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ABSTRACT

In this paper, we determine the index of the Clifford algebras of 6-dimensional
quadratic forms over a field whose characteristic is unequal to 2. In the case that
the characteristic is equal to 2, we compute the Clifford algebras of the Scharlau’s
transfer of 4-dimensional quadratic forms with trivial Arf invariant, and then
investigate how the index of the Clifford algebra of ¢ depends on orthogonal
decompositions of ¢ when ¢ is a low dimensional quadratic form.

RESUMEN

En este articulo determinamos el indice de la algebra de Clifford de formas
quadraticas 6-dimensionales cuja caracteristica es distinta de dos. En el caso
de caracteristica dos cdlculamos la algebra de Clifford de la traslacién de Schar-
lau de formas quadraticas 4-dimensionales con Art invariante trivial e se inves-
tiga como el indice de la algebra de Clifford de ¢ depende de la descomposicion
ortogonal de ¢ quando ¢ es una forma quadratica de dimensién baja.



20 Syougi Yano gg(]z%[g

Key words and phrases: Quadratic Forms, Clifford Algebras, Indez.
Math. Subj. Class.: 15466.

1 Introduction

In his book [5], Knus classified the Clifford algebras C(q), the even Clifford algebras Cy(q)
and the discriminant algebras Z(q) of low dimensional quadratic forms ¢ over a field F'. In
the case of dimension 6, Knus showed the following classification Table 1 [5, Appendix A].

Table 1
[¢:dimpg=6 | Z(q) | Colq) [ Clg) |

v=20 FxF D4 X D4 MQ(D4)
v=0,v, =0 L L ® Dy ?
I/:O,I/Lzl L MQ(L@DQ) ?
v=0,vy =3 L My (L) ?

v=1 Fx F MQ( ) X MQ(DQ) M4(D2)
v=1vrg=1 L M5 (L ® Ds) MQ(D4)
v=1vg=2 L Ms(L ® Ds) M4(D2)
v=21€q(H(F)") | L My(L) Mg(F)
v=21¢gHFE)) | L | ML) M(Ds)
v=3 FxF M4(F)><M4( ) Mg(F)

Here @ is the 8-dimensional quadratic form defined by ny 1 —gq, where nz denotes
the reduced norm form on Z(q), and L is a separable quadratic extension over F. In the
first column of the Table 1, v, vg and vy, denote the Witt index of ¢, @ and gy, respectively.
In the third and fourth columns of the Table 1, D,, denotes a central division F-algebra of

dimension n?2.

In this paper we study the question marks of the Table 1. For the 8-dimensional
quadratic form @Q = nz L —q, it is known that C(Q) ~ M2(C(q)) and indC(Q) = indC(q).
Hence indC(q) is determined by Q. The solutions of second and third question marks of the
Table 1 are given as in the Table 2 by considering how the form @ is decomposed into the
orthogonal sum of subform of 2 or 4 dimensions.

In the case of ch(F') # 2, Izhboldin and Karpenko [8, Theorem 16.10] proved that an
8-dimensional quadratic form ¢ has the trivial Arf invariant and satisfies indC(¢) < 4 if and
only if ¢ is isometric either to (1) an orthogonal sum of two quadratic forms which are each
similar to 2-fold Pfister forms or (2) a Scharlau’s transfer of a 4-dimensional quadratic form
which is similar to a 2-fold Pfister form over a quadratic extension of F'. The solution of
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first question mark of the Table 1 is given as in the Table 3 by applying this result to the
form Q.

In the case of ch(F) = 2, we will prove that the if part of Izhboldin and Karpenko’s
theorem also holds. Whether the only if part of Izhboldin and Karpenko’s theorem holds
or not for ch(F) = 2 is not known, but we will give some sufficient conditions for @ to
decomposed into an orthogonal sum of 2-fold Pfister forms.

We summarize in the following Tables 2, 3 and 4 all the results we proved in this paper
on indC'(q) of a 6-dimensional anisotropic quadratic form ¢ with non-trivial Arf invariant.
The Table 2 gives a classification of C'(¢) in the case that vz, > 1 and the characteristic of F'
is arbitrary. The Table 3 (resp. the Table 4) gives a classification of C(g) in the case that
vy, =0 and ch(F) # 2 (resp. ch(F') = 2). Any positive condition of g such that indC(¢q) = 8
is not known.

We use the following notations.

GP,(F) : aset of similar forms of r-fold Pfister forms over F.
GPy(F)p :={L0 m | m € GPy(F)} (GP(F)1 = GP(F).)

¢ : a set of separable quadratic extensions of F.
sp/r(GP2(E)) : image of GPy(FE) by Scharlau’s transfer S/ p
S = Upcesy pGP(E) UGPy(F),.

Table 2
[ ch(F) >0,q:dimpq=6,0=0,Z(q) =L [ Co(g) [ Clg) |
v, =1,v9 =0,Q is of type Er Ms(L ® Dy) | My(D2)
v, =1,v9 =0,Q is not of type E7 (Q € GP2(F)2) | Ma(L ® D3) | Ma(Dy)
v =1lvg=1 My(L ® Dy) | Ma(Dy)
vy = 1, v = 2 MQ(L X DQ) M4(D2)
v, =3,vg9 =0,Q is of type Er My (L) My4(Ds)
v, =3,vg =0,Q is not of type E7 (Q € GP3(F)) | My(L) Mg (F)
vy = 3, v = 2 M4(L) M4(D2)
Table 3
| ch(F) #2,q:dimpg=6,vr=0,Z(¢) =L | Co(¢g) | Clg) |
v =0, =0,Q ¢S L®Dy | Dg
v, =0, =0,Q €& L® Dy | Ma(Dy)
v, =0,vg =1 L® Dy | Ma(Dy)
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Table 4
[ch(F) =2,¢q:dimpg=6,vr=0,Z(q) =L [ Co(q) | Clq) |
v, =0,v5=0,Q0¢ 6 L® Dy | ?e€{Dg, Ma(Dy)}
I/L:O,VQ:O,QEG L® Dy MQ(D4)
v =0,vg =1 L® Dy | Ma(Dy)

By these results, we can make the following Table 5 on the 8-dimensional quadratic
forms with trivial Arf invariant if ch(F") # 2.

Table 5
[ ch(F) #2,q:dimpqg=8,Z(q) = F x F [ Co(g) [ Clg) |
V:O,q§ZG DgXDg MQ(DS)
v =0,q € G, q does not have a norm splitting Mg(D4) X Ma(Dyg) | My(Dy)
v =0,q is of type E7 My(D2) x M4(D2) | Ms(Ds)
I/ZO,QEGpg(F) Mg( )XMS( ) Mlﬁ(F)
v=1 MQ( ) X MQ(D4) M4(D4)
v=2 M4( ) X M4(D2) MS(DQ)
v=4 Mg( )XMS( ) Mlﬁ(F)

As an application of Tables 2, 3 and 4, we will show a Minkowski-Hasse type theorem
in Theorem 4.5.

2 Notation and Definition

In this section we recall the basic notations on the quadratic forms.

Let F be a field of arbitrary characteristic. A quadratic space (V, ¢) over F is a pair of a
finite dimensional F-vector space V' and a quadratic form ¢ : V. — F such that ¢ satisfies:

qg(Av) = A2q(v) for A € Fv € V;
2. by : V x V — F defined by b, (v, w) = ¢(v +w) — q(v) — g(w) is an F-bilinear form.
A quadratic form ¢ is called regular if b, is nonsingular. We assume that all the quadratic

forms are regular throughout this paper.
A morphism of quadratic spaces ¢ : (V,q) — (V’,¢’) is an F-linear map ¢ : V — V'
such that ¢(x) = ¢'(¢(x)) for all x € V. If ¢ is an F-isomorphism, then it is called isometry.

A quadratic form which represents 0 for some nonzero element in V' is called isotropic,
otherwise it is called anisotropic. A 2-dimensional isotropic quadratic space defined by
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qu(z) = z115 for * = (x1,72) € F? is called hyperbolic space and denoted by H(F) =

(F?,qm). A quadratic form ¢ is decomposed to an orthogonal sum of n-hyperbolic forms
and an anisotropic form qo, i.e.,q >~ ¢}y L go. Then n is uniquely determined by ¢ and is
called the Witt index of ¢ and denoted by v(q).

If ch(F) # 2, then n-dimensional quadratic form is isometric to a diagonal form g(z) =
S a?, (x = (v1, -+ ,xn) € F") The q is denoted by < ay,--- ,an >.

In characteristic 2, the dimension of a regular quadratic form is always even and the
diagonal quadratic forms are not regular. We can decompose 2m-dimensional quadratic form
into g(z) = Y% (a;x3;_1 + x2—122; + bix3;). This ¢ is denoted by [a1,b1] L -+ L [am, bi).

In general the signed discriminant §(g) of 2m-dimensional quadratic form ¢ is defined to
be 6(q) = (—1)™ det by as an element of F*/F*2. If ch(F) = 2, then the signed discriminant
of ¢ is trivial. In this case, for a quadratic form g = [a1,b1] L -+ L [am, bm], we define the
classical Arf invariant «(q) of ¢ by a(q) = a1b1 +- - -+ amby, as an element of F//p(F'), where
o(F)={z+2% x € F}. We have §(¢ L ¢') = 6(¢)d(¢') and a(q L ¢') = a(q) + a(q').

A form < a1, ,a, >=< l,a3 > ®---® < l,a, > if ch(F) # 2, and a form
[[b,a1, + yan—1 >= [1,b|® < a1, -+ ,an_1 > if ch(F) = 2 are called an n-fold Pfister
form. We denote by GP,(F) the set of all similar forms to n-fold Pfister forms

Let F' C F be a field extension. We can extend a quadratic form g : V — F' to a form
qe : E®V — FE by putting

ar <Z Ai ® Ui) =D Afavi) + ) Nidiby(vi, vj).

1<j
We denote (E® V,qg) by E® (V,q).

The Clifford algebra of a quadratic space (V, q) is defined as C(V, q) = C(q) = T(V)/I(V),
where T'(V) is a tensor algebra of V' and I(V) is a two-sided ideal of T'(V') generated by all
elements of the form v ® v — q(v), (v € V). The even Clifford algebra Cy(V,q) = Co(q) is
the subalgebra of C(q) generated by uv, (u,v € V).

Let dimg be even. Then C(q) is a central simple F-algebra, and by Wedderburn’s
Theorem, C(q) ~ My (D) for some central division F-algebra D. We denote by [C(q)] = [D]
the Brauer equivalent class of C(g). If ¢ L ¢’ denotes the orthogonal sum of ¢ and ¢, then
C(q L ¢') is isomorphic to C(q) ® C(6(q)q’). The center of Cy(q) is a separable quadratic
F-algebra. It is called the discriminant algebra of ¢ and denoted by Z(V,q) = Z(q). The
isomorphism class of Z(q) is called the Arf invariant of g. We say that the Arf invariant is
trivial if Z(¢q) ~ F x F. Two quadratic forms ¢ and ¢’ have the same Arf invariant if and only
if they have the same signed discriminant (the same classical Arf invariant if ch(F') = 2)(cf.
Knus [5, section 5]).
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Let M(F) be the set of all regular quadratic forms over F. If F' C L is a field extension
and s : L — F is a nonzero F-linear map, then Scharlau’s transfer s} /F is a map from
M(L) to M(F) defined by s7 ,(q) = s ¢. It is known that Im(s} ) is independent of s
and that dimp s7 () = [L : F]dimg q.

3 Basic properties

The notion of a norm splitting of a quadratic space was first introduced by Tits and Weiss
(cf. Medts [10]). We say that a 2m-dimensional quadratic space (V,q) over F has a norm
splitting if there exists a separable quadratic extension F' C E with reduced norm ng and
some elements ay,--- ,a, € F*® such that (V,q) ~ (E,aing) L --- L (E,amng). The
following Theorems were proved in [5], [8], or [10].

Theorem 3.1 ([10, Theorem 3.9]) Let F C E be a separable quadratic extension and
ai, - am € F*. Then [C(LT, (E,aing))] = [C(E, (-1, ai)ng)].

The index of Clifford algebra of 2-dimensional quadratic space depends only on the
elements which the space represents. If the quadratic space represents 1, then the index is
equal to 1, otherwise it is equal to 2. Hence the index of Clifford algebra of quadratic space
which has norm splitting (V, q) ~ (E,a1ng) L - - L (E,anng) is equal to 1 or 2 according
as (E,ng) represents (—1)™/2T]™ | a; or not.

We recall that an 8-dimensional anisotropic quadratic space (V, ¢) is said to be of type
E; if (V,q) has a norm splitting (E,a1ng) L --- L (E,a4ng) such that H?Zl a; ¢ ng(E*®).

Theorem 3.2 ([8, Theorem 16,10]) We assume that ch(F) # 2. Let q be an 8-dimensional
quadratic form over F. Then the following two conditions are equivalent each other.

(1) The Arfinvariant of q is trivial and indC(q) < 4.
(2) At least one of the following conditions hold:

(a) There exist m, 72 € GPy(F) such that ¢ =m L ms.

(b) There exist a field extension F C L of degree 2 and a quadratic form T € GP2(L)
such that ¢ = s} /(7).

Theorem 3.3 ([5, Ch.11]) Let (V,q) be a 6-dimensional quadratic space with trivial Arf
invariant. We assume that (V,q) represents A € F*. Then there exist a 16-dimensional

central simple algebra A and an even symplectic involution o over A such that (V,q) =~

(At (A), A\pf), where pf is a pfaffian. Moreover we have C(q) ~ Ms(A) and
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(1) if v(q) =0, then indC(q) = 4,
(2) if v(q) =1, then indC(q) = 2,
(3) if v(q) = 3, then indC(q) = 1.

4 Main Theorem

Let (V,q) be a 6-dimensional quadratic space and Z be a discriminant algebra of ¢ with
reduced norm nyz. If Q@ =nyz L —q is isotropic, then we have an orthogonal decomposition
Q = qg L @' by some 6-dimensional quadratic form @’ with trivial Arf invariant, and hence
M>5(C(q)) ~ C(Q) ~ M3(C(Q")). By Theorem 3.3, indC(q) is determined by the Witt
index of ). Therefore we treat the 6-dimensional quadratic spaces (V,¢) with non-trivial
Arf invariant such that Q = nz 1 —q are anisotropic.

First we consider the quadratic forms which satisfy v(qz) = 3.

Lemma 4.1 Let (V,q) be an anisotropic quadratic space over F and F C E be a separable
quadratic extension with reduced normng. If EQ(V, q) is isotropic, then (V,q) is decomposed
into (V,q) ~ (E, \ng) L (V',¢") for some A € F* and quadratic space (V',q") over F.

Proof. See [10, Lemma 4.1]. m|

By Lemma 4.1, a 6-dimensional quadratic form ¢ with discriminant algebra Z £ F' x F’
and v(qz) = 3 is decomposed into ¢ ~ A\inz L Aanz L Agny for some \; € F'*. Therefore g
has a norm splitting and the index of the Clifford algebra of ¢ is equal to 1 or 2 according as
nyz L —qis of type E7 or not. In a similar fashion, if ¢ is a quadratic form with discriminant
algebra Z # F x F and v(qz) = 1, then ¢ is decomposed into ¢ ~ Anz L ¢, where ¢ is
a 4-dimensional quadratic form with trivial Arf invariant, hence ¢ € GP2(F'). Therefore
nz L —q € GP2(F)3. On the other hand, we have indC(¢q) = 2 or 4 since indzC(qz) = 2
by Theorem 3.3. If indC(q) = 2, then both C(Anz) and C(¢’) have the common splitting
quadratic field ' € E. Since both nz 1 —Anz and ¢’ are hyperbolic over E, we have
nz 1 —q has a norm splitting by E.

Therefore ny 1 —q is in GP3(F)2 and the index of the Clifford algebra of ¢ is equal to
2 or 4 according as nz L —q has a norm splitting or not.

If ¢ is a quadratic form with discriminant algebra Z % F' x F and v(gz) = 0, then
indzC(gz) = 4 by Theorem 3.3, hence we have indpC(g) = 4 or 8. The condition that
the quadratic forms satisfy indpC'(q) = 4 is given by applying Theorem 3.2 to nyz L —q if
ch(F) # 2.
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By these consideration and Theorem 3.2, we can determine the index of Clifford algebra

of 6-dimensional quadratic form if ch(F') # 2. In the case of ch(F') = 2, we need a counterpart
to Theorem 3.2. The implication (2) = (1) of Theorem 3.2 is true even if ch(F) = 2. We
have the followings.

Theorem 4.1 We assume that ch(F) = 2. Let q be an 8-dimensional quadratic form over
F. Then the Arf invariant of q is trivial and indC(q) < 4, if at least one of the following

conditions hold:

(a) there exist w1, 72 € GPa2(F) such that g ~ m L ms.

(b) there exist a field extension F C L of degree 2 and a quadratic form T € GPy(L) such
that q ~ 57, (7).

Proof. If q satisfies (a), then the Theorem is trivial since both 7 and 7 € GP:(F) have
trivial classical Arf invariants and indC(m),indC(m2) < 2. Therefore we assume that ¢
satisfies (b). Let L = F(z) be a separable field extension with 2% = z + r,r € F and nj,
a reduced norm of L. We take the F-linear map L 3 x1 + z2z — x1 € F as a map s.
If 7 = g%, then s} / »(7) = ¢} and the Theorem is trivial. Hence we assume that 7 is
anisotropic. A quadratic form 7 € GP(L) is generally given for some A = A\j + A\yz,a =
a1+ a2z,b="b1 +baz € L* (N, a;,b; € F), by

7 = Na,b>
e R v
L Dby darba + {hoby + (A1 + Ag)bp}z, Qidelfiidards 4 dadid i )
where A; € F' is given by (giigjj =A; + Asz.
Hence we have
spp(m) = [, —(k1+AZ)L¢z(1)\—)kk2raz] L [A1by + Aarb, —(A1+>\2,L)LA?>\-’)_)\2TA2]
L [(M + Ag)r, Arertlusdaras)
L {0+ A2)br + (M + g + Aar)by }r, AL GudAeD A2 |
The Arf invariant of s7 , 7 (7) is trivial since
sy p(r)) = MQubelabdores 4\ p) 4 dyrh,) Qrtlelditlerds
O e 7e

{4 A2)b1 + (A1 + Ag + dor)by p it Qutdor) 4

nr(A)
as + b1As + bo Ay + b As
az (b3 +b1ba+b37)+b1(a1batazbr)+ba(arbi+aibatasbar)+ba(aiba+azby)
nr(b)
0.

+ +
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In the followings, we consider the Clifford algebra of s7 , (7). We denote the Brauer

equivalent class of C[z, y] by [[z, y]]. Since the signed discriminant of 2-dimensional quadratic
form is trivial if ch(F') = 2, we have

[C(S*L/F(T))] = [[A1, 4(>\1+)\Z)LQ(IA-;>\2T@H ® [[A1b1 + Aarba, —(/\1+)\2);4(1A-;>\2TA2]]
2 ([ + Ag)r, ArurtBuddanion))

®  [[{(A1+ A2)br + (A1 + A2 + Aor)ba}r, WH-
By two relations
([w,a]] & [[w,y]) = [[w, z +y]] and
([w, 29]] ® ([, ywi] @ [[y, wal] = 1(w, 2,y € F), we have

M, ()\1+>\2)a1+>\27“az]] [[Albl + Aorbs, (>\1+>\2)A1+>\27“A2]]

[C(SZ/F(T))] = nL(V) nr (N\)

A+ dg, Mt @ [[r, (bl darieal )

(M + A2)b1 + (A1 + Az + Agr)by, 2410 der)da )

{1 +22)bi+(A1+Aa+Aar)ba {1 A1+ (A +)\2T)(A2} ]]
nr(A\)r

A, MH [[/\1b1 + Aorba, ML(/\)M&H

® ® &

[

[

[

[

[

[/\27 Al(alzﬁ);)rhr@“ ® [[r (A1+A2){A;(La(1$?2)+>\2m2}H
[Arb2 + A2(b1 + ba), —/\1(1412?2();)”\2%2]]

fr, D0 (0r-+b2) £ Xa by b b)) D (A A2) HAar o}
[

[

[

[

[

[

® @ &

’ nr(A)r
N, bl @ [, et b @ [y, MAziddedy
A ,\1rb2A2+A2rb2A1]] ? [[r, >\1>\2rb2A2+)\§rb2A1]] ® [[b2, Alxzrniza)xgml]]

> Mt rag o) Bl ) + Agraz)
Aoy ST @ [ S S ]
/\17 A1ba( Al-‘:lég(g\-;-)\z’f‘bzAg]] ® [[b27 >\ (Al"'lsz)(';‘))\l)\QTAg]]
Ao >\1(bl+b2)(A1+A2)+>\2r(b1+b2)A2]] ® [[b1 + bs, A1A2(A17;?§§+AETA2]]

A
r {>\1 (b1 +b2)+)\2(b1-i(-b3+rb2)}{>\1 (A1+A2)+A2r Az} ]]
) nL()\)

[
[
[
[
[
[
[
[
[
[
[
[
[
[

® ® ¥ ® ®

Since az + b1A2 = b2(A1 + AQ), ay + b1A1 = TbQAQ, we have

[C(sp,p(T)] = [[br, A2]] ® [[r, b2 A2]] @ [[b2, A1 + A2]]
= [[b1, A2]] ® [[rb2, A2]] @ [[b2, 7 A2]] ® [[b2, A1 + A2]]
= [[bl + Tbg, AQ]] [ [[bg, A1 —+ A2 + TAQ]].

Hence we have indC(s} (7)) < 4.

If L = F(z) is inseparable, then we can set 22 = r. Then Scharlau’s transfer of
T = M[a,b > is given by

SE/F(T) _ [)\1, )\1(11'}'1\-2)\2(127‘] L [/\lbl + /\2b27‘, )\1(a1b1+a2b2r)?+b>\2(a1b2+a2b1)r]
L Ay, MOEAR0r] | [y by + dgbyr, Aabiteabar) s (eibatasbir)
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Hence the index of the Clifford algebra of s7 , 7(7) is less than 2 since we have

[O(S*/ (T))] _ [[T A?alﬂ-él)\zazrn ® [[,’, ()\1171+)\2b2T){>\1(alb1-|2-1122b2T)+>\2(a1b2+112b1)T}]]
L/F - ’ A2Zr ’ AZb2pr

a 2 a

= I, wﬂ'

The implication (1) = (2) of Theorem 3.2 in the case of ch(F) = 2 is easily proved as
follows if ¢ is isotropic or ¢ satisfies indC'(¢q) < 4.

Lemma 4.2 Let q be an isotropic quadratic form of dimension 8 with trivial Arf invariant.
Then there exist m,m2 € GPa(F) such that ¢ ~ m L 7.

Proof. Let ¢ =qu L [a1,b1] L [b2,bs] L [ag, m] for a; € F*,b; € F. Then we have

az

bob b bob b bob
g~ [a1, 28] 1 [ar, L0280 | () ] | [ay, D01 0208,
ai a1 ag
Let m = [a1,2%] L [by,bs] and my = [ay, “bitlabs] | [y, @bitbebs]  Then we have
q =~ T J_7T2. O

Theorem 4.2 Let q be an 8-dimensional quadratic form over F. If the Arf invariant of q
is trivial and indC(q) < 4, then there exist 1,79 € GPy(F) such that ¢ ~ m L ms.

Proof. For any decomposition ¢ = ¢q1 L g2 with dim ¢; = 2, the index of the Clifford algebra
of g2 over Z(qq) is less than 2 by Theorem 3.3. Therefore g2 = Aq1 L 7 for some X € F'*
and m € GP2(F) by Lemma 4.1. Hence ¢ € GP(F)a. O

We consider the implication (1) = (2) of Theorem 3.2 under the condition of indC(q) =
4 in the case of ch(F') = 2. For an 8-dimensional quadratic form ¢ with trivial Arf invariant,
we have C(q) ~ C(\q) for any A € F*. Therefore we may assume that ¢ represents 1. Let
g =1[1,%] L ¢’. Then ¢ is a 6-dimensional quadratic form such that [C(q)] = [C(¢)]. We
consider a relation between a subform of ¢’ and the index of C(q).

Lemma 4.3 Let q be a quadratic form of dimension 8 with trivial Arf invariant and indC(q) =
4 . We denote by D a division algebra such that [D] = [C(q)]. If there exists a 2-dimensional
quadratic subform ¢ C q such that L = Z(¢) C D, then ¢ ~ w1 L mo for some m; € GP(F).

Proof. Let g = ¢ L ¢’. Then ¢ and ¢’ have the same Arf invariant. Since ¢z, = g L ¢} and
L C D, we have ind.C(¢;) =ind;C(¢r) = ind, L ® C(q) = 2. Obviously ¢} has the trivial
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Arf invariant. This show ¢’ ~ A¢ L m; for some A € F*, 71 € GPy(F). We set 13 = ¢ L Ao,
then we have ¢ ~ m; 1 mo. O

Theorem 4.3 Let g be a 6-dimensional quadratic form over F with indC(q) = 4 and Z
a discriminant algebra of q with reduced norm ny. If there exists some decomposition q =
@1 L g2 with dimpq; = 4 and dimp ga = 2 such that both C(q1) and C(g2) contain a
common separable extension field F' C L of degree 2, then ny 1L q ~ m L ma for some
w1, T2 € GPy(F).

Proof. Since

C(L® (nz L g)) L®C(nz L q)
L ® M>(C(g2))
M;(L ® C(g2))

M4(L)a

1IRR

(nz L qo2)p is isotropic and nz L g3 ~ any L ¢ for some @ € F'* and a 2-dimensional
quadratic form ¢. Let v = ¢ L ¢1. Then v is a 6-dimensional quadratic form with
discriminant algebra L and so vy, has the trivial Arf invariant. On the one hand, we have

= ind(L ® My(C(q)))
ind(L ® C(q1) ® C(qz))
2.

IA

On the other hand,

indC((nz Lq)) = indC((ang L)L)
= indC(qm L ¥r)
—  indC(vr).

Hence indC(¢r,) < 2. This show that vy, is isotropic and we have ¢ ~ @n;, L m for some
B € F* and m; € GPy(F). Therefore if we set mo = any, L Ony, € GPy(F), then we have

nz Lgla
anp, Lo Lq
Oé?’LLJ_ﬂTLLJ_Wl
7T2J_7T1.

nz Lgq

11 R

Corollary 4.1 Let q be a quadratic form of dimension 8 with trivial Arf invariant and
indC(q) = 4. If there exists a decomposition q = q1 L qa, where q; are forms of dimension
4 with indC(q;) = 2, then g ~ m L mo for some m; € GPy(F).
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Proof. We may assume that ¢ is anisotropic by Lemma 4.2. Let Z be a discriminant algebra

of g1 (so it is also of g2). Since indC(q1) = 2, nz L ¢ is isotropic, and so ¢ represents some
non-zero element A € Im(nz). Let g1 = ¢1 L ¢2 such that ¢y represents A and dim ¢ = 2.
We set ¢ = A2 L Ag2. Since C(Agz2) ~ C(q2) and C(Ap2) ~ C(q1), we have indC(Agz) = 2
and 1 satisfies the condition of Theorem 4.3. Then we have

nzw) L =% = nzag) L Ag2 L —Ag
~ Nz41) 1 )\(;52 1 —/\q2
~ A¢1 L A2 L =)Ao
~ \q.
Therefore ¢ ~ m 1 mo for some m; € GP2(F) by Theorem 4.3. O

The converse of Theorem 4.3 is also hold.

Theorem 4.4 Let q be a 6-dimensional quadratic form over F with indC(q) =4 and Z a
discriminant algebra of q with reduced norm ny. If ny 1 q ~ m L mo for some w1, mo €
GPy(F), then there exists a decomposition ¢ = q1 L g2 with dimp ¢1 = 4 and dimp g2 = 2
such that both C(q1) and C(q2) contain a same separable quadratic field L over F.

Proof. Weset Z=F -1+ F-z2>=z+rr€ Fand m = \na,(i =1,2), where nn, are
the reduced norm of quaternion F-algebras A; and A\; € F'®. Since ny 1 g ~ m L w9, we
have that 1 and z € Z each correspond to vy + v2 and wy + we for some v;, w; € A;.

Since by, (1,2) = brytms (V1 + V2, w1 + w2) = by, (V1,w1) + bry(va, w2) = 1, we have
by (V1,w1) # 0 01 by, (v2, w2) # 0. We may assume by, (v1,w;) # 0. Then we have vy, w; #
0. Let V.=F vy + F-w; and ¢ = m|y. Since by, (v1,w1) # 0, ¢ is nonsingular and
Y1 = ¢ in m; is a 2-dimensional quadratic form. We have 7o L ¢ ~ ny L 1) for some
4-dimensional quadratic form 5. Hence we have g ~ 11 | 19 and set ¢ = 2 and ¢ = 1.
Let L = Z(g2). We show L C C(q1). Since 711, ~ ¢% and gof, >~ qu, we have

ind(C((nz L q)r))

ind(C((m L m2)r))
= ind(C(mar))

ind(L ® As)

2

IA

and on the other hand

ind(C((nz L q)r)) = ind(L®C(q))
= ind(L®C(q1) ® C(g2))
ind(L ® C(q1)).

This show that ind(L ® C(q1)) <2 and L C C(q1). O



g Ilj(];;g On the Index of Clifford Algebras of Quadratic Forms 31

As an application of Tables 2, 3 and 4, we show a Minkowski—-Hasse type theorem. We
denote by Bra(F) the subgroup {[A] € Br(F) | [A]*> = 1} of the Brauer group Br(F) and
by Bro(F)' the subset of Bry(F) consisting of Brauer classes of quaternion F-algebras. By

Merkurjev’s theorem and the theory of simple p-algebras in the case of ch(F) =p =2, it is
known that Bra(F') is generated by Bra(F)'.

Theorem 4.5 Assume that F satisfies the following two conditions
1) Bro(F) = Bro(F)'.
2) For any quaternion F-algebra A, its reduced norm na is surjective.

Then the dimension of any anisotropic quadratic form over F is less than or equal to 4.

Proof. Let (V,q) be an anisotropic quadratic form over F, L = Z(q) the discriminant
algebra of ¢ and vy, the Witt index of L ® (V,¢q). We first suppose that dimp V = 6. By
the assumption 1), the index of C(g) must be less than or equal to 2. Then, it follows
from the classification Tables 2, 3 and 4 that v;, > 1, and hence there exists a nonsingular
2-dimensional subspace U of V such that (V,q) = (U,q|v) L (UL, qlyr) and Z(q|y) = L.
Since the Arf invariant of (U, q|y 1) is trivial, (UL, g|yy1) is similar to the reduced norm
form of some quaternion F-algebra. By the assumption 2), (U=, q|y 1) is universal, i.e., |+
represents an arbitrary element of F. This contradicts to v(V,q) = 0. Therefore, dimp V'
must be less than or equal to 5. If ch(F) = 2, we have dimp V < 4 as ¢ is nonsingular.
Thus, we next suppose that ch(F) # 2 and dimp V' = 5. Let §(q) be the signed discriminant
of (V,q). It was proved in [5, Ch.12, Proposition 5] that the index of Cy(q) is 4 if and only
if ¢ does not represent §(g). This is not the case by the assumption 1). Hence there exists
a v €V such that q(v)F*? = §(¢). Then the 4-dimensional quadratic form ({v}*, () is
similar to the reduced norm form of some quaternion F-algebra since the Arf invariant of
({v}*, glguy+) is trivial. By the assumption 2) and the same argument as above, this leads
us to a contradiction. m|

The above proof of Theorem 4.5 was given by Watanabe in the Appendix of [4]. Tt is
well known that non-Archimedean local fields, totally imaginary algebraic number fields and
function fields of one variable over a finite field satisfy the conditions 1) and 2) (cf. [4, Ch.
X — XIII]). Theorem 4.5 gives a uniform and characteristic free proof of Minkowski-Hasse
theorem of such local and global fields.
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