the medium. Further, we assume:
Initial value conditions:

E(z,0) = Eo(z) and H(x,0) = Ho(x). (7)
Boundary condition:
E(z,t) = g(z,t) (x el). (8)
Good references for Maxwell’s equations in chiral media are the book by A. Lakhtakia
[11] in 1994 as well as the article [1].
3 Preliminaries

Let us now introduce notations and operators needed in our approach. Let IH be the
set of real quaternions. Each quaternion permits the representation

3
a=> arer (ar €R; k=0,1,2,3),
k=0

where ey = 1 and ey, e2, e3 are the so-called imaginary units. By definition these units
ex obey the following arithmetic rules:

6(2) = 1,6162 — —€9€1 = €3,€2€3 = —€3€2 = €1 and €3€1 — —€1€3 = €9.

Addition and multiplication in IH turn it into a non-commutative number field. The
main-involution in IH is called quaternionic conjugation and defined by

%260; _k:_ek (k:15273)5

which can be extented onto IH by IR-linearity. Therefore, we have

Note that
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If a € IH\ {0} then the quaternion

-1._ @

|al?

is the inverse to a. For a,b € H we have ab = ba. The set of complex quaternions,
which we also need, is denoted by IH(C) and consist of all elements of the form

3
azZakek (ap € C; k=0,1,2,3).
k=0

By definition we state: iep, = exi, k = 0,1,2,3. Here i denotes the usual imaginary
unit in €. Elements of IH(C) can also be represented in the form

a=a'+iad® (aF € H; k =1,2).
Notice that the quaternionic conjugation acts only on the quaternionic units and not

on i.

Let now G C IR? be a bounded domain with sufficient smooth boundary I'. Assume
that all function spaces B(G,H(C)) =: B(G) have the usual componentwise meaning.
Let u € C*(G). The Dirac-Operator D is defined by

3
Du = Z erOkU.

k=1

The operator D is right-linear with respect to complex numbers. On C?(G)) the
3-dimensional Laplacian permits the factorization

A=-D%
We consider the disturbed Laplacian
A -2 (v € R).
which is called Yukawa operator and acts on C%(G). This operator has the factorization
property
A —v? = (iv + D)(iv — D).
The factors iv + D and iv — D are called mutually generalized Dirac type operators.

Functions u € ker(D + iv) are called left-(iv)-hyperholomorphic. The fundamental
solution of the Yukawa operator in IR? is given by

11

0, :=———

47 |z|

—v|z|

Then the corresponding fundamental solution of the operator iv 4+ D is given by

e () == (i — D)O, (z) = <iu + # + u%> 0, ()

7, 2(2005)
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4 A time discretisation method

For simplicity we introduce the following abbreviations:

f= L, a:=—pu, b:=—uB, c:=¢eoupe, d:= egopoeP.
€€

A simply calculation shows that Maxwell’s equations in a homogeneous chiral medium
transform into

DE = —f+0.H + borot H, 9)
DH = poJ + cOF + dosrot E.
Let T > 0. The equations (9) are considered in the time-intervall [0,7]. A decom-

position of [0, T)into n equal parts yields T' = n7, where 7 is called the meshwidth of
the decomposition. We briefly write for k =0,1,...,n:

Ey .= E(kr,x), Hy:=H(kr,z), fir:= felkr,x) and Jy := J(kT, x).

We want to approximate the time derivatives O, F and 0;H by the finite forward
differences:

Eyy1 — E Hip — H
k+1 Eooand k+1 ko
T T

More detailed we will consider the case § = 0. From (9) we obtain for k = 0,1, ...,n—1:

DEir = —fot > (Hip = Hy). (10)
DHypy1 = podp + ;(Ek-i-l — Ey). (11)
Setting now
VQ:—C—Z and L:=— —E,
T C
then we have
DEyyy = —fr+ Lv(Hypyy — Hy), (12)
DHypyr = podr — %V(Ek—i-l — Ey). (13)

Applying the Dirac operator D from the left we get

DDEyy1 = —Dfy+ LvDHyyy — LvDH,
= —Dfy— LvDHy, + LvpgJy — v Ejy1 + V2 E)y

and so

(A —v*)Epy1 = Dfy + LvDHy, — LvpoJy — V2 Ey,. (14)
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With the same actions we obtain the dual relation

1 1
(A —v*)Hyy1 = —poDJy — Ez/fk — EZ/DEk — V2 Hj,. (15)

We intent to consider equations (14) and (15) in the hypercomplex setting in (cf.[4],
[12]). Main idea is to factorize the Yukawa operator on the left hand side. This leads
to

(D +iv)(D —iv)Ejy1 = —Dfi + LvpoJy, — LvDHy, + V2 Ey,. (16)

5 Borel-Pompeiu’s formula

Let G be a bounded domain in IR® with the Liapunov boundary T’ and let n =
(n1,n2,n3) be the unit vector of the outward pointing normal at the point y € T.
The kernel e;, () function generates two important integrals: Teodorescu transforms,
which are defined by:

(Tau)(z) = / ex1(y — )uly)dy

G

as well as the Cauchy-Bizadse operators:

(Fripu)(z) = /C:I:iy(x —y)n(y)u(y)dly.
r

These operators are well studied in several papers, see e.g. [6],[10] and [12]. In [7]
was obtained the following Borel-Pompeiu formula:

u=(Dxiv)Tyyu =Ty, (D £ iw)u+ Fiu in G, (17)

where u € C'(G) U C(G). Notice that Borel-Pompeiu’ s formula is also valid for
u € W3 (G). On the boundary I we have trru € ng/Q(F),

6 Representations

Applying Teodorescu transforms T4, to formula (16) we get the iteration procedures:
Eyi1 =T_3Ty [~Dfy + LvpoJy, — LvDHy, + v*Ey| + T_;, @4 + ®_ (18)

and
1 1 )
Hypy =T 3Ty |poDJy + EVHOfk + EVDEk — v Hp| +T_ ¥ +¥_,
where &1 and ¥ belong to the kernel of the operators D +iv. Notice also that holds

1
Hk;Jrl = H, + Zl/l"ot FEy.

7, 2(2005)



o . , .
e Quaternionic analysis and Maxwell’s equations 63

The unknown functions ®; and ®_ have to be determined now. In [12] is shown
that holds (D + ip)Tyi,u = 0 and therefore also Fij,T4i,u = 0 for any function
u € Wy . This leads to

O_=F By = FoptrrEgp = Fojugrt

where gy, := g(k7,2). The determination of ® is more complicated. Using F;, @4 =
®_ , which is a consequence of Borel-Pompeiu’s formula and trpugy1 = gr4+1 we have

Qr,—iwgkt1 = trrT Tk [~Dfi + LvpoJy, — LvDHy, + v* Ey| + T3, F, @4,

where Qr, _j, is one of the so-called Plemelj projections, which are defined by

. , (Prtiwu)(z), 2'€Qp=G
n.—t.— lim Fipu(z’) = ’ 3. = -
z/E€Qy (Ql—‘,iil/u)(l‘); e =1R \G
z/ —»zel

In [6] is shown that

trpT_iy Fly ¢ im Prg, NWETY2(T) = imQr_p, nWaT2T@) (k> 1)

is an isomorphism. Notice that the pair of Plemelj projections act within correspond-
ing Hardy spaces (cf. [12],[6]). Further, we obtain

@Jr = F, (trpT,i,,Fil,)_l [tI‘FT,i,,TiV(ka — LZ/ILL()J]C + LvDH — I/QE]C)} +
+Fy (trr T3y Fr) ' Qr —ivGhi1-

Replacing @ in (18) we get

Epi1 = T3 [Ty (=D fr + LvpoJy — LvDHy + V2 Ey,)

+Fil/(trFT—iVEV)_1trFT—iyny(ka* — LZ/MQJk =+ VDHk — Z/QEk)

+F, (trr T Fa) 7' Qro—iw g1 ] + Flgrsn

=T_;, [I - F‘i,,(tl"FT,i,,F‘i,,)iltI‘FT,i,,} T; (—ka + LvpoJy — LvDHy, + I/QEk)

+T 5 Fo (trr T30 Fr) "M t0r T (D — ) Gig1 + Fiogri1,
where giy1 is a smooth extension of g1 into the domain G. We now introduce the
orthoprojections Q;, := I — Py, where IP,, := F}, (trrT_;, F;, )~ 'T_;, is a modified
Bergman projection onto the subspace ker(D + iv) and Qj, a projection onto the
subspace (D — iv)W3. Finally, we find

Ery1 = T-2QuTy [~Dfr+ LvpoJi — LvDHy + v*Ex (19)

+ T-wP(D —iv)grs1 + Foivgrt1- (20)
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7 Realization of boundary conditions

The realization of boundary conditions for the imposed electric field makes use of the
follwing proposition:

Proposition 7.1 Let u € Ly(G,IH(C)). The condition
trr7_,u =0
is sufficient and necessary that u € imQ;, N Lo(G,H(C)).
Proof. At first let u € imQ;, N Lo(G,H(C)). Then u permits the representation
uw=(D—iv)w with we W}(G H(T))

and therefore trrT_j,u = 0. On the other hand, if trr7_;,u = 0 then immediately we
obtain from Hodge’s decomposition of the Hilbert space Lo(G,H(C))and the repre-
sentation of the generalized Bergman projection:

u = Fr, (trr T, Fr i) e T + Qi
The first term vanishes and we have u = Q;, u. #
Let
Eri1 =T 3,/P(D —iv)dri1 + Foivgrii,
Borel-Pompeiu’ s formula yields
(=A+1*)Epy1 = (D +iv)(D — iv)Egy1 = 0.
Furthermore, we get from proposition (7.1)

trrEpp1 = trrToi, P (D — iv)dk1 + Pro—ivgri
trrT_i (D — iv)Gr+1 — trrT—i, Qi (D — iv)Gr+1 + Pr,—ivgr+1
= gr+1 — Pr—iwgk+1 + Pr—ivgk+1 — trrT—iy Qin (D — i) Grt1 = Grt1-

8 Approximation and Stability
From (15) we obtain by setting Fy := F}, + i LHj the representation
Fiv1 =T, v—D)(fu—ipo LIn)—ivTo T—iv (W — D) Fi + TiuX— + X4

where x4+ belongs to the sets ker (D=+iv). These functions can be defined by boundary
conditions. Further, we abbreviate My, := fr —ipoJx. Using Borel-Pompeiu’s formula

T (v —D)u=—-T 5, (D - iv)u=Fr_ju—u

7, 2(2005)



7, 2(2005)

Quaternionic analysis and Maxwell’s equations 65

we get
Fopr =T 5, My +T s, Fr —su My + VT Fy, — wT_ 5 Fr 30 Fi + Tiux— + X+

Because the image of the Cauchy-Bizadse-type operators Fr +i, belongs to the kernels
ker (D % iv) eventually we achieve the formula:

Fiop1 = w3 F, — Ty My + T x™ + X

The operator ivT;, is bounded in Lo(G, H(C)) which follows from ([2] Corollary 2.5).
There it is deduced the estimation for the generalized Teodorescu transform

1Tl [Ls,00] < )

where d depends on the diameter of the domain G and tends to zero for diam G —

0. Now it remains to analyze the approximation property of our semi-discretisation
procedure for convergence.

Put
L' :=cO;E(t,x) — DH(t,x) and L?:=ad;H(t,x) — DE(t,z).
Furthermore, we introduce the operators:

E(t+T,x)— E(t,x)

L} = ¢ + DH(t+ 1, ),
T
H(t — H(t
2= JUHTD ZHED) | hpg g,
T

We have to estimate the differences L’ — L7 for j = 1,2. With ¢t = k7 it follows

(L' = L)

T

IA

C
;|(Ek+1 — By, — 10:Ey,) + D(Hyy1 — Hy)l,

a
(L2 — L?)| < ;KE@+1—:H@——T&Jﬂ)%nDEh+1——EkL

We intent to continue with the first estimate. It is easy to show that

|L' — L} |0 E (kT + 01, 2)| + po7|0¢ Ji (kT + 0’7, 2)| + 1|0 E(kT + 0" 7, 2)|

<
< 1CHE,J)

with 0,6',6" € (kr, (k + 1)7). Analogously, we obtain for the second estimation
12— 12| < 7C2(H, f).

On this way the truncation error is estimated for sufficient smooth E, H, J and p
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Remark 8.1 With the same principle also the chiral case can be considered. One
obtains with similar calculations the following iteration procedure:

iv _ My iv Biv iv Biv
(D + 1+,3iu> Fier1 = 15 + (D + 1+,3iu> (1+ﬁiu) Fiy — (1+ﬁiu) (1+ﬁiu) B

Received: June 2004. Revised: November 2004.
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