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ABSTRACT

We provide a topological disc-cutting theorem which allows to prove that unilateral
inclusions in a reaction-diffusion system of prey-predator type with a two-dimensional
bifurcation parameter necessarily have a certain global branch of (global) bifurcation
points.

RESUMEN

Presentamos un teorema “Disc-Cutting” topolégico el cual permite probar que in-
clusiones unilaterales en un sistema de reacién-difusion de tipo predador-presa con
parametro de bifurcacién 2-dimencional, necessariamente tiene una cierta rama global

de puntos de bifucarcién (global).
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1 Introduction

Although we provide in Section 2 a general topological theorem about the existence of a global
branch which is applicable to a large class of bifurcation problems with a parameter from a space
of dimension at least 2, our main motivation for the result comes from the following particular

problem.

Let © C R™ be a bounded domain with a Lipschitz boundary, and let measurable (possibly
empty) subsets Qg C Q and I'y,I' C 9 be fixed with mes(I'o NT') = 0. We consider the reaction-
diffusion system

ug = diAu + byyu + bigv + f1(d, z,u, v, Vu, Vo) = 0 on €,

0} onQ\Q, (1.1)

€ doAv + baru + baov + fold, 2, u, v, Vu, Vo) +
v € 20+ byt + bozv + fo(d, 2, u, v, Ve, Vo) {mo(dw,u,v,Vu,Vv) on Qo,

with the boundary conditions

u=v=0 on Iy,
ou
% :gl(dv'rvuav) on 8Q\F0,
1.2
% = go(d, z,u,v) on 90\ (T UT), (12)
g_v € go(d, z,u,v) + mi(d, z,u,v) onT.
n

Here, d = (di1,d2) € Ri is a bifurcation parameter, the nonlinearities f; and g; are small at
(u,v) = 0, and m; are nonnegative interval functions specified later. The scalar parameters b;; are
assumed to satisfy

b1 >0, b3 <0, bay > 0, by < 0, 13

bi1 + b2 <0, bi1ba — bi2bay > 0, (1:3)
which means that system (1.1) is a special system of activator-inhibitor or prey-predator type
such that in case d; = dy = 0 (i.e. without diffusion) the solution (0,0) is stable. However, it is
known (see e.g. [11] or [2, Appendix] or [1]) that the stability of (1.1)/(1.2) with classical data
mo = my = 0 depends on d = (dy,ds). In fact, the domain Dg of those d € Ri where this system
is exponentially stable is the right-hand side of the “envelope” of the sequence of hyperbolas

bi2b 2 b
12021/ k7, +£}.

1.4
di —bi1/kn  Kn (14)

Cp = {(dlde) € Rﬁ' dy =
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where k1 < kg < --- — 0o denotes the sequence of eigenvalues of —A, i.e. for which a (weak)

nontrivial solution of the problem

—Au = kpu on §,

u=0 on Iy, (1.5)
ou .
% =0 on 02 \ FQ
exists.
da Cy |Cs Cy &
J i

Figure 1: Hyperbolas (1.4) determining Dg

Using degree theory for multivalued maps, it was shown in [6] (for similar results and related
systems, see also [2]-[5], [7]-[10]) that in the case of natural unilateral (possibly multivalued)
functions mg and/or m; there is a destabilizing effect in the sense that even the stationary points
admit a global bifurcation along certain paths in Dg. In this paper, we will show by a purely
topological argument that results of such a type actually imply the existence of certain global
branches of bifurcation points (i.e. not only the bifurcation branch is global but actually even the
set of bifurcation points itself). Such phenomena can naturally arise only because our bifurcation
parameter d is not only from a one-dimensional space.

We point out that although we concentrate only on the system (1.1)/(1.2), the same results
(and proofs) hold for all systems for which corresponding results along paths are available. In
particular, this is the case when we consider instead of (1.2) the Signorini type boundary conditions

(see e.g. [9], [10])

u=v=0 on I'p,

%:0 on 00\ Ty,
%:0 on 00\ (Th UT),
%ZO,UZQ%'U: onT.
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2 The Disc-Cutting Theorem

Our main topological tool is based on a generalization of the Whyburn lemma yielding global
branches [12] and on the following result.

Theorem 2.1 (Boundaries connect squaresides). Let X be a topological space into which a square
with (compact) “square-sides” Ay, Ag, Az, Ay and “square-interior” @ is homeomorphically embed-
ded. Let V.C X be open such that A1 CV and VN A3 = @. Then there is a connected subset
C CQNOV such that CNA; # @ fori=2,4.

The afore mentioned generalization of the Whyburn lemma is the following (this version can
be proved using only the [countable] axiom of dependent choices):

Theorem 2.2. Let X be a reqular space, A C X compact, and S C X. Then for each open set

U D A for which UN S is compact and metrizable the following statements are equivalent:

1. For each open set 2 O A with Q C U there is some x € 0Q in S.

2. There is a connected set C C (SNU)\ A such that C NS intersects A and OU.

For the proof of Theorem 2.2 we refer to [12]. Let us now use this result and some winding

number theory to prove Theorem 2.1.

Proof of Theorem 2.1. We show first that it suffices to show the claim for the case X = R? and
Q =(0,1)x(0,1) with Ay :=[0,1] x {0}, A := {1} x[0,1], A3 :=[0,1] x {1}, and A4 := {0} x [0, 1].

To see that then the general case holds also, assume that we have a homeomorphism f of
Q onto a subset X of a general space X. Note that X is the union of the sets @ = f(Q) and
EZ- := f(A;). Note that we do not assume that X is Hausdorff, so Xy might not be closed, although
it is compact. However, if V' C X is open with El CVand VN Avg = &, then V = f‘l(V N Xo)
is open in @, and so there is some open V; C R? with V3 N @ = Vy. Since Vo C f~1(V N Xp)
is disjoint from the compact set f_l(gg) = As, and since R? is regular, we thus find a closed
neighborhood of A3 which is disjoint from V4. Eliminating this neighborhood from V; if necessary,
we may thus assume without loss of generality that V; N A3 = @. By the special case of the
Theorem, we thus find a connected set C € QNAV; with CNA; # @ for i = 2,4. Then C := f(C)
is connected, and its closure contains f(C) and thus intersects A =7f (A;) for i = 2,4. Moreover,
C is contained in f(QNoVy). Note that, since Q is open, V;NQ = (Vi1 NQ)NQ = VNQ, and so
CC fVonQ) C @ NV. Moreover, C is disjoint from V', since C= f(C) is contained in Xy and
disjoint from V N Xy = f(Vp) in view of C NV = &. Hence, we have indeed found a connected
set C' C QNV\V =QnNaV whose closure intersects A; fori = 2,4. This proves the general case
of the claim.

We prove now the claim in the special case X := R?, Q := (0,1) x (0,1) and A; as above.
Thus, let V C R? be open with A; C V and VN A3 = @. Without loss of generality, we may
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assume in addition that V is contained in Qo := (—1,2) x (—1,1). Indeed, otherwise, we could

replace V' by the intersection
Vo =V n{(xy,22) € (—=1/2,3/2) x (—1/2,1) : 29 < 1 — dist(z1, [0,1])}

and note that A1 CVp, VoNAs =2, and QNoVy =QNoV.

Put S := Q NIV and assume by contradiction that there is no connected subset C C SN Q
with CNA; # @ (i = 2,4). Applying Theorem 2.2 in the space Q with A := Ay and U := Q \ Ay,
we find some open (in Q) set Q C Q with Ay C Q and QN A4 = @ such that the boundary By of
Q) with respect to Q contains no point from 0V. By the compactness of these sets, we thus find
some closed neighborhood M C R2 of 9V which is disjoint from By. Since OV is a compact subset
of Qo and R? is regular, we may assume in addition that M C Q.

Covering the compact set V with sufficiently small open balls, we find an open set G C VUM
containing V such that the boundary of G consists of finitely many piecewise smooth closed curves.
Fix some a € A;. Since a € V C @G, the argument principle of complex analysis (or, in other words,
the well-known connection between the degree of the identity function with the winding number
of the boundary) implies that at least one of these curves must have nonzero winding number with
respect to a. We think of such a closed curve as a continuous map v: S' — Qg (where S! denotes
the unit circle). Note that this curve lies completely in G C M. In particular, v(S?!) is disjoint
from By and thus contained in the union of the three sets

Q:=0NQ, U=0Q\DNQ=Q\0Q, R:=Qu\ (QU{a}).

Since € is open in Q, it follows that €5 is open in @ and thus open in R%. Analogously, also € is
open in R2. With the notation v = (71, v2), we define now a homotopy h: [0,1] x S* — R?\ {a}
by
(T =t)n(s),72(s)) if 5 € 771 (Qu),
h(t,s) = q (L= t)(s) +t,72(s)) if s € 771 (D),
(71(8),72(8)) otherwise.

This map is indeed continuous by the glueing lemma, because y can cross the boundary of €; only
at A; (i = 2,4). We thus have shown that v is homotopic (in R? \ {a}) to a curve which assumes
only values in R. Since R is obviously simply connected, « is actually homotopic to a constant
(in R?\ {a}). Hence, the homotopy invariance of the winding number shows that v actually has
winding number 0 around a. This is the required contradiction. O

Using Theorems 2.1 and 2.2, we can now prove the following disc-cutting theorem:

Theorem 2.3 (Disc-Cutting). Let X be a topological space into which a (compact) disc with “disc-
interior” @ is homeomorphically embedded. Let the “disc-boundary” be the union of four nonempty
disjoint connected sets Ay, Aa, Az, Ay, enumerated in order along the boundary. Assume also that
As and Ay both contain at least two points.
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Let S C @ be closed in @ such that each compact smooth (via the embedding) injective path P
in QU Ay U Ay with PN A; # @ (i = 2,4) contains some point from S. Then there is a connected
subset C C S such that C N A; # @ fori=1,3.

Remark 2.1. One could also replace “smooth path” by “polygonal path” in the statement of
Theorem 2.3 with the obvious modification in the following proof.

Proof. We show first that it suffices to show the claim for the case X = R? and the unit disc Q.
Indeed, if f: Q@ — X is a homeomorphism onto a subset of a general space X, let @ = f(Q) and
A; = f(4;). Let S C Q be as in the claim; in particular, S is closed in Q. Then Sy := YY) is
closed in Q). The hypothesis on S means that each smooth path connecting As with A4 in @) meets
So. The special case of the result thus implies that there is a connected subset Cy C Sp such that
CoN4A; # @ for i =1,3. Then C := f(Cy) C S is connected, and C N A; D f(Co) N f(A;) # 2.
Hence, the statement holds also in the general case.

Thus, to prove the theorem, we may assume without loss of generality that X = R? and that
@ is the unit disc. Assume by contradiction that a set C as in the claim does not exist. We apply
Theorem 2.2 in the space Q with A := Ay, U := Q\ A3, and S instead of S. Observing that A C U,
because A; and A, are nondegenerate, we find some open in @Q set Q O A; with QN A3 = @ such
that the boundary By of  with respect to @ contains no element of S. Note that By is a closed
subset of @ and thus compact. Note also that By is disjoint from S and from A; (i = 1,3). We
thus find an open neighborhood M C R? of By which is disjoint from S U A; U A3. Moreover, if
we let A; (i =1, 3) be compact “intervals” of the circle boundary which contain the corresponding
“intervals” A; (i = 1,3) in their interior (with respect to the circle boundary) but still satisfy
Ay CQand 43 CQ \ Q, and if we let A (i = 2,4) denote closure of the corresponding remaining
intervals (contained in A;), we can apply Theorem 2.1 with V' := Q and the four “square-sides”
/L-. We thus find a connected set C C By such that there are points a; € C N /L for ¢ = 2,4,
and so a; € CN A; (i = 2,4). Since C C By is connected, if follows that as and a4 belong to the
same connected component of By. Since M C R? is an open neighborhood of By, we may thus
connect ap and a4 by a smooth injective path in M. Since M is disjoint from A; (i = 1,3), we
thus find a compact smooth injective path P in M N (Q U Az U Ay) with PN A; # @ (i = 2,4).
Since M N'S = @, this path cannot contain a point from S, contradicting the hypothesis. O

3 The Reaction-Diffusion System with Inclusions

3.1 Detailed Hypotheses

We will consider the weak formulation of the stationary problem corresponding to (1.1)/(1.2), i.e.

we will consider the weak formulation of
d1Au+ by1u + bigv + f1(d, u,v, Vu, Vv) =0

in Q (3.1)
daAv + bayu + bagv + fo(d, u, v, Vu, Vv) € —mgo(d, u, v, Vu, Vo)
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with boundary conditions

u=v=0 on I'y,

L oQ\T

% - gl( 7’U,,’U) on \ 05 (32)
ov

3 € ga2(d,u,v) + my(d, z,u,v) on N\ T,
n

where we will assume that the (possibly multivalued) functions m; have the form
mo(d, z,u,v,w, 2) = [cy(d)mg(z, u, v, w, 2), T (d)Mo(z, u, v, w, )]
and
my(d, z,u,0) = [ (d)my, (2, u, v), e (d)m (2, u, v)],

and where we assumed for the simplicity of notation that my, o, m; and 7 vanish for = ¢ Qg or
x ¢ T, respectively, where Qo C Q and T' C 99 \ T’y are measurable. In order to require nontrivial
situations, we will assume that

mes{ly > 0 or mesI’ > 0 (or both). (3.3)
For our considerations it will be crucial that
mesl’y > 0 (3.4)

so that we can equip the space H of all functions from W12(Q, R?) vanishing on 'y with the scalar
product

(U, V) ::/ (VU (), VV () da,
Q
which under hypothesis (3.4) generates the inherited topology, see e.g. [13, Theorem 4.8.1].

We assume (1.3), and by Dg C R2, we denote the (open) domain of stability mentioned in
the introduction. Note that all points of Ri N 0Dg belong to some of the hyperbolas C,, defined
by (1.4). We will assume that all of the above functions are at least defined for d € Dg U {d*}
where the point d* € C,, N dDg will be specified later on.

For i = 0,1, we fix exponents p;, ¢;, and ¢; according to the following restrictions.

pi €[1,00), 1 < ¢f < ¢ < oo arbitrary if n <2,
Po = 75, pri= =, 00 > qo > g = o, 00 > qu > qf = 222 ifn > 2,

Moreover, we assume the following hypothesis.

1. ¢;,¢; are continuous on Dg U {d*} and without zeros on Dg.

2. For each d € DgU{d*} the following holds: The functions f;(d, -, u,v,w, z) and g;(d, -, u,v)
are measurable, and f;(d,z, -, -, -, - ) and g;(d, z, -, - ) are continuous for almost all z. More-
over, f; and g; satisfy the growth estimates

[ fi(dy 1, 0,0, 2)] < aa(@) + ba - ((Jul + [o)™ + o] + [|2])**,
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and

19i(d, 2,y v, w, 2)| < Ga(e) + ba - ((Ju] + [0))P1)> "

where the quantities ||adHLq0(Q), HZidHqu (00\Iy): bds and by are locally bounded with respect
to d.

. For each dy € Dg U {d*} there are estimates of the form

|fi(d7x,u,v,w,z) - fi(df)axauavvwvz)l S

Cao (@) (aaga(a) + ((ful + o))" + Jlol] + ]} 20)*')
and

l9:(d, z,u,v) — gi(do, x,u,v)| <
Cdy (d) (ado,d(:r) + (Jul + |v|)2pl/qi‘)

where Hadmd”Lqé Q) Hado,dHLqT (oa\ry) < 1 and cq, (d), ca,(d) — 0 as d — do.

. fi and g; become uniformly small at (u,v) = 0 in the sense that for each sufficiently small

ball B in Dg (and thus for each nonempty compact subset B C Dg) the following holds:

sup sup |fi(d,z,u,v,w,z2)| < cp max{(|u| + |v|)2p°/q°, |u| + |v|}
w,z€R" deB

fi(d7x,u,v,w,z)

lim sup =
(www,2)=0 gep |ul + [v] + [lw]| + ||z

sup sup |gi(d, z,u,v)| < cp max{(|u| + |v|)2p1/‘“, |u] + |v|}

w,z€ER" deB
. gi(dv'rvuav) _
lim sup —/———————= =
(u,v,w,z)—>0 deB |’LL| + |'U|
. The functions mg( -, u,v,w, z) and Mo( -, u, v, w, z) are measurable, my(x, -, -, -, -) is lower
semicontinuous, mo(z, -, -, -, - ) is upper semicontinuous, and the corresponding superposi-

tion operators

My (u, v, w, 2)(x) = my(z, u(z), v(z), w(z), 2(x))
and
Mo(u,v,w, 2)(x) := mo(z, u(z),v(x),wx), 2(z))
send continuous (and thus measurable) functions into measurable functions. Moreover, we
require for some ag € Ly, (€2) and by < oo the growth estimates
max {|mg(x, u, v, w, 2)|, Mo (x, u,v,w, 2)|} <

2
ao(@) +bo - (Jul + [o))™ + ]| + []2[)*/* .
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6. The functions m, (-, u,v) and M1 ( -, u, v) are measurable, m, (x, -, -) is lower semicontinuous,
m(z, -, ) is upper semicontinuous, and the corresponding superposition operators

M, (u,v)(2) = my (z, u(z), v())

and
M (u,v)(x) := 11 (z, u(z),v(x))

send continuous (and thus measurable) functions into measurable functions. Moreover, we
require the following growth estimates for some a1 € Ly, (T') and by < oo:

max{|m1($’uvv)| ) |ml(d7x7uav)|} < al(x) +b1- (|u| + |U|)2p1/q1 :

7. The following unilateral conditions hold:

0 = ¢p(d)ymy(z, u, v, w, z) = Go(d)mo(z, u,v,w,z) if v >0,
0 = ¢o(d)my(z,u, 0, w, z) < E(d)mo(z, u,0,w, 2)
0 < ¢o(d)ymy(z, u, v, w, z) < Co(d)mo(z, u,v,w, z) if v <O,
0= ¢ (d)m,(z,u,v) = (d)m(z,u,v) if v >0,
0 =¢;(d)m;(z,u,0) < (d)my(x,u,0)
0 < ¢ (d)my(z,u,v) <C(d)m(z,u,v) if v <O.

|myg (2, u,v,w, )

( lim) = —oo for almost all x € Q,
,0,w,z)—0 v
0
m, (T, u,v
( 111)11 M = —o0o for almost all x € T".
,)—0 v
uvv<0

3.2 Definition of weak solutions
We consider the cone
K :={U = (u1,u2) € H: uz|g, > 0 and uz|r > 0}

and define operators A(d),G(d, -),M(d, -): H — H by

d7 by d7tb
A@uvy= [0 0 U v ) e
Q \ \dy ba1 dy b2

_ di f1(d, U(z),VU(2)) 2 g
(G0 V) = /sz <<d2_1f2(d,U(:v),VU(:c))> Vi )> I

gl(d7 U(SC))
- /an\ro <<92(d7 U(fC))) ’V(x)> o
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and
U):= : V . 11 Viz x +
M) {ZEH.<Z7 >E/Qo<<d21mo(d,x,U(:v)aVU(:c))>7 ( )> I

0
/r <<m1(d,:c, U(@)) ’V(I)> dx} -
N {Z = <0> cH:
V=(0,v)eK z

/ a3 ¢ (d)mo (2, U (), VU (2)yo(z) e + / e (d)my (2, U @))o(x) de <
Qo T

(Z, v>§/Q dy *eo(d)mg(z, U(x), VU (z))v(z) da:+/

¢ (d)my(z, U(z))v(x) d:c} ,
r

respectively. We define weak solutions of problem (3.1)/(3.2) as solutions of the inclusion
U—-Ad)U -G, U) e M(d,U).

Our hypotheses imply in particular (see e.g. [6]):

Proposition 3.1. F(d,U) := A(d)U — G(d,U) — M(d,U) is an upper semicontinuous map with
nonempty compact values. Moreover, F is compact in the sense that if Dy C DgU{d*} is compact
and B CH is bounded then F(Dy x B) is precompact.

3.3 Local and Global Bifurcation Points

Note that (d,0) € Dg x H is always a solution of (3.1)/(3.2). We call a pair (d,U) € Dg x H a
nontrivial solution if U = (u,v) # 0, and if (d,u,v) is a weak solution of (3.1)/(3.2). The local
bifurcation points (in Dg) are the elements of the set

Biocal := {d € Dg : Each neighborhood of (d,0) € Dg x H contains a nontrivial solution} .

We call a point d € Dg a global bifurcation point (with respect to a point d* € C,, N 9Dg) if there
is a connected set C' C Dg x (H \ {0}) consisting only of nontrivial solutions such that (d,0) € C
and such that C is a global branch in the sense that at least one of the following holds:

1. C is unbounded.

2. C reaches d*, i.e. C' contains some point (d*,U) which is a weak solution of (3.1)/(3.2).

Note that in the second case, we do not exclude U = 0, i.e. C' might return to the trivial branch
at the hyperbola point d* € C,,. We denote the set of global bifurcation points (with respect to
d*) by Bglobal(d*)-
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Proposition 3.2. Fach global bifurcation point is a local bifurcation point. Moreover, Biocqr s
closed in Dg. In particular, Bgiobai(d*) N Dg C Biocal-

In our considerations an important role will be played by the vertical asymptote of the right-
most hyperbola
{(d1,d2) € Dg : dy = b11/k1} (3.5)

and the corresponding part to the right of this asymptote, i.e.
H = {(dl,dQ) € Dg : dy >b11/l£1}. (36)
The following has been shown in [6]:

Proposition 3.3. H N Bjyear = 9.

We also need another terminology. We say that a point d € 0Dg is n-interior if d € C,, and
if there is some eigenfunction e of —A for the eigenvalue £, i.e. e = u is a weak solution of (1.5),
such that, for some constant € > 0,
e > ¢ > 0 almost everywhere on €y and

(3.7)
e > ¢ > 0 almost everywhere on T

Recall in this connection that we require (3.3)

For the case that T is a smooth manifold with boundary and Qo = @, we replace (3.7) by the
milder requirement
e(z) > 0 for almost all z € T. (3.8)

We say that d € dDg is (n,m)-interior if d € C,, N Cy, and if there is a function e which is a
linear combination of eigenfunctions to the eigenvalues k,, and k,, such that (3.7) or (3.8) holds,
respectively.

Ifd e C,NC,, NODg and d is n-interior or m-interior then d is also (n, m)-interior. However,
d might be (n, m)-interior without being n-interior or m-interior.

Using the main results from [6], we will prove now:

Lemma 3.1. Let d € ODg be n-interior or (n,m)-interior. Then there is an open neighborhood
Uy C R? of d such that UyN Ds N Bioea = @. Moreover, if the hypotheses are satisfied with d* = d,
then each continuous compact path vy in Dg U {d*} connecting d* = d with some point from (3.6)
contains some point from Bgiopai(d*) C Dg.

Lemma 3.1 would follow rather straightforwardly from the results of [6] if we would allow that
the connected set C' in the definition of global bifurcation points is contained in (DgU{d*}) x (H\
{0}). However, it might happen that C'\ ({d*} x H) fails to be connected. Therefore, we need some
additional arguments. We use the following result which is actually a consequence of Theorem 2.2
(and can also be proved using only the [countable] axiom of dependent choices, see [12]):
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Theorem 3.1. Let X be a regular space, A C X compact, and S C X be closed. Suppose that S is
locally compact, metrizable and o-compact. Then for each open set U 2 A the following statements

are equivalent:

1. There is a connected set C C S which intersects A and is either noncompact or intersects

ou.

2. There is a connected set C C (SNU)\ A such that CNS intersects A and is either noncompact

or intersects OU .

Proof of Lemma 38.1. Only the last claim is not immediately contained in some of the results
from [6]. To see this last claim, we apply the main result from [6] first to show that there is
a connected set Co C (DgU{d*}) x (H\ {0}) such that Cy intersects (YN Dg) x {0} and such that
either Cj is unbounded or Cj intersects also {d*} x H. Moreover, we will arrange it that, in the
space X := R? x H, Cy has the additional property that closures of bounded subsets of S := C
are compact and consist only of (weak) solutions and satisfies

CoN(R? x {0}) = (v\ (Uo N Ds)) x {0}. (3.9)

Indeed, assume that v = o([a,b]) with some continuous o: [a,b] — Dg U {d*} satisfying
o(a) = d* and o(b) € H. We extend o to a continuous o: [a,00) — Dg U {d*} with o(s) € H
for all s > b such that both components of o(s) tend to co as s — oo. For all sufficiently small
so € (a,b) we have o([a, so]) C Up, and by the main result from [6], we find some connected set
Cy Cla,00) x (H\ {0}) such that

Co:={(o(s),u) : (s,u) € Cy}

consists only of (nontrivial) weak solutions of (3.1)/(3.2) and such that C; contains some point
from [sg,b] x {0} and such that either C; is unbounded or C'; contains some point from {a} x H
or from ([a, sg) U (b,00)) x {0}

The set Cy has all required properties. Indeed, since Cy consists only of nontrivial solutions,
the closure of o([a,0)) is contained in v U (Uy N Dg) U H, and no point of (Uy N Dg) U H is a
local bifurcation point, we obtain (3.9). The set Cy is connected, because it is the image of the
connected set C; under the continuous map T'(s,u) := (o (s),u). The set Cy contains T(C;) and
thus intersects T'([so,b] X {0}) C (y N Dg) x {0} and is either unbounded (by our choice of the
extension of o) or intersects {d*} x H or (Uy U H) x {0}. In the latter case, Cy actually intersects

{d*} x {0} by (3.9).
To see these remaining properties, recall that with F' from Proposition 3.1 the weak solutions

of (3.1)/(3.2) are the elements of

{(d,u) € (DU {d*}) x H: u € F(d,u)}.
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Since Cy is contained in this set, F' is upper semicontinuous, and the closure of o([a,00)) is
contained in Dg U {d*}, also S = Cj is contained in this set. The compactness of F' described in
Proposition 3.1 and our choice of the extension of o implies that closed bounded subsets of S are
compact.

Hence, S = Cy has all required properties. In particular, S is locally compact and o-compact.
We apply Theorem 3.1 with A := (y\ Up) x {0} and U := X \ ({d*} x H). The connected set Cy
witnesses that the first statement of Theorem 3.1 is satisfied: Note that this set indeed intersects
A in view of (3.9), because Cj intersects (v N Dg) x {0}.

Hence, also the second statement of Theorem 3.1 holds which means that there is a connected
set C C (SNU)\ A such that the set C' contains some point (dp,0) with dy € v\ Uy € vN Dg
and such that either C is noncompact (and thus unbounded) or intersects OU = {d*} x H. Thus,
do € Bglobal(d*)- O

4 The main result

Theorem 4.1. Let Dy := Dg \ H where H is from (3.6).

Let d* € 0Dg be m-interior or (n,m)-interior (n < m) and such that the hypotheses de-
scribed at the beginning of Section 3 are satisfied with this d*. Then there is a connected set
B C Bgiobai(d*) N Dy C Bigear such that B intersects the dy-axis or some hyperbola Cy, “strictly
under” d*.

More precisely, we have k > n, and the case Cy, = Cy, is only possible if d* is an intersection
point of two different hyperbolas. In all cases, the intersection B N Cy does not contain d* (i.e. is
strictly under d* ).

Moreover, this branch B satisfies in addition the following:

1. If C,, is the right-most hyperbola (i.e. if Cp, = C1) then B is unbounded.

2. Otherwise (i.e. if C, # C1) the set B is unbounded, or B intersects some hyperbola Cj
“strictly over” d* (i.e. k < n, and the case Cy = C,, is only possible if d* is an intersection

point of two different hyperbolas; B N Cj, does not contain d*).

Moreover, for any k for which there is some k-interior point we have BNCy = &, and for any pair
(k, £) for which the intersection point is (k,£)-interior point this intersection point is not contained

in B.

Figure 2 illustrates qualitatively the four possibilities of branches B of bifurcation points if
there is some n-interior point with C;, # C4; one of these possibilities must (qualitatively) occur
according to Theorem 4.1. Similarly, Figure 3 illustrates the two possibilities of branches B if there

is some 1-interior point.



98 Martin Vith CUBO
10, 4 (2008)

In particular, if there are n-interior points for every n, then the last statement of Theorem 4.1

implies that only one possibility can occur: There must be a branch B which is unbounded and
such that B intersects the d;-axis (possibly at (0, 0)).

We point out that (contrary to what the figures might suggest) the theorem does not state
that the branch B is pathwise connected, i.e. it might look “weird” (but it is connected in the

topological sense).

dy

Figure 2: The four qualitative different possible branches B of bifurcation points if there is some
2-interior point (one of these must occur)

dq

Figure 3: The two qualitative different possible branches B of bifurcation points if there is some
1-interior point (one of these two must occur)

Proof. The last statement of Theorem 4.1 is automatically satisfied by the first claim of Lemma 3.1,

since Bgiobal(d*) C Blocal must be disjoint from any k-interior or (k, £)-interior point.
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Using this fact with d*, we find some open neighborhood Uy C R? which is disjoint from
Bglobal(d*) g Blocal-

Let Lo C H be some line which is parallel but strictly to the right of the line (3.5). Let
@, Hy C Dg be that parts to the left and right of this line Lg, respectively. Lemma 3.1 implies
Biocal N Ds C Q.

Using the one-point compactification X of @, we consider Q as the disc-interior of some
homeomorphically embedded disc, whose boundary corresponds to the union of the dj-axis, the
line Ly, the point co, and the “envelope” E = Ri N dDg of all of the hyperbolas C,,. Let A3 be
that part of the boundary which corresponds to Ly (without the two “boundary points” at co and
at the dj-axis), and let A4 correspond to Uy N E. Let A; and Az denote the ramining (compact)
connected subsets of the boundary of the disc Q.

Now we can apply the disc-cutting theorem with S = @ ﬂm. In fact, each continuous
compact path in @) connecting As with A4 must intersect S by Lemma 3.1. Hence, the disc-cutting
Theorem 2.3 implies the existence of a connected set B C S with BN A; # @ for i = 1,3. Since B
cannot intersect Lg, the property B N Az means that either B is unbounded or that B intersects
some point of some C}, “strictly above” d*. The property B N A; means that B intersect some
point of some C}, “strictly below” d* or the d;-axis. o

Received: March 2008. Revised: March 2008.
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