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ABSTRACT

Recently, Borwein and Moors (1998) introduced a new class of tangentially reg-
ular sets in IR™ (called arc-wise essentially smooth sets). They characterized
the sets S of this class in terms of arc-wise essential smoothness of the distance
function dg. Very recently, the author (2002) gave an appropriate extension of
this class to any Banach space X and he extended the above characterization
to any Banach space X with a uniformly Gateaux differentiable norm. In this
paper we extend the concept of arc-wise essentially smooth sets to set-valued
mappings C : [0,T]=X (T > 0) and we will use this concept to establish an
important application to nonconvex sweeping process.

RESUMEN

Ricientemente Borwein y Moors (1998) introducem una nueva clase de conjuntos
tangencialmente regulares en IR"™ chamados conjuntos essencialmente suaves por
arcos). Ellos caracterizan los conjuntos S de esta clase en terminos de la suavidad
de la distancia por arco de la funcién dg. Ricientemente, el autor (2002) dié una
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extensién apropriada de esta clase en cualquer espacio de Banach X y extiende
la caractarizacion anterior a cualquer espacio de Banach X y con una norma de
Gateaux uniformemente diferenciable. En este articulo extendemos el concepto
de conjunto essencialmente suave por arcos para el conjunto de aplicaciones
C:[0,T]|=X (T > 0) y usaremos este concepto para establecer una importante
aplicacién a procesos no convexos generales.
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1 Introduction

In [9] Borwein and Moors introduced, in IR™, the concept of arc-wise essential smoothness
for sets and for functions. They characterized the class of all sets S which are arc-wise
essentially smooth in terms of arc-wise essential smoothness of the distance function dgs.
Their definitions and results were strongly based on the finite dimensional structure. In
[10] the author gave an appropriate extension of the arc-wise essentially smooth concept
for sets and functions in any Banach space and he extended the above characterization of
the class of arc-wise essentially smooth sets in any Banach space with a uniformly Gateaux
differentiable norm. In this paper we intend to extend the concept of arc-wise essentially
smooth sets to set-valued mappings and to give some applications of this new concept of
regularity of set-valued mappings. The paper is organized as follows. In section two we recall
some notations and preliminaries that are used in the paper. Section three is devoted to
introduce and to study the new concept of arc-wise essentially tangentially regular set-valued
mappings. Many examples of this class of set-valued mappings are given in this section. We
prove in this section various characterizations of arc-wise essentially tangentially regular
set-valued mappings. The main characterization is given in Theorem 3.3 which establishes a
relationship between arc-wise essentially tangential regularity of a set-valued mapping C' and
the arc-wise essentially smoothness of the distance function to the images of the set-valued
mapping C. In the last section, we give an important application of this characterization to
the nonconvex sweeping process.

2 Preliminaries

Throughout, X will be a real Banach space and X* its topological dual. By <-, > we will
denote the canonical pairing between these spaces. Recall that a function f from X into IR
is Lipschitz around xg € X if there exist two real numbers K > 0 and § > 0 such that

If(z') — f(z)| < K||2' —z| for all 2’ 2 € xo+ B,
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where IB denotes the closed united ball of X centered at the origin. We will say that f is
locally Lipschitz over X if it is Lipschitz around any point of X.

Recall also that the usual directional derivative of f at xg in the direction v is,
f(wo;v) := tlg% t [ fzo + tv) — f(z0)],
when this limit exists.

For a locally Lipschitz function f : X — IR, we recall that the Clarke generalized
directional derivative (resp. the lower Dini directional derivative) of f at xop € X in the
direction v is given by,

F2(z0;v) == limsupt ™' [f(z + tv) — f(z)],

T—x(
tl0

(resp.
f (zo;v) == 1irﬂ%nf tH [ fzo + tv) — f(wo)].)

One always has f~(zo;v) < f%(zo;v). The reverse inequality is not true in general (take for
example f(x) = —||z||). The functions f satisfying the equality form in the last inequality
are called directionally reqular at xo in the direction v. Recall also that a locally Lipschitz
function f: X — IR is strictly differentiable (in short s.d.) at zo in the direction v if

f(@o;v) = —fO(x0; —v).

It is not difficult to check that, if f is s.d. at zg in the direction v, then one has f%(zg;v) =
f~(zo;v) = f'(z0;v) = —f%(x0; —v) and so it is directionally regular at xo in the direction
v.

Recall now, that the Clarke subdifferential (resp. Fréchet subdifferential ) of f at zp € X
is defined by

0% f(zo) = {z* € X*: (z*,v) < fzo;v), forall ve X},
(resp.
OF f(zo) = {z* € X*: Ve > 0,36 > 0: (z*,2—m0) < f(x)—f(20)+e||z—0]|, V€ 20+5IBY}).

Let S be a nonempty subset of X. We will let d(-,S) (or dg(-)) stand for the usual
distance function to S, i.e., d(z,5) := 1I€1fS ||z — u||. Recall (see [20]) that the Clarke tangent

cone and the contingent cone of S at some point € S are given respectively by

Ts(x) = {v e X : dd(x;v) = 0}, (2.3)
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and

Ks(z) ={ve X :dg(z;v) =0}. (2.4)

Note that one always has Ts(x) C Kg(z). The sets S for which one has an equality in the
last inclusion, will be called tangentially regular at x (see [20] for this definition). Let us
recall (see for instance [12]) that the Clarke normal cone (resp. Fréchet normal cone ) of S
at x € S is defined by

N§(z)={2" € X*: (z*,0) <0, forall ve Ts(z)},
(resp.
NE(@z)={z* € X*:Ve>0,36 >0: (2*,2' —z) < ¢||l2’ — ||, Va' €z +5IB}).

The following proposition is needed in the sequel. It was proved for the first time by Kruger
[25] (see also Tofee [26].)

Proposition 2.1 [12] Let S be a nonempty closed subset in X and let x € S. Then

oFdg(x) = NE(z)n B.

Let I be an interval and let 2 be an open subset of X. By absolutely continuous mapping
one means a mapping z : I — § such that z(t) = z(a) + f; 2'(s)ds, for all t € I, with
x' € LY (I) and a € I. We will denote by AC(I, () the familly of all these mappings.

Remark 2.1 Tt is well known (see for instance [15]) that F o z(-), the composition of a
locally Lipschitz mapping F' : 2 — Y with an absolutely continuous mapping = : I — ,
is an absolutely continuous mapping, whenever the space Y is reflexive. For more details
concerning absolutely continuous mappings we refer the reader to Brézis [15].

3 Arc-wise essentially tangentially regular set-valued
mappings
We start with the following definition of arc-wise essentially tangentially reqular set-valued

mappings:

Definition 3.1 Let I :=]0,1[ and let C : I=X be a set-valued mapping with nonempty
closed values. We will say that C is arc-wise essentially tangentially regular and we will
write C € AWETR(I, X), if for each x € AC(I, X), the set

{tel:xz(t)eC(t) and 2'(t) or —a'(t) € Koy (x(t) \ Tow(=(t))}

has null measure.



g Ilj(];;g Arc-wise Essentially Tangentially Regular ... 47

In this paper we use the name arc-wise essential tangential regularity instead of arc-wise
essential smoothness (used in [10] and [7, 8, 9]) because it seems for us that is more significant.

Remark 3.1 As one always has Kg(z) = Ts(x) = X, for each = € intS (the topological
interior of S), we can take x only in bd C(t) (the boundary of C(t)), in Definition 3.1, that
is, C' is arc-wise essentially tangentially regular if and only if for each € AC(I, X) one has

p({t €]0,1[: z(t) € bd C(t) and 2'(t) or —2'(t) € Ko (z(t) \ Tow (z(t)}) = 0.
Example 3.1

1. It is easy to see that all set-valued mappings C' : 12X with closed tangentially regular
values are arc-wise essentially tangentially regular.

2. Let S be a fixed set in X which is arc-wise essentially smooth in the sense of [9, 10].
Then using Proposition 4.1 in [10] we can check that the constant set-valued mapping
C: I=X with C(t) = S is arc-wise essentially tangentially regular.

3. Let S be a fixed set in X which is tangentially regular at each of its points except one
point g € S. Define the set-valued mapping C' as the translation of the set .S in the
direction v(t), that is,

C(t) =S+ wv(t), with v € AC(I, X). (1)
Assume now that v satisfies
+0'(t) € Ks(zo) \ Ts(xo), a.e. on I.

Then C' is an arc-wise essentially tangentially regular set-valued mapping. Indeed, for
any x € AC(I, X) we can easily check that

p({t € I:x(t) € bdC(t) and o' (t) or — ' (t) € Koy (x(t) \ Tew (2(t))}) =

p{tel:x(t)=uv(t)+zo and v'(t) or —'(t) € Kg(zo) \ Ts(z0)}) = 0.

Take for example X = IR?, S; is the epigraph of the absolute value function, and take
S is the closure of the complement of S;. Take v(t) = (¢,2t), for all t € I\ N and
v(t) = (t,1) for all ¢ € N, where N is a subset of I with null measure. Using what
precedes we can easily check that the set-valued mapping C' in (1) associated with the
set S and v is arc-wise essentially tangentially regular.

4. More general and with the same manner we can prove that the set-valued mapping
C in (1) is arc-wise essentially tangentially regular whenever the set S is tangentially
regular at each of its points except on a countable set {z,} and with v satisfies

+0'(t) € Ks(xn) \ Ts(xy), for all n and a.e. on I. (2)
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5. The condition (2) on v cannot be removed in the last example. Take for example S is

the closure of the complement of the epigraph of the absolute value function and take
v(t) = (t,1), for all ¢ € I. The condition (2) is not satisfied and we can check that for
some z € AC(I, X) one has

u({t € T2 2(t) € bdC(t) and 2 (1) or — (1) € Koy (x(t) \ Tow((t)}) = 1,

and so the set-valued mapping C' in this case is not arc-wise essentially tangentially
regular. From this example we can conclude that a set-valued mapping with values
C(t) tangentially regular except on countable set is not necessarily arc-wise essentially
tangentially regular.

6. Let Cp be the Cantor ternary set with 0 € Cy. Let C(t) = Cy + t. We claim that
C & AWETR((0,1),IR). Let z(t) = t. Then

{t €(0,1):x(t) € C(t) with —2'(t) or 2/(¢) € Ko (@) \ Tow(z(t)} =

{t € (0,1): 0 € C with 2/(t) # 0} = (0,1).

and so
p({t € (0,1) : z(t) € C(t) with —2'(¢) or 2'(t) € Kow)(x(t) \ Tow (z(t)}) # 0,

which ensures that C' is not AWETR((0,1), IR).

A first question, which arises naturally, is to ask whether the epigraph set-valued mapping
t=C(t) := epi f; is arc-wise essentially tangentially regular, where

epi fo . ={(x,r) e X x R: f(t,z) <r}.

To give an answer to this question we introduce the following concepts. Let f : Rx X — IR
be a function from IR x X to IR. We define the following directional derivatives of f at
(to, o) € IR x X in a direction v € X by

F((to, wo);v) == limsup 6~ [f(t,x + 6v) — f(t,2)],

Tz—x

(6,t)1(0,tg)

and

“((to, mo);v) == liminf 6 '[f(¢ 5v) — f(t, z0)].
f{tonzo)iw) i= Jimipd S [ (b0 + &) = £t 20)]

It is clear that if the two above limits exist then the Clarke and the lower Dini direc-
tional derivatives of fy,(-) := f(to,-) at zo in the direction v exist and equal respectively
to fO((to,wo);v) and f~((to,xo);v). The converse is not true in general, take for example
f(t,z) = f1(t) f2(x) with fi is not right continuous.
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Definition 3.2 We will say that f is arc-wise essentially directionally regular and we will
write f € AWEDR(I x X), if for each € AC(I, X), the set

{tel:fm((tz(t):a' (1) # fO(t,z(t): (1)}

has null measure.
Example 3.2

1. Any mapping f defined as follows

f(tv‘r) = fl(t) +f2(‘r)7

is arc-wise essentially directionally regular whenever f5 is directionally regular and
without any assumptions on fi.

2. Any mapping f defined as follows

ft,z) = f1(t) f2(),

is arc-wise essentially directionally regular whenever f, is directionally regular and f;
is continuous.

Recall that (see for instance [20]) for a function f : IR x X — IR one has for all t € IR

Kepi 1. (@, fe(x)) = epi fy (x;), (3)

and
Topi 1, ((z, fi () = epi f; (x; ). (4)

Now, we are ready to state the following result showing that the epigraph set-valued mapping
C(t) := epi f; is arc-wise essentially tangentially regular whenever f is arc-wise essentially
directionally regular.

Theorem 3.1 Let I be an open interval and let f : I x X — IR be a locally Lipschitz
function from I x X to IR. Then the set-valued mapping C : I — X x IR defined by t=epi fi
is arc-wise essentially tangentially reqular whenever the function f is arc-wise essentially
directionally regular.

Proof. Put C(t) = epi f; and suppose that f is arc-wise essentially directionally regular.
Let (z,r) € AC(I, X x IR) and put

Ju={tel: fr((ta@®)2'(t) = fO((t x(t);2' ()}, and

Jy={tel: (x(t),r(t)) € bdC(t) and (z'(t),r'(t)) € Ko (x(t),r(t) \ Tow (x(t),r(t))}
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First, we have p(J;) = 1 because f is arc-wise essentially directionally regular. Assume that
there exists some to € J1 N Jo. Then fO((to,x(to)); 2’ (to)) and f~((to,z(to)); 2’ (to)) exist
and coincide and they equal to f{ (z(to); 2/ (to)) = fi, (x(to); 2’ (to)). We also have z’(to)
and 7”/(to) exist and such that (z(to),r(to)) € bdC(to) (that is, r(to) = fi,(z(to)), because
the boundary of C(ty) is the graph of fto) and

(@' (t0), 7" (to)) € Kewy(x(to), 7(to)) \ Tow (2(to), r(to))- (5)

Further, (3) and (4) yield

to)) = fi (z(to); 2’ (to))

(to)
which means (2'(to); 7' (t0)) € Te(ey)(z(to), 7(to)) that is a contradiction with (5). Therefore,
we obtain J; NJ2 = ) and hence as u(J1) = 1 we get u(J2) = 0. So, C is arc-wise essentially
tangentially regular. O

' (to) > fi, (x(to); 2’

The following theorem states a necessary condition on f for the arc-wise essential tan-
gential regularity of the epigraph set-valued mapping epi f;. Its proof follows some ideas
from [9].

Theorem 3.2 Let I be an open interval and let f : I x X — IR be a locally Lipschitz
Sfunction from I x X to IR. If the set-valued mapping C : I — X X IR defined by t=epi f; is
arc-wise essentially tangentially regular, then the function f is arc-wise essentially strictly
differentiable function ( i.e., f € AWESD(X, IR)), in the following sense: for any x €
AC(I,X), one has

p({t €I fx(t); —a' (1) # —f (x(t);2' (t)}) = 0. (6)

Proof. Suppose that C is arc-wise essentially tangentially regular and fix any x € AC(I, X).
Since f is Lipschitz then by Remark 2.1 the function 0(t) := f(¢,z(t)) € AC(I, X) and so
0'(t) exists a.e. on I. Fix now any ¢t € I such that 2/(t) and ¢'(t) exist. Then, by (4) one
has

(&' (1), fO2(t); ' (1)) € Tew(x(t), f(x(t)).
By (3), one also has
(x(t), fr(x(t)) € C(t) and (2'(t), fi(x(t);2'(t)) € Ko (2(t), f(2(1)).
Put £ := Fy U Ey where
Ey={s € Ez: (2/(s),0'(s)) € Kc(s)(x(s),0(5)) \ Teos) (x(5), 0(s))},

By:={s€Es: (=2'(s),—0'(s)) € Kc(s)(x(s),0(5)) \ Tes) (x(s),0(5))},
and
Es:={sel: (z(s),0(s)) € C}.
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As C is arc-wise essentially tangentially regular one gets by Definition 3.1 that p(E) = 0. If
one assumes further that ¢ ¢ E, we obtain

(' (1), 0'(t)) € T (x(t),0(t) = epi f; (x(t); ),

and

(=a'(1), =0'(t)) € Tow (x(t), 0(t)) = epi 7 (x(); ).
This means respectively

Pla(t) (1) < 0'(1)
and
Fo(x(t); —a'(8)) < =0'(1),

which yields f0(x(t); 2/ (1)) < —f0(x
always holds, one gets f(x(t); 2’ (t))

E:={sel: f(x(s):a'(s)) #—f(x(s); —a'(s))},

is included in E and so N(E’) = 0. The proof then is complete. O

(t); —2'(t)) and hence, because the reverse inequality
= —f2(x(t); —2'(t)). Thus, the set

Remark 3.2 Combining Theorems 3.1-3.2 we get the following inclusion:
AWEDR(X,IR) C AWESD(X, IR). (7)

This means that any arc-wise essentially directionally regular is arc-wise essentially strictly
differentiable in the sense of (6). This inclusion is strict. Take for example the function f
in Example 3.2 part (2) with f; is not continuous.

The following lemma will be used in the sequel.

Lemma 3.1 Let f be a locally Lipschitz function defined from X into IR and let xo,v €
X. Then f is s.d. at zg in the direction v if and only if (0 f(zo),v) = {f%(zo;v)} iff
(09 f(z0),v) is a singleton set. Here (9% f(z),v) := {(z*,v) : * € 8¢ f(x)}.

Proof. It is clear that it suffices to prove the following relation:

<3cf(1170)7 U> = [—fo(fﬂo; —v), fo(xo; v)].

By (b) in Proposition 2.1.2 in [20] one has f°(zo; v) = max (9° f(x0), v) and hence — f°(zo; —v) =
min <8Cf(:c0), v> and as the set <8cf(:1:0), v> is convex, one obtains the desired equality. O

When the function f does not depend on ¢, that is, f : X — IR, it is easy to see (by
Proposition 3.1 in [10]) that the concept of arc-wise essential strict differentiability in the
sense of Theorem 3.2, is equivalent to the concept of arc-wise essential smoothness in the
sense of [10]. The next corollary summarizes further characterizations of arc-wise essentially
smooth functions.
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Corollary 3.1 Let I be an open interval and let f: X — IR be a locally Lipschitz function.
Then the following assertions are equivalent:

~

. [ is arc-wise essentially smooth in the sense of [10];

IS

. [ is arc-wise essentially strictly differentiable;

o

epi [ is arc-wise essentially tangentially regular;

4. [ is arc-wise essentially directionally regular;

v

. for each x € AC(]0,1], X)

p({t €10,1[: (0 f(x(t);a' (1)) = {F (x(t);2’(t)}}) = 1.

=

. for each x € AC(]0,1[, X)

p({t€]0,1[: fOx(t);a’ (1) = (for) (}) =1
7. for each z € AC(]0,1], X)
p({t €]0,1[: fOx(t);a’ (1) = f/(z(t):a’ (1)}) = 1.

Proof. The following equivalences follow from Theorems 3.1-3.2, Lemma 3.1 and by what
precedes the corollary:
)& 2)e @)@ 6)

(6) = (7):
Fix any z € AC(]0,1[,X) and fix also any ¢ €]0,1[ where 2/(t) exists. If we put § =
min{¢,1 — ¢}, the Lipschitz behavior of f ensures for all s €] — 4, |

sTH(foa)(t+s) = (for)t)] = s f(a(t) + 52" ()] + e(s) (8)

with limO €(s) = 0. Therefore, for any such t , (f o x)'(¢) exists if and only if f/(z(¢);2'(t))

exists. The equivalence then holds.

(4) & (6) :
Fix any z € AC(]0,1[, X) and ¢ €]0, 1] such that /() and (f ox)’(t) exist. Note that the set
of such points ¢ has 1 as Lebesgue measure because x and f o x are absolutely continuous,
and note also that, by (8), for any such ¢ (f ox)'(t) = f~(x(t);2'(t)). So, the equivalence
follows. O

Using Theorem 3.1, we get the following examples of arc-wise essentially tangentially
regular set-valued mappings:
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1. The translation of the epigraph of directionally regular functions in any direction of
y-axis, i.e., C(t) = epi fo+ (0, f1(t)), with f3 is a directionally regular function and f;
is an arbitrary function.

2. The set-valued mapping C : IR=IR?

Ct)={(z, f1(t)r) : fa(t) <7},

where fy : IR — IR is directionally regular and f; : IR — IR is continuous with f; Z 0.

Now we are going to establish a characterization of the class of arc-wise essentially tangen-
tially regular set-valued mappings C, in terms of the distance function to the images of the
set-valued mapping C. Its proof follows some ideas from [10]. It will be used to give an
important application to nonconvex sweeping processes. In the proof of this theorem, we
need the following characterization of the contingent cone K¢ (x). A vector v € Ko(z) if
and only if there exist two sequences {t,}ncn of positive real numbers converging to zero
and {v,, tnen in X converging to v such that

T+ tyv, € C, for each n € IN.

Theorem 3.3 Let C' : I=X be a set-valued mapping with nonempty closed values. Assume
that de(.y(-) is arc-wise essentially strictly differentiable. Then C is arc-wise essentially tan-
gentially reqular. If, in addition, X is a Banach space with uniformly Gateaux differentiable
norm, then C' is arc-wise essentially tangentially regular if and only if de(.y(-) is arc-wise
essentially strictly differentiable.

Proof.

1) Assume that do()(-) € AWESD(X, IR), i.c., for each z € AC(]0,1[, X), the set
A:={t€]0,1[:do@)(-) is not s.d. at x(t) in the direction 2'(t) }

has null measure. We will show that C is arc-wise essentially tangentially regular, i.e.,
w(B) = 0 where B := {t € ]0,1] : z(t) € C(t) and 2'(t) or — 2/(t) € Keg(z(t)) \
Tewy(z(t))}). It is enough to prove that B C A. Let to ¢ A. If 2(to) € C(to), then
to & B. So let us suppose that z(tg) € C(to). If 2'(t) and —2'(t) & Koy (x(t) \ Teow) (2(t)),
then to ¢ B. So, assume that 2'(t) or — 2'(t) € Kcu)(2(t)) \ Tew)(2(t)). This ensures
da(to)(x(to);x/(to)) = 0 or da(to)(ﬂﬁ(to);—iﬂl(fo)) = 0. Since de, is s.d. at x(ty) €
C(to) in the direction z’'(to), i.e., we have d%(to)(a:(to);x’(to)) = —doc(to)(x(to);—x'(to)).
On the other hand, the strict differentiability ensures the directional regularity, that is,
A1y (2 (t0); 7' (t0)) = 1) (@(t0); 2’ (t0)) and A4y (@ (t0); =2/ (t0)) = A, 1) (@(t0); =2 (t0))
and hence

A (40 (@(t0); 2 (20)) = ds 1) (x(t0); ' (t0)) = = 1) (2 (t0): =" (t0)) = —d 4, (2 (0); =2 (t0))-
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So in both cases d,, | (z(to); 2’ (o)) = O or A (1) (x(to); —2'(to)) = 0, we obtain d%(to)(x(to);
' (o)) = d%(to)(a:(to); —2'(to)) = 0, that is, 2'(to) € Te(t,) (x(to)) and —a'(to) € T o) (2(to))-
Thus, both directions 2'(to) and —2’(to) lie in T4, (#(to)) and hence to ¢ B. Consequently,
each tg ¢ A does not lie in B. This completes the proof of the inclusion B C A.

2) Assume now that X is a Banach space with uniformly Gateaux differentiable norm
and assume that C is arc-wise essentially tangentially regular. Then, for each fixed = in
AC(]0,1[, X) by Definition 3.1 we have

where
B, =BlUB?,

Bl = {t €]0,1[: 2(t) € C(t) and #'() € Keqp(2(1) \ Te (2(1)} and

B2:={t€]0,1[: x(t) € C(t) and —2'(t) € Kew(x(t)) \ Tew (x(1)}.

Put
A:={t€]0,1[:dc() is not s.d. at z(t) in the dir. 2/(¢) }.

It is not difficult to check that
A={te]0,1[:z(t) €bdC(t), dcg is not s.d. at z(t) in the dir. /() }.

Indeed, if t € |0,1] with z(t) € (X \ C(t)) U int C(t) and dc() is not s.d. at x(t) in the
direction '(t), then (—dc()) is not s.d. at x(t) in the direction 2'(t) and so (—d¢)) is
not directionally regular at z(¢) in the direction 2’(t), which is impossible, because z(t) €
(X\ C(t))Uint C(t), and Theorem 8 in [2]. Put now Dy := {t € |0, 1] : 2/(¢) exists }, hence

H(A\ Dyr) = 0. (9)

Put also I := I, U I; with I, ( resp. I, ) denotes the set of all isolated points in A N D,
relatively to the right topology ( resp. the left topology). It is not difficult to check that I
is countable and hence u(I) = 0. Fix top € (AN Dy) \ I. Then there exist two sequences
of real positive numbers (\,), and (e,), converging to zero such that for n sufficiently
large to + A, and tg — €, lie in (AN D,/) \ I and hence z(tg + A,) € bd C(to+ A\,) and
z(to — €n) € bd C(ty — €,), for n sufficiently large. Put

Un = Ay [t + An) — 2(to)] and wy, =€, [z(to — €n) — x(t0)].
Clearly, v, — /(o) and w, — —a'(t¢) and for n sufficiently large

z(to) + Anvn € bd C(tg + An) C Clto) + ReAnIB C cl C(tg) = Clto)
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and

z(to) + €nwy € bd C(to — €n) C C(to) + Reen BB C el C(to) = Clto).

It follows (by the characterization given above of the contingent cone) that z’(tg) and —z’(t¢)
lie in Ko, (2(to)). Now, we distinguish two cases. Firstly, if 2/(t0) € Ko, (2(to)) \
Te(ty) (x(to)), then ty € B,. Secondly, if 2’ (to) € Te (i) (2(to)), then —z'(to) € Ko (ry)(2(to))\
Te o) (2(to)) ( because, if —a'(to) € Tery)(2(to)), we would have d? Clto) (@ (t0); 7' (o)) =
=, 1) (@(t0); =2'(t0)) = 0, s0 de(ry) would be s.d. at 2(to) in the direction 2'(to), which
would contradict that ¢ty € A ). Hence ty € B,. Thus (Dyy N A)\ I C B, and hence

u(Der N A\ T) = 0. (10)

Finally, according to (9) and (10), we obtain u(A) = 0. This ensures that dg(,) €
AWESD(X, IR) and hence the proof is finished. m|

The following corollary follows from Theorem 3.3 and Lemma 3.1. It will be used in
the next section.

Corollary 3.2 Let H be a Hilbert space. A set-valued mapping C : I=cl(H) is arc-wise
essentially tangentially regular if and only if for each x € AC(I,H) one has

i ({t € 1:(0%dow (@(1),2/ (1) # {dey (@ ()2’ (1)} } ) = 0. (11)

4 Applications to nonconvex sweeping process

Throughout this section, we will let H (resp. cl(H)) denote a separable Hilbert space (resp.
the collection of all nonempty closed sets in H).

Let F: H=H be a set-valued mapping from H to H. We will say that F' is Hausdorff
upper semicontinuous (for more details on Hausdorff upper semicontinuity see [23, 16]) if
for any y € H one has

limsupe(F(z), F(y)) < e(F(Z), F(y)),

T—T -
wheree

(4, B) = sup | inf 0~ al| = sup ).

In all the sequel T'> 0, I :=[0,T], and C : IR=cl(H) will denote a L’-Lipschitz set-valued
mapping (L' > 0) with nonempty closed values, i.e., for any y € H and any t,s € T

|d(y, C(t)) — d(y, C(s))| < L'|t = s|.
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We prove in the following theorem our main application of the concept of arc-wise

essentially tangentially regular set-valued mappings. It proves a stability result for noncon-
vex sweeping processes with nonconvex noncontinous perturbation. Let us note that our
assumption on F' requiring the inclusion in the subdifferential of some function was intro-
duced for the first time in the work by [14] and by many other authors (see for instance
[1, 3, 4, 11, 28, 30)).

Theorem 4.1 Assume that C : [0, T|=H is arc-wise essentially tangentially reqular and
it has ball compact values. Let F' : H=2H be Hausdorff u.s.c. on H contained in the
subdifferential of a directionally reqular locally Lipschitz function v : H — IR. Let {x,(-)}n
be a bounded sequence in AC(I,H) (that is, |zn(t)|| < M, for some M >0, for any n and
any t € I) such that

2,(8) € —NE g (@n(t)) + falt) + bult) ace. on [0, T];
fn(t) € F(xn(0,(¢))) and by, (t) € mp(t)B a.e. on [0,T)
(NSPP) wn(t) €C(),  Viel|0,T];
z,(0) = 2o € C(0),

where fn, by, € L2(I,H) and 7,(t) — 0T uniformly on I, and 0,(t) — t for all t € [0,T],
and ||z, ()|l < L"” a.e. on [0,T]. Then there exist b €]0,T] and x € AC([0,b], H) such that

x'(t) € —Ng(t)(:zr(t)) + F(x(t)) a.e. on [0,T];
x(t) € C(t), vt € [0,T];
z(0) = zo € C(0),

Proof. Let a > 0 such that ¢ is Lipschitz on 2 +aB with ratio L > 0. Put b := min{ 7,7}
and I :=[0,b]. Let (fn)n and (by), in L?(I, H) such that
fn(t) € F(2,(0,(t))) and b, (t) € r,,(t)1B a.e. on I.

So we have by (NSPP)

—,(£) + fult) + ba(t) € N (2a(t)) aue. on T

Since {z,(-)}» is bounded sequence in AC(I, H) and C has ball compact values we get the
set {z,(t) : n > 1} is relatively strongly compact in H. Thus, as ||2/,(¢)|| < L”, we get by
Ascoli-Arzela’s theorem

x, —° z in AC(I, H),
x!, =Y o' in L2(I, H).

Since

|zn(t) — zo| < / |z’ n(s)]|ds < L"b < a,
for all t € I we obtain

fn(t) € F2n(0n(t))) C 0¢(2n(0n(1))) C LIB,
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and so we get for ng large enough

= 2 (8) + ful) + bu(®)]| < I" + L+ —

no

for all n > ng. Thus, Proposition 2.1 ensures for o := L' + L + % and for a.e. t €1
_‘T;z(t) + fn(t) + bn(t) € Ng(t) (xn(t)) NolB = UaFdC(t) (xn(t))

We can thus apply Castaing techniques (see for instance [17]). The convergence of the
sequences {r, }, and {x, }, to 0 and z respectively and the weak convergence of the sequences
{z},}n and {f,}n to 2’ and f, and using Mazur’s lemma yield

—2'(t)+ f(t) € a&cdc(t) (z(t)) and f(t) € 0%(x(t)). (12)

Now, since the function 1 is directionally regular we obtain, by Corollary 3.1

(Wox)(t) = ¢ (x(t): ' (1) = (f(1).2' (1))

and so , )
| e @i = [ (o, o)
0 0
On one hand, as f,,(t) € 9 (x,(0,(t))) one has

(), 27,(1) < U2 (@n(0n(8)); 27, (1)),

because 9 is regular. On the other hand, since v is directionally regular we get °(x,, (0, (t));
2! (1) = V' (2 (0, (1)); 20, (1)) and O (z(t); 2’ (t)) = o' (x(t); 2’ (t)) and so by Theorem 2.1 in

n ) n

[2] we obtain

b b
mwpéwmmmmmmw:mwwﬂwmwm»%@w

b b
SA¢M@W@W—A¢%MwﬁWt

Consequently, we get

b b
limsup/0 <fn(t),:1c;l(1€)>dt§/O (f(t),a'(t))dt.

n

Coming back to (12) and using the fact C' is arc-wise essentially tangentially regular and
the fact that z(t) € C(t) for all t € I, we get (by Corollary 3.2) for a.e. t € T

(F(1) = a/(8),2/ (1)) = {0 ey (2(0), 2/ (1)) = 7y (2(t); 2'($)) = 0 and
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(bn(t) + falt) = 2, (1), 27,(1)) = 0 (0 de ) (@n(t)), 27, (1)) = 0dey (@n(t);27,() = 0,

which gives

I (0117 = (f(£),2"(t)) and [|2,(5)]|* = (ba(t) + fult), 2, (1))

Therefore,

b b
12,17 2 :/ (bn(t) + fu(t), 2, (t))dt and ||z']7- :/ (f(t), ' (t))dt.
0 0
Finally, we have
b
limsup ||/, |3 S/ <f(t),x’(t)>dt = [|/12..
n 0

Since !, =% 2’ in L?*(I, H) and using the weak l.s.c. of the norm, together with the last
inequality we get
lzpllze = ll2l| 2

Now, using the fact that L?(I, H) is a Hilbert space we conclude the strong convergence of
x!, to o’ in L*(T, H).

Put now ¢, (t) :== —z/,(t) + bn(t) + fn(t), a.e. on I. We have
d(Ca(t), F(2(t)) — 2'(t)) = d(Ca(t) + 2'(2), F(x(1)))
S on @O + llzn () — 2" @)l + d (fa (1), F(2(1))),
< on @ + llzn (@) = 2" O] + € (F(zn (0 (1)), F(x(t)) — 0 as n — +oo,

because of the Hausdorff u.s.c. of F' and since x,,(0,(t)) — x(t) on I and z,(t) — z'(t) a.e.
on I. So given € > 0, we can find ng > 1 such that for all n > ny we have

Co(t) +2'(t) € F(a(t)) + elB.
Since € > 0 was arbitrary and F' has closed values we get
['(t) := limsup{¢,(t) }n>1 C F(z(t)) — 2'(t) a.e. on I.
Let ¢ be a measurable selection of T', i.e., {(¢t) € I'(¢) a.e. on I. Then, we get for a.e. on I
C(t) € T(t) € @" imsup{¢y(t)}n>1 C @" limsup 00 dogy (24 (t)) C 00 do ) (2 ().
Therefore, we get for a.e. on [
C(t) + /(1) € Fa(t)) and ((t) € NSy (a(t)),

which ensures
2'(t) € —Ng(t)(:zr(t)) + F(x(t)) a.e. on I.
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The proof then is complete. O

Using our stability result for sweeping processes, we prove a new existence result for
nonconvex sweeping process with nonconvex and noncontinuous perturbation. First we
recall the definition of r-prox-regularity (see [27]) (or equivalently r-proximal smoothness
(see [21])) for subsets which is a generalization of convex subsets.

Definition 4.1 Let S be a closed nonempty subset in H. We will say that S is r-proz-
reqular (or r-proximally smooth) if dg is continuously Gateauz differentiable on the tube

Ur)={ueH: 0<ds(u)<r}.
The following properties of uniformly prox-regular sets are necessary in the sequel.

Proposition 4.1 [13] Let S be a r-proz-reqular nonempty closed subset in H. Then fol-
lowing holds

1. S is tangentially regular at each point x € S.

2. for any x € S and any & € OFds(x) one has
2
(& o' —x) < 2|2’ — 2||* + ds(z') for all ¥’ € H with ds(2') < r.
r

3. The Clarke and the Fréchet subdifferentials of the distance function dg coincide at
each point x € S, that is, 0°ds(x) = 0Fdg(x) for all x € S. Therefore, in the sequel
of all the paper we will denote ddg(x) for both subdifferentials for r-proz-regular sets.

4. The Clarke and the Fréchet normal cones coincide at each point x € S, that is,
N§(z) = NE(z) for all x € S. Hence, we will use the notation Ng(z) for both
normal cones for r-proz-regular sets.

Note that the converse in the second assertion (even in the finite dimensional setting) is not
true in general. For more details and examples, we refer the reader to [13].

Now, we are ready to state the following new existence result for prox-regular sweeping
processes with nonconvex and noncontinuous perturbations.
Theorem 4.2 Let r : I —]0,400] such that fOT % < oo. Assume that C : I=cl(H) has
r(t)-proz-regular and ball compact values for almost every t in I. Let F : H=H be Haus-
dorff u.s.c. on H contained in the subdifferential of a directionally regular locally Lipschitz
function ¢ : H — IR. Then there exist b €0, T such that the following nonconvex sweeping
process with nonconver noncontinuous perturbation

x'(t) € —Nc(t)(x(t)) + F(z(t)) a.e. on [0,b];

(NSPP) x(t) € C(t), Vit € 10, b];
z(0) = z¢ € C(0),
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has at least one solution.

To prove this theorem we need the following propositions:

Proposition 4.2 Let r : I —]0,+00] such that fT dt < oo. Assume that C : I=cl(H)

has r(t)-prox-regular values and let h € L*(I, H) Wlth ()] < m a.e. on I. Then the
following sweeping process

/

2'(t) € =Ne)(z(t)) + h(t) a.e. on I;
(SP) x(t) € C(t), vVt e I;
z(0) =z € C(0),

has one and only one solution satisfying ||z (¢)|| < L' + 2m a.e. on I.

Proof. Put u(t) := z(t) + fo s)ds, K(t) :=C(t) — fot h(s)ds. Then (SP) is equivalent to
u/'(t) € =Nk (u(t)) a.e. on I;

(SP) u(t) € K(t), vt e I,
u(0) = xo € K(0).

By Theorem 4.1 in [12] (SP’) has one and only one solution u satisfying ||u(t)|| < L'+ m
a.e. on I. This completes the proof. O

Note that Theorem 4.1 in [12] is given for set-valued mappings C' with r-prox-regular
values with  does not depend on t but an inspection of the proof of Theorem 4.1 in [12]
shows that it is also true if we take C(t) is r(t)-prox-regular for almost every ¢ in I and with

r satisfies 0 T(t) < 0.

Proposition 4.3 Let r : I —]0,+00] such that fT T‘fi) < oo. Assume that C' : I=cl(H)
has r(t)-prox-regular values for almost every t in I. Let xq,yo € C(0), and f,g € L?(I, H),

and let x and y be two solutions of the two following problems, respectively

2'(t) € =Ney(z(t)) + f(t) a.e. on I
t

(SPy) z(t) € C(t), vVt € I

z(0) = zo € C(0),
and

y'(t) € =New (y(t) + g(t) a.e. on I;
(SPy) y(t) e Ct), vtel

y(0) = yo € C(0),

and satisfying
lz'(t)]] < df and ||y’ (t)|| < &y, for a.e. on I,
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with d¢,04 > 0. Then for p(t) = f(f % max{ds + Ly,04 + Lg}d7 one has

t
lz(t) = y(@)I| < lzo — yol|e?™® +/ 1£(7) = g(r)]|e” =P Ddr for all t € 1,
0
where Ly and Ly are constants depending on f and g respectively.

Proof. By (SPy) and (SP,) we have for a.e. t € I
—2'(t) + f(t) € New (z(t)), with z(0) = x¢

and

—y'(t) + 9(t) € New (y(t)), with y(0) = yo
and ||f(¢) —2'(t)]| < dy + Ly and ||g(t) — ¢/ (¢)|| < 4+ Ly. So, by part (1) in Proposition
2.1 we get

—'(t) + f(t) € 00dc ) (x(t)) and —y'(t) + g(t) € 60dor)(y(1),

where § :== max{d;+Ly,d,+Ly}. Now, by using the property of the uniform prox-regularity
of the values of C recalled in part (3) in Proposition 2.1, we obtain

(—2'(t)+ ft) +y' (1) — g(t),2(t) —y(t)) > ;(—i(; () — y(@)]*.
Hence
(@' (t) =y (), x(t) — y(t)) < (f(t) = g(t),2(t) = y(t)) + %Iw(t) -y,
and hence
(@'(t) — /' (1), x(t) — y(t)) - 20,
o < IO — gl + 0~ vlo), (31)

whenever z(t) # y(t). Put s(t) := ||z(t) — y(t)]|, a function which is Lipschitz continuous
on I, as the composition of two Lipschitz mappings. Let ¢ be in the set of full measure in
which §'(t), 2/(t), and y/(¢t) exist and for which C(t) is r(t)-prox-regular. Then

@)~y 0,0 —y0)
(o) — 0RO I
0, otherwise.
Thus, the relation (3.1) ensures for a. e. t € I
10) < 110 = 90 + 755560
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We rewrite this inequality in the form

s —2—55 e P(t) — e—P(t)
(500~ 2st0)) e < 110) = a0}

¢
2
where p(t) = / %dT. As the left side is the derivative of the function ¢ — s(t)e P®) we
o T\7

can write
s(t)e / 1) — g(o)lle
and then
lz(t) = y(t)]| = s(t) < [l2(0) — y(0)]|e?™ +/ I£(r) = g(7)]|e? D= dr.
This completes the proof. O

Now, we are ready to prove Theoerem 4.2.

Proof of Theoerem 4.2. Let o > 0 such that ¢ is Lipschitz on xg + alB with ratio

L>0. Put~(t) = [} z(f(Jr)L)dq— and b= min{m, T'}. Now, we consider a sequence
of mappings deﬁned on [ :=[0,b] and prove that a subsequence converges to a solution of
(NSPP).

For very n € IN put I} := [0,#}], t7 := 2k € {1,...,n} and we are going to construct

fn,xn : I — H. Pick yl € F(xp) and define fn on I = [0, 21 by fa(t) =y for all t € I
Then consider the problem

#'(t) € =Newy(x(t)) + fu(t) ae. on I7;
(SPP, o) x(t) € C(1), vt e I
z(0) = zp.

By Proposition 4.1, problem (SP,) has a unique solution z,, € AC(I{*, H) with ||z, (t)] <
L' +2L. Let yo € AC(I}", H) be the unique solution of

2'(t) € =Ney(z(t)) ae. on I
(SPn0) z(t) € O(t), vt e I
z(0) = xp.

Then Proposition 4.2 ensures

t
lzn(t) — yo(t)|| < eV(t)/ | fn(7)||d7 for all t € I7.
0

Also .
llyo(t) — zo|| < / llyo(T)||dT < L't for all t € I7".
0
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Therefore, we get

[l (t) = oll < [lzn(t) = yo @)l + llyo(t) — 2ol

t
< eV(T)/ [ fu(m)ldr + L't < (DL + L)t < 23
0 n

which ensures that ||z, (t) — 2ol < £ on I}

Assume now that f, and z, have defined on the interval I}' and we will extend these
mappings to the interval I} |, for all k € {1,...,n}. Taking yi € F(x,(t})), we define f,
on (3, tp, 1] by fu(t) =yp. Again let z,, € AC(I}!,,, H) be the unique solution of

2'(t) € =Newy((t)) + fu(t) a.e. on I ;
(SPP, 1) x(t) e C(t),  Vtell i
z(0) = x, (t7).

Then as above we have ||z, () — zo|| < O‘(kﬂ) on I}
the unique solution of

pp1- Indeed, let y, , € AC(I}), |, H) be

2'(t) € —Ney(z(t)) a.e. on I} ;
(SPuk)- z(t) € C(t), Vte I}y
2(0) = zn ().

By Proposition 4.2 we have
t
|20 () = yni ()] < 7® / | fu(P)|ldr < eI/t for all t € I7.
0

Also, we have for all t € I},

¢ ka ko
Y,k () = ol < [1Yn,k(t) = Ynk(O) | + |25 (t%) — 2ol < / i ()T + —= < L't + —=.
0

Therefore, we get for all ¢ € I},

k k+1 k k+1
2 (t) — ol < ("L + L')t + 70‘ < (k+1a 4 (k+ Do

2n n n

So we have obtained two sequences of mappings (f,), and (2, )n, defined on I. Let
0, : I — I be defined by

On(t) = ti, if t € (t;,t34,] and 6, (t5) = 0.

Then by our construction we have z,(t) € —Ne)(zn(t)) + F(2n(0n(t))) and |27, ()] <
L'+ 2L ae. on I and 6,,(t) — t for all ¢t € I . Furthermore we have ||z, (t) — zo|| < a, for
all ¢t € I. Thus, Theorem 4.1 completes the proof. O
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We close the paper with a direct and important corollary of Theorem 4.2. It establishes
an existence result for the following differential inclusion:

(%) { x'(t) € =Ne(z(t)) + F(x(t)) a.e. on [0,b];
xz(t) e C, Vte[0,b]); =z(0)= o,

First, we recall that this type of differential inclusion has been introduced by Henry [24]
for studying some economic problems. In the case when F' is an u.s.c set-valued mapping,
he proved an existence result of () under the convexity assumption on the set C' and on
the images of the set-valued mapping F. This result has been extended by Cornet [22]
by assuming the tangential regularity assumption on the set C' and the convexity on the
images of F' with the u.s.c of F. Thibault in [29], proved an existence result of (x) for
any closed subset C' (without any assumption on C'), which also required the convexity of
the images of F' and the u.s.c. of F. Recently, the author proved in [11], without any
assumption of convexity on the images of F, the existence of solutions of (x), but a heavy
price was payed for the absence of the convexity. The price is the continuity of F' and a
standard tangential condition. Noting that all the results mentioned above in [11, 24, 22, 29|
are given in the finite dimensional setting. The question arises whether we can drop the
assumption of convexity of the images of F', without assuming any tangential condition and
without the continuity of F, and if possible in the infinite dimensional setting. Our next
corollary establishes a positive answer to this question.

Corollary 4.1 Let r €]0,4+00] and C be a uniformly proz-reqular set in H which is ball
compact. Let F' : H=H be Hausdorff u.s.c. on H contained in the subdifferential of a
directionally regular locally Lipschitz function ¢ : H — IR. Then for any xo € C there
exists b €]0,T| such that the nonconvex sweeping process with nonconvex noncontinuous
perturbation (x) has at least one solution.
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