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ABSTRACT

Existence of eigenvalues yielding positive solutions for a system of two second order
delay differential equations along with boundary conditons is established. The results
are obtained by the use of a Guo-Krasnoselskii fixed point theorem in cones.

RESUMEN

Es establecida la existencia de autovalores produciendo soluciones positivas para un
sistema de dos ecuaciones diferenciales de segundo orden con retardo, con condiciones
de frontera. Los resultados son obtenidos mediante el uso del Teorema de punto fijo de
Guo-Krasnoselskii en conos.
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1 Introduction

Consider the three-point boundary value problem system consisting of the second order delay
differential equations,

u”(t) + Aa(t) f (u(o1(t)), v(o2(t))) =

1
V" (t) + pb(t)g (u(r (1)), v(r2(t))) =0, 0<t<1, L

along with the conditions,
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7 (2)
u(t) = ¢1(t), o(t) =¢a(t), —-r<t<0,

where 0 <1 <1, 0 < a < 1/n, —r = mingo 1) 0i(t) = mingejo 1) 7i(t),i = 1,2, and ¢1, ¢z :
[-7r,0] — Rt are continuous functions, with ¢;(0) = ¢2(0) = 0. Our interest in this paper is
to investigate the existence of eigenvalues A and p that yield positive solutions to the associated
boundary value problem, (1), (2).

We assume that

(A) f,g€ C(RT x RT RT);
(B) a,be C([0,1],RT), and each does not vanish identically on any subinterval;

(C) 04,7 :[0,1] — [-r,1],4 = 1,2 are continuous functions;

(D) All of
. f(u,v) . g(u,v)
= 1 = 1
fo u+5130+ u+tuv’ go u+5§10+ U+
foo :i= lim —f(u,v)’ oo := lim 9(u,v)
utv—oo U+ v utv—oo U+ U

exist as positive real numbers;

(E) There exist an n* € [n, 1] such that o;(s), 7 (s) € [,1] for all s € [p*, 1], =1,2.

We say that a pair (u,v) € C ([—r,1]) is a solution of the boundary value problem (BVP for
short) (1), (2) if, u and v are twice continuously differentiable on (0, 1), u(t) = ¢1(t), v(t) = ¢=2(t),
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for —r <t <0, (u,v) satisfies (1) for all ¢ € (0,1), and «(0) = 0,u(1) = au(n) and v(0) = 0,v(1) =
().

For several years now, there has been a great deal of activity in studying positive solutions
of boundary value problems for ordinary differential equations. Interest in such solutions is high
from both a theoretical sense [4, 7, 10, 13, 20| and as applications for which only positive solutions
are meaningful [1, 5, 14, 15]. These considerations are caste primarily for scalar problems, but
good attention has been given to boundary value problems for systems of differential equations
[11, 12, 17, 19, 21]. The existence of positive solutions for nonlocal three-point boundary value
problems has been studied extensively in recent years. For some appropriate references we refer
the reader to [17], [18].

Recently, Benchohra et al. [2] and Henderson and Ntouyas [8] studied the existence of positive
solutions for systems of nonlinear eigenvalue problems, while Henderson and Ntouyas [9] obtained
results for the case of systems with three-point nonlocal boundary conditions. The purpose of this
paper is to extend the results given in [9] to the case where delays may appear in the equations of
the system (1), (2).

The main tool in this paper is an application of the Guo-Krasnosel’skii fixed point theorem for
operators leaving a Banach space cone invariant [7]. A Green’s function plays a fundamental role
in defining an appropriate operator on a suitable cone. Since, in our problem, we cannot express
system (1), (2) as a single operator equation, the method used for example in [9] is not applicable
here. This difficulty can be overcome by employing a method proposed by Dunninger and Wang
in [3].

2 Some preliminaries

Before we state and prove our main result, we recall some useful facts that will be used in the
sequel.

Concerning the boundary value problem
u(t)+yt) =0, 0<t<l, (3)
u(0) =0, u(l) = au(n), (4)
we have the following two lemmas.

Lemma 2.1. [6] Let (A), (B) and (C) hold and assume that 0 <n <1 and 0 < « < 1/n. Then,
for any y € C[0,1] the BVP (3), (4) has a unique solution,

1
u(t) = /0 k(t,s)y(s)ds, te][0,1],
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where k(t,s) : [0,1] x [0,1] — R* is the Green function defined by
t(l—s) atin—-s)
1—an 1—an

t(l—s) atin—-s)
1—an 1—an

—(t—s), 0<s<t<1 and s<m,

: 0<t<s<u,

t(1 —

7( 5) 0<t<s<1 and n<s,
1—an

t(1 —

=9 __g, n<s<t<l.

1—an

Lemma 2.2. [16] Let (A), (B) and (C) hold and assume that 0 < o < 1/n. Then, the unique
solution of the problem (3), (4) satisfies

inf u(t) > v[ul,
t€(n,1]

1—
where v := min {om, 7, M}
—an

From Lemma 2.1 and the analytical expression of k, it follows that u can be written as

) = = [0 ouers = 2 [ speas— [ - sl
from which it follows that
1 1
u(t) < T —an /0 (1 —=s)y(s)ds, foralltel0,1], (6)
and L
utn) = 72— [ (1= (s)as. 7)

We note that a pair (u(t), v(t)) is a solution of the eigenvalue problem (1), (2) if, and only if,
u(t) = ¢1(t),v(t) = ¢2(t) for —r <t <0, and

u(t) = /\/0 k(t,s)a(s)f(u(o1(s)),v(o2(s)))ds, 0<t <1,

1
v(t) = ,u/ k(t, s)b(s)g(u(t1(s)),v(r2(s)))ds, 0<t<1.
0
The main tool in determining values of the parameters A and p, for which positive (with
respect to a cone) solutions of the BVP (1), (2) exist, is the following fixed point theorem.

Theorem 2.1. [7] Let B be a Banach space, and let P C B be a cone in B. Assume Q1 and Qo
are open subsets of B with 0 € Q; C Q; C Qy, and let

T:Pﬂ(§2\91)—>'P

be a completely continuous operator such that, either



CU(BO) Positive Solutions for Three-point BVPs 83
11, 3 (2009

(i) | Tu|] < ||lull,uw € PN O, and ||Tul| > ||lu]|,uv € PN IR, or

(ii) ||Tul| > |Jul],u € PN O, and ||Tu|| < |[ul],u € P N INys.

Then T has a fized point in P N (Qa \ Q4).
3 Positive solutions in a cone

In this section, we apply Theorem 2.1 to obtain solutions in a cone (that is, positive solutions) of
(1), (2). For our construction, we let

X = C([_Ta 1]3R+) X C([_Ta 1]3R+)
with norm
[[(w, v)|| = [Jull + ]l

where ||ul| = sup,e(_,. 1) [u(?)|. Then (X, || - ||) is a Banach space. We will make use of the cone
P C X defined by

P {<u,v> (0,0) € X su,0 2 0 on [-r 1], min fu(t) + (0] 2 o{ul + ||v|1},

where v > 0 is the positive constant defined in Lemma 2.2.

For our first result, define positive numbers L, and Ly by

-1

L= max{% 2L / i(l—r)a(r)foodr] 5 [ / j(l—?")b(r)goodr]_l}v

Ly:i= min{% L _lan /01(1 - r)a(r)fodr} , % L _lom /01(1 - r)b(r)godr} _1} .

Theorem 3.1. Assume that conditions (A), (B), (C), (D) and (E) hold. Then, for each A, u
satisfying

and

—1

L1 <A\ p< Lo, (8)

there exists a pair (u,v) satisfying (1), (2) such that u(t) > 0 and v(t) > 0 on (0,1).

Proof. Let A,B: X — X and F : X — X be the integral operators defined by

$1(t), —r <t <0,
A(u,v)(t) = 1
)\/0 k(t,s)a(s)f (u(o1(s)),v(o2(s)))ds, 0<t <1,
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P2(t), —r<t<0,

Blu,v)(t) = 1
u / k(t, $)b(s)g (u(ri(s)), v(ma(s))) ds, 0 <t <1,

F(uv U)(t) = (A(U, ’U)(t), B(U, U)(t)) ’ te [_Tv 1]
Then seeking solutions to our BVP (1), (2) is equivalent to looking for fixed points of the equation
F(u,v) = (u,v)

in the Banach space X.

Choose some (u,v) € P. Then by Lemma 2.2 we have

infl] A(u,v)(t) > 7] A(u,v)

teln,

l,inf B(u,v)(t) > 7| B(u,v)]
te(n,1]

and thus

v

tei?;f,l][A(u’ v)(t) + B(u,v)(t)] tei[r:]fjl] A(u,v)(t) + tei?;f:l] B(u,v)(t)

Y (1A, v)[| + [ B(u, v)|[]
'7"(14(“’ v), B(u, U)H

v

which implies that F'(P) C P for every (u,v) € P.

As A and B are integral operators, it is not difficult to see that using standard arguments we
may conclude that both A and B are completely continuous; hence F' is a completely continuous
operator.

Let A and p be as in (8), and choose an € > 0 such that

-1

max {% [1 jnom /71(1 —1)a(r)(foo — E)dr} ,

3 [ [71<1—r>b<r><gm—e>dr]_l}sw

1—an

and

AMp < min{%{ L /01(1—7“)0L(T)(f0+€)d7°} )

From the definition of fy and gg, there exists an H; > 0 such that

flu,v) < (fo+e)(u+wv) for u,ve€ P with 0 <u,v < Hy,
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and

g(u,v) < (go+€)(u+v) for u,ve P with 0 <u,v < Hj.

Set
0 = {(u,v) € X : ||[(u,v)]| < H1}.

Now let (u,v) € PN oy, ie., let (u,v) € P with || (u,v)| = H;.

Then, in view of the inequality (6) we have

Ao < A [0 906 (o)l s
S A _lom /01(1 = s)a(s)(fo +€) [u(o1(s) + v(o2(s))] ds
< A [ = o+ el + lollas
< gllull + o)
= Sl o)l

and so,

1A, 0)] < 51|
Similarily, we may take

1B, )] < 5,

Thus, for (u,v) € PN O it follows that
[F(u, )l = [ (A, v), B(u,v)) | = [[A(u, v)|| + | B(u, v)]]

1 1
S 0) |+ 5 w0l = (w0,

IN

that is,
| F(u, v)]| < |[(u,v)|| for all (u,v) € P NoQ.

Due to the definition of fs, and g., there exists an Hy > 0 such that

Fu,v) > (foo —€)(u+v) forall u,v> Ho,

and
g(u,v) > (goo — €)(u+v) for all u,v > Hs.
Set .
Hy = max {2H1, E}
v
and define

Qg = {(u,v) € X : ||(u,v)]| < Ha}.
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As from our hypothesis on n* it follows that

teiﬁ*f,l][u(al(t)) +v(o2(t))] = Y[l[ull + [lv]])- )

By the use of (7), we have for (u,v) € PN oQ,,

A, v)(n) > A /(1—S)G(S)f(U(Ul(S))av(Uz(S)))dS

Y
>

1 / (1= 8)a(s) (foo — ) (u(01(5)) + v(0s(5))) ds

(1 = s)a(s)(foo — )Y[llull + [[v]]lds

[V
—_
|:>
Q
33
T

v
[\
—
=
<
=

that is,
A(u,v)(t) > %H(u,v)” for allt > n
and so,
Alw,0)(1) > 3, 0)].
Similarily, we may take
Blu,v)(t) > g |(u,0)].
Thus, for (u,v) € PN 0N, it follows that

[ (u, 0)

H (A(u,v),B(u,v)) ” = ||A(U7U)” + HB(U7U)||
> 2l ol + 510l = @),

that is
|1E(u,v)|| > |[(u,v)]] forall (u,v)e P Nos.

Applying Theorem 2.1, we obtain that F has a fixed point (u,v) € PN (2 \ Q1) such that
Hy < ||(u,v)|| < Ha, and so (1), (2) has a positive solution. The proof is complete. O

For our next result we define the positive numbers

{325 [1-oe] 4125 fn-owoms]

and
1

L4=min{% = 1(1—S)a(8)foodr} =t (1 - 9Ms)guetr] }

We are now ready to state and prove our main result.
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Theorem 3.2. Assume that conditions (A), (B), (C), (D) and (E) hold. Then for each A, u
satisfying

Ly < A\ pu < Ly, (10)

there exists a pair (u,v) satisfying (1), (2) such that u(t) > 0 and v(t) >0 on (0,1).

Proof. Let A and p be as in (10) and choose a sufficiently small € > 0 so that
-1

A < mm{é[ : /1<1—s>a<s><foo+e>ds} ,

L—an Jo

= (1= 8)b(s)goe + s }

and

-1

max{% [1 p—— / 1(1 — $)a(s)(fo e)dr] |

%[ v /i(l—s)b(s)(go—E)dT}I}S/\M-

1—an n

By the definition of fy and g, there exists an H; > 0 such that

fu,v) > (fo—€)(u+wv) for all u,v with 0 < u,v < Hs,
and

g(u,v) > (9o — €)(u+v) for all u,v with 0 < u,v < Hs.

Set
0= {(‘Tvy) €X: ||(«T,y)H < H3}

and let (u,v) € P NONs.
In view of (9) and by the use of (7), we find

1

Aw)n) = A [0 9a(6)f (ulor(9),v(oa(s)) ds
> A 0= a0 o6, vioato)) s
> 1_0”7/17* )(fo = €) (w(o1(5)) + v(0(5))) ds
> A | e =il + follds
> sl
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that is,

1
1A, V)| 2 51w, o).

In a similar manner )
18w, v)]| 2 S, V)l

Thus, for an arbitrary (u,v) € P N 0Qs it follows that

[1E (u, v)

[ (A (u,0), B (u,0)) || = [|A (w, 0) [| + || B (w, ) |
1 1
2 Sl o)+ 5l (o) | = NI, v)ll;
and so
|F (w,v) || > ||(u,v)]] forall (u,v) € P NINs.

Now let us define two functions f*, g* : [0,00) — [0,00) by

(1) = d g*(t) = _
fr () oJmax_ flu,v) and ¢"(t) = max_g(u,v)

It follows that
flu,v) < f*(t) and g(u,v) < g*(¢) for all (u,v) with 0 <wu+4v <t

It is clear that the functions f* and ¢g* are nondecreasing. Also, there is no difficulty to see that

@) ‘ . gr(t)
tllglo t = foo and tllglo ;g

In view of the definitions of fo, and g, there exists an ‘H, such that

F(t) < (foo+e)t forall t >Hy,

and
9" (t) < (goo + &)t forall t > Hy.
Set B
H, = Inabx{2H37 E} ,
Y
and

Q4 = {(u,v) : (u,v) € P and ||(u,v)| < Ha}.

Let (u,v) € PNOH4 and observe that, by the definition of f*, it follows that for any s € [0, 1],
we have

f(u(o1(s)),v(02(s))) < f* (full + lvl) = £ ([(w, 0)]) -
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In view of the above observation and by the use of inequality (6) we obtain for ¢ € [0, 1]

A0 O < At [ =9 o6 (o5 s
< gt [ o Gl + el as
< A [ a4 9l + ol
< A [ 0=+ 9 00)
< sl

which implies
1
14 (w0} < 5 s )]

In a similar manner, we take
18 (w,0) I < 51 (,0) .
Thus, for (u,v) € PN OQy it follows that
[1F(u, o) = [[(A(u,v),B(u,v)) | = [|A(u,v) | + |B (u,0) |
< gl o)+ 5l n0) [ = o)l

and so

|1F(u, v)|| < |[(u,v)|| for all (u,v) € PNy

Applying Theorem 2.1, we obtain that F has a fixed point (u,v) € PN (24 \ Q3) such that
Hs < ||(u,v)|| < Hy, and so (1), (2) has a positive solution. The proof is complete. O

4 A General Application

In this section we apply Theorems 3.1 and 3.2 to the case where each one of the functions f and
¢ is the sum of two (nonlinear) functions of a single argument, i.e., we consider the three-point

boundary value system

u"(t) + Aa(®)[f1 (u(o1(2)) + f2 (v(o2(¢)))] =0, 0<t<I, (11)
V(8 + b(E) G2 (u(ra(0)) + G2 (0(ma(0))] =0, 0 <t <1,

u(0) =0, u(l)=au(n),

v(0) =0, v(1)=av(n), (12)
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where 0 <n <1, 0 < a < 1/n, r is a positive number, ¢y, ¢o : [—7,0] — RT, with ¢1(0) = ¢2(0) =
0 and oy, 7; : [0,1] — [—7,1],7 = 1,2 are continuous functions.

We assume that

(A1) fi,Gi € C([0,00),[0,00)),i = 1,2;

(Bl) a,be C(]0,1],]0,00)) and each function does not vanish on any subinterval of [0, 1];

(C1) Al of
> . i) o f) .
fO '_tl—l>%l+T’ fOO ._th—ggo n ) 1_1127
~ gty gt
go 1= tl_lggr ;0 G = thif}o = = 1,2

exist as positive real numbers.
We say that a pair (u,v) € C ([-r,1]) is a solution of the BVP (11), (12) if
(i) u(t) = ¢1(t), v(t) = ¢2(t), for —r <t <0,
(i) (u,v) satisfies (11) for all ¢ € (0,1), and

(iii) w(0) =v(0) =0, u(l) = au(n) and v(1) = av(n).

Before we state our existence results for the BVP (11), (12), we prove an elementary lemma.

Lemma 4.1. Let h; : [0,00) — [0,00),i = 1,2 be continuous functions for which

lim ha(t) =ke(0,00) and lim ki)

=m € (0,00), i =1,2.
=t 1 =00

Then for the function h : [0,00) x [0,00) — [0, 00) with h (u,v) = hi(u) + ha(v), it holds that
(u,v) h(u, v)

lim =k and lim =m
utv—0+ U+ v utv—o00 U+ U

)

hi(t
Proof. By tli%1+ t( ) = k,i = 1,2 for an arbitrary € > 0, there exists a § > 0 such that

(k—e)u<hi(u)<(k+e)u forall ue(0,0),
(k—e)v<how) <(k+e)v foral wve(0,0),
and so, for any (u,v) with u,v € (O, %), we have

oo BmQut(k=e)v _ h(u,v) _ i (w) + ha(v)
u+v u—+wv U+ v
(k+e)u+(k+e)v

- u—+v

=k+e¢,
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i.e., it holds that

h
‘M—k <eg forany w,v>0 with u+v<§
u—+v
which implies that
lm Y
u+v—0+ U+ v
. hi(t) . . .
Now let us assume that lim ——= = m € (0,00),7 = 1,2. It follows that, for an arbitrarily

t—o0
small € > 0, there exists an My > 0 such that
(m—e)u<hi(u) <(m+e)u, forall u> Mo,

(m—e)v<hg(v)<(m+e)v, foral v>M,.
Let w,v > 0 with v+ v > 2Mj. Then either u > My and v > Mj or one of u, v is greater than My
while the other is less than M.

If u > My and v > My, then by the last two inequalities we have

~

(m—e)u+(m—eg)v < h(u,v)  hy(u) + ha(v)

m— € = =
u+v T ou+tw u+v
< (m—i—s)u—i—(m—i—s)v:m_i_67
U+ v

which implies that

?L(u,v) .

" <e forany w,v>0 with u> Myandv> M. (13)

u+v

Now let us deal with the case that one of the arguments v and v is less than M; and the
other one is (necessarily) greater that My. We consider only the case u < My and v > My, as the
conclusion for the dual case u > My and v < M follows by similar arguments.

*

Set M* = sup,c(o,ar) M1 (). Then, as lim =0and lim = m, and lim,_ o 220 =
) V—00 V—00 MO + v v
m we may consider an M > 2Mj such that
M* e mu ha(v) €
= d — d = .
v<2 an m E<M0+v an 0 <2—|—m
Then for any u,v > 0 with u < My and v > M, we find
m—e< mv < h(u,v) _ hi(u) + ha(v) < M* + ha(v) <ecim,
My +wv u+v U+ v v
which implies that
h
@—m <eg forany w,v>0 with u< My, v> M. (14)
u—+ v
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In view of (13) and (14) we see that for any arbitrarily small positive real number e, we can always
find an M > 0 such that

h

M —m|<e forany w,v>0 with wu+v>2M.

u—+v
Consequently, it holds

h
lim (u,) =m,
utv—oo U+ v

which completes the proof of the lemma. O

Applying our main results to the case of the BVP (11), (12), we obtain the following two
theorems.

Theorem 4.1. Assume that conditions (A1), (B1), (C1), (C) and (E) hold. Then, for any \, u
satisfiyng
L1 <A\ p< Lo, (15)

the BVP (11), (12) has at least one solution (u,v) such that u(t) > 0 and v(t) > 0 on (0,1), where

we have set

{32 L -naoiee] 3525 [0 |

Ly = min{% [1 _1an /01 (1—7) a(r)ﬁ)dr} % L _lan /01 (1—7) b(r)godr} 1} .

Theorem 4.2. Assume that conditions (A1), (B1), (C1), (C) and (E) hold. Then, for any \, u
satisfiyng

and
-1

Ly < M\ < La, (16)
there exists a pair (u,v) satisfying the BVP (11), (12) such that u(t) > 0 and v(t) > 0 on (0,1),
where

1 ! =17
Ly = max{i [1 jnom /*(1 - S)G(S)fods] )
-1

1 yn ! ~

- 1—s)b d

5 |2 0= st }
and

-1

L = min{%L_lan/ol(l—s)a(s):f;odr} ,

% [1 —1an /01(1 - S)b(s)ﬁmdr] 1} .
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5 Examples

In this section, we present some examples that illustrate the breadth of our results. In particular,
we give two examples, from which the first one concerns our general application while the second
one concerns Theorems 3.1 and 3.2.

Example 5.1. For the sake of simplicity, we assume that a = b, f1 = fo and g1 = g2, 01 = 02,

T = To, i.e., we consider the BVP

u”(t) + Aa(t)[f (u(o(t))) + f (v(e(?)] =0, 0<t<1, (17)
V() + pa(t) [§ (u(r () + 3 (0(r()] =0, 0<t<1,

u(0) = 0, u(l) =2u(3),

v(0) =0, v(l) =2v(3), (18)

where
f@) =pi(t) + qisin(t), t € R,

g(t) = p2(t) + q2sin (), t € R,

with pi,pi +q; > 0,1 =1,2, ¢1, P2 : [-7,0] - RY, and 0,7 : [0,1] — [—%, 1] are given by

Vi, t€[0,1/4],
=) F te[1/4,1/2],

t, te(1/2,3/4],

s(t+3), te3/4],

and )
T(t) =1t — Z’t € [0,1].

It is not difficult to see that the argument o is advanced on the interval [0,1/4] (nonconstant
on [0,1/4] and constant on [1/4,1/2]), retarded on the interval [3/4, 1] while neither retarded nor
advanced on the interval [1/4,1/2].

By the definition of f and g we may verify that

foo=D1, Goo=D2, fo=pit+a Jo=p2+ .

1
Asa:2andn:§weﬁnd
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Note that o(t) > _1 forall t € 11 hile 7(t) =t 1> _1 forall t € ! 1|, and so
ot) zn = 3, for g 1| while 7(t) = 0=y for 13 1] and's
v U
Ty
Thus
T N 1.1 1 1
/(1—r)a(r)foodr= 3 ?’2/ (1—T)a(r)p1dr:—p1/ (1 —=r)a(r)dr
1—an /- 1-35 /1 z
and . .
1
o /(l—r)b(r)goodrz—pg/ (1 —r)a(r)dr.
1—an /,- 3 z
Hence
-1 1
L a 11/1<1 )a(r)d “/lu )a(r)d
= max< = |= —r)a(r)dr g —r)a(r)dr
1 2 3p1 % 72 3p2 ll
3
= T
2uin (pr.pa} [ (1 1)alr)dr
7
1z
and
L et [ ol o] L[ )a(rYodr ]|
= min{ = —r)a(r r = —7r)a(r r
2 2 |1—anj, 0 "2 |1—an g0
1 1 -1 1 -1
= gt [ [ a=naeraa] [ [ a-nae) e+l
0 0
1
= 1
6max{p1—|—q1,p2—|—q2}/ (1 =r)a(r)dr
0
Therefore, assuming that pi, g1, p2, g2 have been chosen so that
3 1
3 < min {pl,pg}/ (I —=r)a(r)dr
7
1z
and
1 1
9max{p1+q1,p2+qg}/ (1 —=r)a(r)dr <min{pl,pg}/7 (1 —7)a(r)dr,
0 13

it follows that L; < Lo, and from Theorem 4.1, we derive that, for any A\, p satisfiyng
L1 <A\ p< Lo,

the BVP (17), (18) has at least one solution (u,v) such that u(t) > 0 and v(¢) > 0 on (0, 1)
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Example 5.2. Consider the BVP

:\
-
~—
+
>
S
=
~—
s
2
S)
=
~—
:—/
<
S)
=
N~—
N~—
~—
I
=
S
N
~
N
—-

(19)

v(0) =0, v(l) =2v

u(t) = ¢1(t), wo(t) =¢a(t), —1<t<0,

— sin (37t) , tel0,1/3],

OIS (ern-D) e

and

T(t) = Vt, telo,1].

1
Asa:2andn:§,weﬁnd

o all-m) . J212(1-3)| 1
Yi=mingonn, ———— =MmMNY o, o, ——5 0 = 5-
1—an 3’3 1-—:% 3

1
Since o(t) > n = 3 is equivalent to

from which
1 2 /2
U(t)Zg forall te ll—g\/;,ll ,

1 1
while 7(t) = Vit > n = 3’ for all t € {g, 1} , we conclude that

_— 2\/5
T=rT3Vs

5
We mention that the argument 7 is advanced while the argument o is retarded on [0, 5} and

delayed on E, 1} .
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1
Now we calculate the positive numbers L3 and L. As in Example 5.1, we have a« =2, n = 3

1 1 1
and v = = as well as M _ 2 and = 3. We find
3 l—an 3 1—an
3
Ls = 1 B 1
2 min / (1- s)a(s)fods,/ (1 — 8)b(s)gods
=5V -3V3
and
1
Ly=min< 1, T T
6 max {/ (1- s)a(s)fmdr,/ (1- s)b(s)ﬁmdr}
0 0
Applying Theorem 4.1, we find that if
1 ~ 1
-~ < min / (1- s)a(s)fods,/ (1 —5)b(s)gods
1-3V3 1-3V3
and

9 max 1(1_s)a(s)};odr, 1(1—s)b(s)§oodr
iy |

< min {/1_2 2(1 — s)a(s) fods, /1_2\/?(1 - s)b(s)ﬁods} ,

3 3 3

then for any A, u satisfiyng
Lz < Avﬂ < L47

there exists a pair (u,v) satisfying the BVP (19), (20) such that u(t) > 0 and v(t) > 0 on (0, 1).

6 Remarks

(1) Similar results to those of Theorems 3.1 and 3.2 can be proved for the following system of
two point boundary value problems with deviating arguments

u’ () + Aa(t) f (u(o1(t)),v(o2(t))) =0, 0<t<1, (21)
V1 (8) + pb(t)g (u(r (1)), o(ma()) =0, 0<t<1,

au(0) — fu’(0) =0, yu(l) + é6u’(1) = 0,

av(0) — pv'(0) =0, yo(1) + §0v'(1) =0, (22)

u(t) = ¢1(t), u(t) = ¢a2(t), —r<t<0,
where a, 3,7, > 0 with a4+ 8+~v+0 >0,p=7v0+ ay+ ad > 0.
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(2) Nondecreasingness may be used to give a sufficient condition that yields the existence of a

positive number n* such as the one described in Theorem 3.1. It is not difficult to see that, if
oi(t) <t,7(t) <t forallt € [0,1], o; and 7; are nondecreasing and (1) > n, 0;(1) > 7, then
there always exists an 1* € [n, 1] such that mingep,- 1) {o3(s)} € [, 1], mingep- 1 {7:(s)} €
m,1),i=1,2.

(3) A requirement equivalent to the one in Theorems 3.1 and 3.2 is the following: there exists
an n* € [n,1] such that mingep,- 1) {oi(s)} € [, 1], mingep,- 1) {7 (s)} € 0, 1],4 = 1, 2.

(4) In the case of advanced arguments o;(t) > ¢, 7;(t) > t for all ¢ € [0,1], i = 1,2, inequality (9)
also holds, since
inf wu(o(t)) > inf wu(t) > v||u|.

t€[n,1] t€(n,1]
Consequently we can deduce similar results to those of Theorems 3.1 and 3.2 for the case of

advanced arguments.

(5) We can easily find necessary conditions in order to have Ly < Lo and Lg < L4. For example,
L1 < Ly gives

1

max{ [ a-nana] [ 0= nmmma }
<o min{ [/01 (1—7) a(r)fodr} B , [/01 (1-7) b(r)godr} 1}

and
1
min {/ni (1 —=7)a(r)feodr, /ni (1-7r) b(r)goodr}
< . m .
max {/0 (1 —r)a(r)fodr, /0 (I-r) b(r)godr}

(i)  max {/01 (1 - 7) a(r) fodr, /01 1-r7) b(r)godr}

< ynmin {/771 (1 —=7r)a(r)fsdr, /1 (1-7) b(r)goodr} .

* n*

In a similar manner from Lz < L4 it follows that
1 1
(ii) max {/ (1- s)a(s)foodr,/ (1- s)b(s)goodr}
0 0
1 1
< ynmin {/ (1- s)a(s)fods,/ (1- s)b(s)gods} .
n

* n*
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In order that (i) holds, it is necessary that

/ (I =7)b(r)godr < 717/ (1 =7)b(r)goodr
0

-
1
1—7)b(r)d
1< fol( ) b(r)dr < an;oo7
(1 —r)b(r)dr g0
-

and similarly, we take

From these relations it follows that

which gives a (first) estimation of the bound for 7, i.e.,

[90 o 1
Joo \ foo
Clearly, from the above necessary inequalities it follows that:

I) At most one of Theorems 3.1 and 3.2 may be applicable.

I) It is possible that both Theorems 3.1 and 3.2 may fail as both L1 < Ls and Lg < Ly
may not be satisfied: if foo = goo = fo = fo, then by the last inequality above, neither
(i) nor (ii) holds.

Sufficient conditions so that (i) or (ii) hold may be easily obtained in terms of goo, go foos
an a, b7 UE

Received: November 8, 2007. Revised: April 29, 2008.
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