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ABSTRACT

A characterization of the product space H' such as the two parameters space Hé 2 is
obtained, where HO1 Zisa particular case of spaces Hg’Q, which are generalizations of
spaces studied by J. Peetre and H. Triebel.

RESUMEN

Se obtiene una caracterizacion del espacio producto H'! como el espacio a dos pardmet-
1,2 1,2 . . P,

ros Hy®, donde Hy* es un caso particular de los espacios H S'Q, los cuales son gener-

alizaciones de los espacios estudiados por J. Peetre y H. Triebel.
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1 Introduction

Recent advances in the theory of product Hardy and BMO spaces (see [10], [11] and [18] for
instance) have called the attention of many authors, which have achieve results about old and new
problems of this rich area. One of these problems concern to the characterizations of Hardy spaces.

In a fundamental work within the theory of Hardy spaces H? over product of semi planes (or
with two parameters), R. F. Gundy and E. M. Stein [13] proved that two parameters space H'
may be characterized by double and partial Hilbert transforms, using area integrals and maximal
functions, with equivalent norms. After this initial work, several authors obtained other charac-
terizations of the two parameters space H'. For more details see, for instance, [3], [4], [6], [7], [14],
[19], [20] and [21].

In this work a characterization of the Hardy space H' over product of semi-planes such as
the two parameters space Hé 2 is obtained. This space is a particular case of the two parameters
spaces Hg’Q (when S = (0,0), P =(1,1) and Q = (2,2)). The Hg’Q spaces are generalizations of
the one parameter spaces H?»4, studied by J. Peetre and H. Triebel.

For the one parameter case, a characterization of space H', such as that obtained in this
work, was initially obtained by J. Peetre [15,16]. Later, H. Triebel obtained in [24] another proof
by different arguments and after him, a new proof was achieved by J. L. Rubio de Francia, F. J.
Ruiz and J. L. Torrea [17].

One of ingredients for the proof of the H' characterization obtained in this work, consists of
the theorems about singular integral vector operators contained in [12].

2 Spaces H'(IR x IR) and H?Q(R x IR) in the Product Case

2.1 Notations. The notations and basic results used through this work are introduced here. The
letter C' always denotes a constant which may assume different values in a sequence of inequalities.
S(IR?) denotes the class of rapidly decreasing functions (at infinity). Let E be a Banach space.
S'(IR%,E) is the class of all continuous linear maps T’ defined over S(IR?) with values in E (that
is, if ¢; — ¢ in S(IR?) then T(¢;) — T(4)).

If E is a Banach space in relation to the norm ||.||g and P = (p1,p2) with 0 < p1,p2 < oo,
LY (IR%, E) is the space of all functions f defined over IR? with values in E, such that || f(z)||g is
Lebesgue measurable, and

P2/p1 1/p2
I fllLeme, ) = </JR (/R 1f ()5 da?l) dx2> < o0

with usual modifications when some of p; are equal to co. We observe that if p; = p, for
i=1,2, then L¥(IR? E) = L?(IR?, E).
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To avoid any confusion, we write L”(E) and ||.|| . r(p) instead of L” (IR?, E) and |.|| 1 (g2 E)
and when E =(, the field of complex numbers, L and .||, are posited.

Given a Banach space E and Q = (q1,¢2) with 0 < g1, ¢2 < oo, the (multi-)sequence spaces
(Q(Z? E) ({Q(E) to avoid confusion) are defined in a analogous way.

If E is a Banach space, the Fourier transform of a function f € L'(IR?, E) is defined by

Fi@) = fa) = [[ e iy

where = -y = x1.y1 + T2.y2. The following notation is used,

U= {<070)7 (170)a (0’1)7 (171>}'

2.2 Definition. Let E be a Hilbert space and f € L'(IR?, E)). Their Hilbert transforms Hy, f,
k € O, are the elements of S'(IR?, E) defined by :

(1) F(Hof) = —isgz F(f)(z,y),

(2) F(Houf) = —isgy F(f)(z,y),

(3) F(Hu1[f) = (=i sgx)(—isgy)F(f)(z,y),
(4) (Hoof) = f.

Spaces HY (IR x IR, E) and BMO(IR x IR, E) are defined, which generalize the product spaces
HY(IR x IR) and BMO(IR x IR) for the vectorial case.

2.3 Definition. Let E be a Hilbert space. H!(IR x IR, E) is the vector space of function f
in L!(IR?, E) such that their Hilbert transforms, Hy f, k € O\ {(0,0)}, belong to L' (IR?, E).

We equipped space H*(IR x IR, E) with the norm:

If i mxmey = Y I Hef o we.p)
kel

where Hoof = f.

2.4 Definition. Let E be a Hilbert space. A function g from IR? to E belongs to BMO(IR x
IR, E), if it may be represented as

9= Higr, (1)

kel
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where Hoogoo = goo and Y, . ||gk|| L (2, ) < 0. We equipped the space BMO(IR x IR, E) with

the norm:
llgllBro(rx R, E) = iﬂf{z l1gk|| Lo (2, B) } 5
keO

where the infimum takes over all representations of g in the form (1).

Chang-Fefferman proved in [6] that for real value functions, the product space BMO(IR x IR)
is the dual of the product space H'(IR x IR). This result is valid also for spaces BMO(IR x IR, E),
where F is a Hilbert space; therefore, the product space BMO(IR x IR, E) is the dual of the product
space HY(IR x IR, E).

Results on the action of singular vector integral operators with product kernel over the prod-
uct spaces H!(IR x IR, E) and BMO(IR x IR, E) are given by the two following theorems. Proofs
are provided in Gomes-Silva [12].

2.5 Theorem. Let E, I and G be Banach spaces and k; and ks kernels in L? (IR?* L(E,F))
and L} (IR?, L(F,Q)), respectively, satisfying
/ Iy (2.9) — ky(ey)lz, da < C-7~0 =12 1)
lz—y'|>v|y—y'|

for every v > 2 and some § > 0, where L; = L(E,F') and Ly = L(F,G). Let T} and T3 be
bounded linear operators from L2(IR, E) to L*>(IR, F') and from L?*(IR, F') to L?(IR, G), respectively,
satisfying

ﬂﬂ@th@Mﬂww, ()

for every f € L?(IR, E), and

CM@ZmeWMM% 3)

for every f € L?2(IR, F). Let T be a linear operator from L2(IR?, E) to M(IR?, G) satisfying

Tf(l‘,y) :/ R k’g(y,U) kl(xau’) f(u,’U) du dv ) (4)
for every f € L2(IR? E) and (z,y) ¢ sup f. Suppose that T has a bounded extension from

L?(IR%,E) to L?(IR?,G). Then, T has a bounded extension from H'(IR x IR, E) to L'(IR? G);
that is, there exists a constant C' > 0, such that

ITfllrr2.c) < CNfll e (rxr.E) >
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for all f € H'(R x IR, E).

2.6 Theorem. Let F be a Banach space, F' and G Hilbert spaces and k; and ks kernels in
L (R* L(E,F)) and L}, .(IR?, L(F, ®)), respectively, satisfying

loc

/ s (.9) = i), do < Con =12, )
|z —y|>v]z—a’|
for every v > 2 and some 6 > 0, where Ly = L(E, F) and Ly = L(F,G). Let Ty and T be

bounded linear operators from L2(IR, E) to L?>(IR, F') and from L*(IR, F') to L?(IR, G), respectively,
satisfying

ﬂﬂ@=4h@@ﬂww, ()

for every f € L¥ (IR, E), and

fWMZAMWHWwv 3)

for every f € L°(IR, F). Let T be a linear operator from L°(IR?, E) to M (IR?, G) satisfying

Tf(x,y) = // 2k2(y,v) ki(z,u) f(u,v) du dv (4)
R
for every f € L(IR? E) and (x,y) ¢ sup f. Suppose that T has a bounded extension from

L*(IR%,E) to L?(IR%,G). Then, T is a bounded linear operator from L°(IR?, E) to BMO(IR x
IR, G); that is, there exists a constant C' > 0, such that

ITfll Bmomxr.c) < CllfllLe(r,EB)
for all f € L*(IR* E).
2.7 Lemma. There exists ¢ € S(IR), such that

(1) sup Fo={te R : 271 <|t| <2} ;
(2) [Fo() >0 se27" <[t| <2 ;

(3) Yo Fe27)=1 set#0 .

For the proof see Berg-Lofstron [2]
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2.8 System of Test Functions. Let ¢ be given as in the Lemma 2.7 and for each i € Z

let ; be the function given by ;(t) = 2p(2%). The family (p;);cz is called a system of test
functions over IR. Since Fp;(t) = Fp(27't) for each i € Z, and from 2.7(1), 2.7(2) and 2.7(3), it
follows that

(1) sup f@i:{tem : 2i_1§|t‘§2i+1} ieZ
(2) |Fei(t)] >0 se 2i-1 It < i+l

(B) Yomm Fei(t)=1 set#0 .
2.9 Definition. Let S = (s1,s2), P = (p1,p2) and @ = (qi1,¢2), such that s, € IR,
0 <p, <ooand 0 < g, <oo,n =1, 2 Let (¢;)icz and (¢¥;)jez be systems of test func-

tions as in 2.8. Then, Hg’Q(]R x R) = Hg’Q(]R x IR, ¢, 1) is the vector space of all functions f
in L (IR?) N S’ (IR?) with real values, satisfying (25174520 p,a);  f);; € LT (£9).

Spaces H g’Q (IRx IR) are equipped with the following quasi-norm (it is a norm if min (p1, p2, q1,q2) >

1) :

111550 = Nt 5 Pglireay M

To avoid any confusion, we simply denote ||f||gff(g by Hf||H§Q
S
When S = (s,s), P = (p,p) and Q = (g, q), then
||f||§’§,ce = [12°C i+ ijll Lo eny
and the space Hg’Q(R x IR) is simply denoted by H??(IR X IR).

The next result shows that the quasi-norm 2.9(1) is independent of the systems of test func-

tions (¢;)icz and (¥j)jez-

2.10 Theorem. Let (o;)icz, (Bj)jez, (Yr)kez and (¢r)icz be systems of test functions

as in 2.8. Let S, P and @, as in Definition 2.9. Then the quasi-norms ||||‘;;PQ and ||.| Z’lﬁg are
S S
equivalents, that is, there are positive constants C; and C5, such that
Cy 1550 S IAI5Ee < Co 115 1)

For the proof see Schmeisser-Triebel [22].
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2.11 Remark. From the proof of Theorem 2.10 it follows that condition 2.8(3) of the systems
(ak)r and (B;); is unnecessary, that is,

Yo Far(t)y= Y FBt)=1 , t#£0

k=—00 l=—oc0

to obtain inequalities of the type

Z{S}@,Q <C-: Hf”g;ffcz

/]

From systems ()i and (8;); another kind of condition may be demanded, such as,
o0 o0

S [Far®P = D [FABP=1 , t#£0

k=—0c0o l=—00

This will be considered in the next section.

3 The Characterization
H'Y(R x R) = Hy*(IR x IR)

3.1 Lemma. Let ¢ € S(IR) such that $(0) = 0 and |4(¢t)| > 0 if 271 < |[t| < 2. Defining
pj(z) = 2ip(29), j € Z, one has

(1) Yjezléi®P <C ;
(2) Yjezlei(@)? <C-Ja72

3) (Cjezlps@—y) —p;@)F <C- it o] > 2]y

For the proof see Torrea [23].

3.2 Theorem. Let ¢ and % be as in the Lemma 3.1. Then

ik * fijllor(me,e2y < C- I fll a1 (rxR) (1)

for all f € H(IR x IR).

Proof. Let us consider the linear operator defined on L?(IR?) by

Tf = (pithj * f)ij € M(IR? (*(Z?)).
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The operator T is well defined: if f € L?(IR?), then, by Plancherel’s Theorem and by 3.1(1),

//]R2 SN ey« f(a,y)Pdady =

jeZicZ
_ ity * £ ()| dad
- (61 ()85 (£) (s, 1) Pdsdt
22l
- / / (S 1GER S 1, s, ) Pdsdt
R ez jEZ
< o [ i nPasdt = C- e @)

thus, it follows
DO leits = f,y)? < oo
JEZ icZ

for almost all (z,%); that is, Tf (z,y) € (*(Z?). To show that T'f is a measurable function, it
is enough to verify that the map

(z,y) — Tf(r,y).a

is measurable for all a € (?(Z?), since (>(Z?) is separable. If o = (c;;)ij

Tf(xy)a = Y (gt fla,y))a

JEZ EXL

Z Z aijpithy * f(z,y)

JEZ X

which is measurable. The inequality 3.2(2) shows that T is a bounded operator from L?(IR?)
to L2(IR?, ((Z?)).

For each n € IN, let us consider the operators 7", 17" and 15" defined in the following way:

T" is defined on L2(IR?) by

T"f = (pihj * f; —n<i,j <n)e MR* (*(Z?));

T7 is defined on L%(IR) by

Tif = (pix f; —n<i<n)e M(R,(*(Z));
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T3 is defined on L2(IR, (?(Z)) by

Tyg = (¢;*gi; —n<ij<n)e MR (*Z).

Our next step it will be to show that these operators satisfy the hypothesis of Theorem 2.5.
Analogously for operator T, it is easy to verify that for each n € IN, T" is well defined and T™ f
is a measurable function. Moreover, from 3.2(2) it follows that operators T are all bounded from
L*(IR?) to L?*(IR?,(*(Z?)), with ||T™|| bounded by a constant regardless of n.

The operators T7* are bounded from L?(IR) to L?(IR, ¢*(Z)) with ||T?*|| bounded by a constant
regardless n, since by the Plancherel’s Theorem and 3.1(1),
[ 3t sty

> [ eI

e /le<s>|2ds = C If 2.

Now, for each n € IN, the kernel k7 defined by

EP(z): Ne@ — kM (x).\ = (pi(x)); —n<i<n)cl*(Z)

is well defined, belongs to L? (IR,L(T,(*(Z))), verifies the condition 2.5(1) with L; =
L(@,0%(Z)) and for all f € L?(IR),

T} f(x) = /B K (x — ) (9)dy. 3)

Indeed, k7 is well defined: if p € S(IR), then

KT () Alle2(z) = Z lpi(@)) Al < C(n)|A (4)

i=—n

for all A € @ and all x € IR. On the other hand, since L(@, (*(Z)) is isometric in ¢?(Z), and
the map

relR — Z a;pi(x)

1=—n

is measurable for all o = (y); € (2(Z), it follows that k7 is measurable. Now, if A C IR is a
compact set, then by 3.2(4)
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/A I (@), dr < Cm)A| < oo,

where L1 = L(@,¢*>(Z)). This shows that k7 belongs to L? (IR, L1). To prove 3.2(3), since

loc

the map

ue R — (pi(u)f(u); —n<i<n)el*(Z)
is integrable, we have

0 f(z) = (pi*f(x); —n<i<n)
= /IR pi(@ — w)f(w)du; —n <i<n)

R
= / kY (z — u) f(u)du.
R

Finally, if |z — /| > |y — «/|, with v > 2, then by 3.1(3) we obtain

Nl

157 (& = u) = By (& = u)l|, = (_Z iz —u) = iz —u)?)

1=—nN

=

= (Y lpile —u' = (u—u) —pi(x —u)?)

i=—n
u— |

where C is a constant regardless of n. Therefore, the kernel k7" verifies the condition 2.5(1)
with Ly = L(@,¢*(Z)) and constant C regardless of n. The boundness of the operators T3
from L?(IR,(*(Z)) to L*(IR,¢*(Z?)), with ||T3|| bounded by a constant regardless of n, follows
from 3.1(1) using an analogous reasoning which was done for 77". Now, let us verify that for
each n € IN, there exists a kernel k% in L} (IR, L((*(Z),(*(Z?))), satistying 2.5(1) with Ly =
L((*(Z),0*(Z?)), such that

T3 9(y) = /]Rkél(y— v)g(v)dv, (5)
for all g € L2(IR,(*(Z)). Indeed, let kT be defined by

k3 (y) s a = (ai)i € (Z) — k3(y)-a = (¥(y)-ai; —n <i,j<n)el*(Z)
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This function is well defined: if ¥ € S(IR), it follows that

I @)-allemy = (30 37 i@l (6)

n

< (Y WP EQ la)?
j=—n CZ
< COm).allez

for all & = (o;); € ¢*(Z) and all y € IR. The measurability of k5 follows from k3 = Y7

n
ij=—n ¥,ij:

where each k3, is defined by

kyii(y).a=(.....,;0,95(y), 0, .....)

and it is measurable, since each v; is measurable. The fact that ||k% (y)||7, is locally integrable,
where Ly = L(*(Z),(*(Z?)), follows from 3.2(6). The verification of 3.2(5) is analougous to
3.2(3). As in case of the kernel k7, it follows from 3.1(3) that

v—
5= 0) = K= )l < € o0

where C is a constant regardless of n. Then, get kJ satisfies 2.5(1) with constant regardless
of n. To complete the proof that operators T, T7* and T3 satisfy the hypothesis of Theorem 2.5,
we observe that the map

(u,v) € R — (pi(u); () f(u,v); —n <i,j <n)e*(Z?)

is integrable when f € L2(IR?); then we have

1) = [ [ K= 0@ = 0, opdude

for all f € L2(IR?).
Therefore, by Theorem 2.5,

1T fll L2 (e e2z2)) < C - | fllar(mxm) (7)
for all n and all f € H'(IR x IR), where C is a constant regardless of n. Finally, applying the
theorem of monotone convergence in 3.2(7), 3.2(1) is obtained as requested.

As a consequence of Theorem 3.2, the following result gives us a part of the characterization
H' (R x R) = Hy” (R x IR).
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3.3 Corollary. The space H'(IR x IR) is continuously embedded in Hy?(IR x IR), that is,
there is a positive constant C, such that

”fHHé’?(]RX]R) <C- ||fHH1(1R><R)

for all f € H*(IR x IR).

Proof. It is enough to observe the test functions used to define the space Hy>(IR x IR) satisfies
the hypothesis of the Theorem 3.2.

The next theorem will be fundamental to prove the contrary immersion in the Corollary 3.3;
that is, the space Hy>(IR x IR) is continuously embedded in the space H'(IR x IR).

3.4 Theorem. Let ¢ and ¥ be given as in the Lemma 3.1. Then

l(ivj * fijll Brmorxm.e2) < C - | fllLe(r2)
for all f € L°(IR?), where BMO(IR x IR, £?) is the topological dual of the space H!(IRx IR, (?).
Proof. It is enough to follow the proof of Theorem 3.2, using in this case Theorem 2.6.

3.5 Theorem. Let O be the space of the real functions f € S(IR?) with real values, such
that

(1) feCx(Rr?),

(2) sup f N[ x {0})U ({0} x R)] = 0.
Then O is a dense subspace of Hy?>(IR x IR).

Proof. It is enough to adapt the arguments used by H. Sato in [19] to obtain a dense subspace
of HY(IR x IR).

3.6 Theorem. A function f in L!'(IR?) belongs to H!(IR x IR) if, and only if f belongs to
H}?(IR x IR). Moreover, there is a constant C' > 0, such that

C N sy < 1 sy < C - 11l ars e - (1)
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Proof. It is enough to prove the first inequality in 3.6(1), since the second was proved in
Corollary 3.3. Let f € O and g € LZ(IR?) such that ||g|p(m2) < 1. Let a@ = (a;)icz ©
B = (6;)jez systems of test functions as given in 2.8, but with the condition 2.8(3) replaced by
S ldi(s)2=1,s#0and 330 _[3;(t)]> =1, t # 0 (see remark 2.11). Thus, using the
polarization formula and Plancherel’s Theorem,

/ f(z,y)g(x,y)dzdy = (2)

— // |f + g|?dady — // |f — g*dzdy]

N //132 Z Z [ (¢ WPIF(f + 9)|*dsdt —

i=—oo j=—o0
/ /B ;:OO ];00[ Bi(OPIF(f — g)|*dsdt]
N jZmZOO// (il * (f + g))[Pdsdt —
*j;ﬁ Z;)O / / (i3 * (f — g))|Pdsdt]
- / - il J_imzoo By + (F + 92 — il * (f — g)[2)]ddy
B //Rz ]_f:oo z_f:oo aiff x f)(cif; * g)dwdy.
Now, by Theorem 3.4,
(s * 9)iglmarome ey < C- gl - 5

for all g € L°(IR?). This shows that (a;3; * g)i; € BMO(IR x IR,¢?(Z?)). On the other
hand, if we denote by H the Hilbert transform in one variable and with the convention Hyp = ¢
and Hyp = Hey, then for each k = (I,m) € O, we have

Hy (i * f)(z,y) = (Hicy Hp3j * f)(z,y) - (4)
It is enough to prove to k = (1,0), since the another cases are similar. Indeed, by Definition 2.2,
FlHyo(aifj = f)l(s,t) = —isgs Flaif; = f)(s,1)

£
—i sgs di(s)5;(t) f(s,1)
= F(Hoi)(s) Bi(t) f(s.1)
= FlHai.f5 % fl(s,1),
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and 3.6(4) is obtained to k = (1,0).
Moreover, the sequences (Ha;)iez and (H(;);cz are systems of test functions satisfying 2.8(1)
and 2.8(2), since F[Ha;|(s) = —i sgs a;(s) and F[HS;|(t) = —i sgt Bj(t). Thus, taking into
account the Remark 2.11, Theorem 2.10 is applied to obtain

(i Bj * fijll i (mx 2y = Z | (Hr(iBs * f))ijllr (me2,e2) (5)
keO
= > (Hiei HuBy* fijllo e
(1,m)e0
<

c- ||f||H;~2(1Rx1R) :

This shows that (c;3; * f)i; € H (IR x IR, (*(Z?)). Using 3.6(2), 3.6(3) and 3.6(5) and using the
fact that BMO(IR x IR, (>(Z?)) is the dual of H'(IR x IR, (*(Z?)),

[ rodsay

Taking the supremum over all functions g in L*°(IR?), such that ||g[| Lo (r2) < 1,

IN

C - (B * il (rxme2y (i * 9)ijllBrom= m.e2)

IA

c- Hf“Hé’z(RxR)'

Il mey < C -l (mxm) (6)

for all f € O.

If f belongs to O, then Hyf belongs too, for each k = (I,m) € O. Therefore, 3.6(6) and
Theorem 2.10 implies

1 £l (rxmy = ZHkaHLl(R?) (7)
kel

< C'ZHH’CfHHé’z(Rx]R)
kel

= C- > (ithy * Hef)ijllr (m2.e)
kel

= C- > (Hipi Hotj * [illo e )
(I,m)eld

< O (withy * £ijllLrme2,e2
= C-: ||f||Hé’2(B><lR)7
for all f € O. Finally, we may prove the inequality 3.6(7) is true for all f € Hy”(IR x IR). Let

f € Hy*(IR x R). By Theorem 3.5, O is dense in Hy””(IR x IR); then there exists a sequence (fy)n
of elements of O such that f, — f in the norm of Hé’Q (IR x IR), from which it follows (f,)n is a
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Cauchy sequence in Hy?(IR x IR). From 3.6(7) (f,)n is a Cauchy sequence in H'(IR x IR), from
which results there exists an element g € H' (IR x IR) such that f, — g in the norm of H* (IR x IR),
since H'(IR x IR) is a complete space. By Corollary 3.3, H (IR x IR) is continuously embedded in
Hy?(IR x IR); then f, — g in the norm of Hy>(IR x IR) and hence g = f. Thus, for all ¢ > 0,
there is n € IV, such that || f, — fll g1 (rxr) < € and || fn — f||Hé’2(R><B) < e. Therefore, by 3.6(7),

[fllermxmy < Nf = fallar(rxm) + | full 2 (rxm)
< e4+C- an—fHHéQ(]RXB)‘FC Hf”Hé’Q(RXR)
< (C“+1k—%C'HfHH;%Rwa

for all ¢ > 0 and f € Hy*(IR x IR). This implies that 3.6(7) is true for all f € Hy*(IR x IR).
Proof is complete.
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