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ABSTRACT

Let M(pu’)z) be the modulation space with parameters p,q and weight function wg. If
0%a/w € L™ for all a, then we prove that the pseudo-differential operator a;(x, D)
is continuous from M&Zw) to M&i). More generally, if % is a translation invariant

BF-space, then we prove that a;(z, D) is continuous from M.\ (#) to M(,,)(#). We
use these results to establish identifications between such spaces with different weights.

RESUMEN

Sea M(p‘;z) el espacio de modulaciéon con parametros p,q y funcion de peso wgy. Si
0%a/w € L para todo «, entonces probamos que el operador pseudo-diferencial
at(z, D) es continuo de M(p:éw) a M&z)' En general, si % es una translacion inva-
riante en el espacio-BF, entonces probamos que a;(z, D) es continuo de M,,,.,)(#) en
M) (#). Usamos estos resultados para establecer las identificaciones entre dichos

espacios con diferentes pesos.
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1 Introduction

In this paper we establish continuity properties for certain pseudo-differential operators with
smooth symbols when acting on general class of modulation spaces. These modulation spaces
involve the usual modulation spaces, as well as certain type of weighted spaces related to Wiener
amalgam spaces. Furthermore, we establish bijectivity properties for multiplication operators and
Fourier multipliers, and use these properties to establish identification properties between modu-
lation spaces with different weights.

In particular we cover Theorem 2.1 in [30], where Tachizawa considers pseudo-differential
operators with symbols in S(,)(R??), the set of all smooth functions a on R?** such that (9%a)/w €
L>(R>2?). Here w is an appropriate weight function on R4, which takes the form of

w(@,€) = (2)"(6)* (1)

in [30], where s, € R and (z) = (1 + |=|?)"/2. (We use the usual notation for function and
distribution spaces, see e.g. [22].) In this context, Tachizawa extends Calderon-Vaillancourt’s
theorem, and proves that if wy is appropriate, and p,q € [1, 00|, then the corresponding pseudo-
differential operators are continuous from the modulation space M. (pojéw) to M, (pc:é)' (Cf. Section 2
for the definition of modulation spaces and pseudo-differential operators.) Tachizawa’s result were
thereafter generalized in Theorem 3.2 in the report [38], where the conditions on the weight w are

relaxed in the sense that it is only assumed that w should be v-moderate for some polynomial v.

A similar and interesting result comparing to [30, 38|, concerns [32, Theorem 5.3|, where
Teofanov discuss similar properties in context of ultra-modulation spaces. In this approach, the
condition on v here above is relaxed in the sense that v is permitted to grow subexponentially,
instead of polynomially. This in turn implies that symbols to the pseudo-differential operators
might grow subexponentially. However, the classes of pseudo-differential operators in [32] do not
contain those in [30] or [38], because the symbols in [32] have to fulfill certain conditions of Gelfand-
Shilov type, which is not the case in [30, 38].

Other related results are Theorem 3 in [25], and Theorem 3, Corollary 2 and Remark 3 in [26],
where Pilipovi¢ and Teofanov consider mapping properties for pseudo-differential operators with
symbols in ultra-modulation space and which fulfill certain ellipticity conditions.

In Section 3 we generalize [38, Theorem 3.2], and prove continuity for such pseudo-differential
operators on a broad class of modulation spaces, which contains the modulation spaces in [38],
and their Fourier transforms. These modulation spaces are in turn special cases of so called
coorbit spaces (see [11,12] for the definition of coorbit spaces, and [9] for an updated definition of
modulation spaces). (See Theorem 3.2 and Theorem 3.2’.) Furthermore we establish bijectivity
properties for pseudo-differential operators, if they, in addition, are appropriate multiplication
operators or Fourier multipliers. (See Corollary 3.6.) Thereafter we give links on how these
results can be used to establish identification properties between modulation spaces with different
weights. (See Remark 3.7 and Theorems 3.9.) Here we also present some immediate consequences
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in modulation space theory and for spaces related to Wiener amalgam spaces. (See Corollary 3.6,
Theorem 3.9" and Theorem 3.9”.)

The (classical) modulation spaces MP? p,q € [1,00], as introduced by Feichtinger in [6],
consist of all tempered distributions whose short-time Fourier transforms (STFT) have finite mixed
LP % norm. It follows that the parameters p and ¢ to some extent quantify the degrees of asymptotic
decay and singularity of the distributions in M?4. The theory of modulation spaces was developed
further and generalized in [11-13,16], where Feichtinger and Grochenig established the theory of
coorbit spaces. In particular, the modulation space M(pj, where w denotes a weight function on
phase (or time-frequency shift) space, appears as the set of tempered (ultra-) distributions whose

STFT belong to the weighted and mixed Lebesgue space L’(t}q).

A major idea behind the design of these spaces was to find useful Banach spaces, which are
defined in a way similar to Besov spaces, in the sense of replacing the dyadic decomposition on the
Fourier transform side, characteristic to Besov spaces, with a uniform decomposition. From the
construction of these spaces, it turns out that modulation spaces and Besov spaces in some sense
are rather similar, and sharp embeddings between these spaces can be found in [1,29,35,37]. (See
also [15,23] for other embeddings.)

During the last 15 years many results have been proved which confirm the usefulness of the
modulation spaces in time-frequency analysis, where they occur naturally. For example, in [13,17,
21], it is shown that all modulation spaces admit reconstructible sequence space representations
using Gabor frames.

Parallel to this development, modulation spaces have been incorporated into the calculus
of pseudo-differential operators, in the sense of (i) the study of continuity of pseudo-differential
operators with smooth symbols acting on modulation spaces, and (ii) the use of modulation spaces
as symbol classes. Tachizawa pioneered topic (i) in [30]. (See at the above.)

In [28], Sjostrand founded topic (ii) and introduced the modulation space M°*!, which con-
tains non-smooth functions, as a symbol class. He proved that the symbol class M°>>! corresponds
to an algebra of operators which are bounded on L2.

Grochenig and Heil thereafter proved in [17,18] that each operator with symbol in M1 is
continuous on all modulation spaces MP% p g € [1,00]. This extends Sjostrand’s result since
M?? = L[2. Some generalizations to operators with symbols in general unweighted modulation
spaces were obtained in [19, 35|, and in [36, 38, 39] some further extensions involving weighted
modulation spaces are presented. Modulation spaces in pseudodifferential calculus is currently an
active field of research (see e.g. [18-20,25,31,32]).
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2 Preliminaries

In this section we discuss basic properties for modulation spaces and other related spaces. The
proofs are in many cases omitted since they can be found in [4-6,11-13,17,33-36].

We start by recalling some properties of the involved weight functions. The positive function
w € L2 (RY) is called v-moderate for some appropriate function v € L (R?), if there is a constant

C' > 0 such that
w(zy + x2) < Cw(xy)v(x), 1,220 € RY. (2)

If v can be chosen as polynomial, then w is called polynomially moderate. The function v is called

submultiplicative, if (2) holds for w = v.

As in [36] we let Z(R?) be the set of all polynomially moderate functions on R¢. We also let
Z5(R%) be the set of all smooth w € Z(R?) such that (0%w)/w is bounded for every a.

Note that if w € Z(R9), then w(z) + w(z)~! < P(x), for some polynomial P on R
In most of the applications, it is no restriction to assume that the weight functions belong to

Py, which is a consequence of the following lemma. (See also [36].)

Lemma 2.1. Assume that w € Z(R%). Then there is a function wy € P(R?) and a constant
C > 0 such that C~'w < wy < Cw.

Proof. The assertion follows by letting wy = w * ¢ for some 0 < ¢ € .#(R%)\ 0. O

The duality between a topological vector space and its dual is denoted by (-, - ). For admissible
a and b in .7’ (R%), we set (a,b) = {(a,b), and it is obvious that (-, -) on L? is the usual scalar

product.

Next let V7 and V5 be vector spaces such that V3 & Vo = R¢ and V, = VlJ-, and assume that
vg € .’ (V1) and v € '(R?) are such that v(x1,22) = (vo ® 1)(21,72), when x; € V; for j = 1,2.
Then v(z1, z2) is identified with vg(z1), and we set v(z1, z2) = v(z1).

In order to discuss modulation spaces, we recall the definition of short-time Fourier transform.
Assume that y € .#/(R%)\ 0 and let 7,x(y) = x(y — ) when z,y € R%. Then the short-time
Fourier transform Vi f of f € /(RY) with respect to the window function x is the distribution
in ./ (R24), defined by the formula

Vi), ) = F(f - TX)(§)-

Here .Z denotes the Fourier transform on .#/(R%), which takes the form

~

FE) = F©) = 2m)? / Fy)e w9 dy

when f € Z(R?). We note that V, f is well-defined (as an element in .#’), since it is the partial
Fourier transform of the tempered distribution (z,y) — f(y)x(y — ) with respect to the y-variable.
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(Cf. [14].) If f,x € L (R?), then V, f is given by the formula

(Vaf)(a,€) = (2m) /2 / FXT = e w9 ay,

Assume that y € Z(R%)\ 0, p,q € [1,00] and w € Z(R??) are fixed. Then the modulation

space M(pw‘i(Rd) consists of all f € .7/(R?) such that

s = ([ ([ 1ot p ar)™” ) ™ < o )

(with the obvious modifications when p = oo and/or ¢ = c0). Furthermore, the space W(p‘:)l(Rd)
consists of all f € .7/(R?) such that

p/q 1/p
£z = ([ ([ M@ oet o ag) ™ )" < . ()
Note that the latter space is related to certain types of Wiener amalgam spaces. (Cf. Definition 4
in [13].)
We recall that W(pu’g = g“M(qa’Jz) when wy (7, £) = w(—¢,7) € Z(R?*). In fact, let Y(v) = x(—x)
as usual. Then Parseval’s formula and a change of the order of integration shows that

|7 (frex)(@)| = | Z (f ) (E)]- (5)
Hence, by applying the L?f) norm, the assertion follows.

The convention of indicating weight functions with parenthesis is used also in other situations.
For example, if w € Z(R%), then L%’w)(Rd) is the set of all measurable functions f on RY such
that fw € LP(RY), i.e. such that Hf||L1(» = | fwl||Le is finite.

The following proposition is a consequence of well-known facts in [6,17]. Here and in what
follows, we let p’ denotes the conjugate exponent of p, i.e. 1/p+1/p' = 1.

Proposition 2.2. Assume that p,q,pj,q; € [1,00] for j = 1,2, w,wi,ws,v € P(R?) are such
that w is v-moderate, x € M(lv)(Rd) \ 0, and let f € ' (R%). Then the following is true:

1. fe M(I"S(Rd) if and only if (3) holds, i.e. M(Il’g(Rd) is independent of the choice of x.
Moreover, M(’Z;g is a Banach space under the norm in (3), and different choices of x give rise
to equivalent norms;

2. f ¢ W&‘)I(Rd) if and only if (4) holds, i. e. W&‘)I(Rd) is independent of the choice of x.
Moreover, W(pw‘)] is a Banach space under the norm in (4), and different choices of x give rise
to equivalent norms;

3. if pr < p2, (1 < g2 and wy < Cwy for some constant C, then
S RY) CMET (RY) M2 (RY) € 7' (RY),

S (RY) CWELS (RY) W8 (RT) € 7"(RY).
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Proposition 2.2 permits us to be rather vague about to the choice of x € M(lv) \ 0 in (3) and

(4). For example, if C' > 0 is a constant and § is a subset of ./, then ||a||M(pw,§ < C for every a € (,
means that the inequality holds for some choice of x € M(lv) \ 0 and every a € Q. Evidently, for
any other choice of x € M (11)) \ 0, a similar inequality is true although C' may have to be replaced
by a larger constant, if necessary.

Next we discuss weight functions which are common in the applications. For any s,t € R, set

o) = (2)',  0su(z,£)(€)* ()", (6)

when z,¢ € R%. Then it follows that o, € Z5(R?) and 0,,; € PH(R??) for every s,t € R, and
oy is o -moderate and o, is 0|y -moderate. Obviously, oy(z,&) = (1 + |z|* + |¢[?)*/2, and
05t = 0y ® 05. Moreover, if w € Z(R%), then w is oy-moderate provided ¢ is chosen large enough.

For conveniency we use the notations LE, MP9 and M instead of L’(’U X M(pa’q) and M(pc;q )

respectively.

Remark 2.3. Assume that p,q,q1,q2 € [1,00] and w € Z(R??). Then the following properties
for modulation spaces hold:

1. if g1 < min(p,p’) and g2 > max(p,p’) and w(z,§) = w(x), then

P,q1 p P,q2 P,q1 p P,q2
Mgy © Ly S Myy's Wiy € Liwy EWWys

0 _ 00,1,
2. .5y = ﬂseR Ms,o )

3. if p > q, then M&) - W(pw()l If instead ¢ > p, then W(puf)l C M(plg;

4. MY>*(R?) and W1>(R?) are convolution algebras such that if 9(R?) is the set of all
measures on R? with bounded mass, then 9t C W C MLoo;

5. if Q is a subset of Z(R?2%) such that for any polynomial P on R?¢, there is an element w €
such that P/w is bounded, then

J(R7) = ﬂQMm(RdL S (RY) = UQMa?w)md);
we we

6. if s, € R are such that ¢ > 0, then

MSQ,O = H?, Mg,s =12 and M}?=L?nH?.

(See e.g. [4-6,10-13,17,35,36].)
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We refer to [6,11-13,17,27] for more facts about modulation spaces and W(pu;‘)l—spaces.

As anounced in the introduction we consider in Section 3 mapping properties for pseudo-
differential operators when acting on certain types of coorbit spaces, which are defined by imposing
certain types of translation invariant solid BF-space norms on the short-time Fourier transforms.
(Ct. [6,8,11,12].) This familly of coorbit spaces contains the modulation and Wiener amalgam
spaces. In the following we recall the definition of these spaces.

Definition 2.4. Assume that 2 is a Banach space of complex-valued measurable functions on R¢
and v € Z(R%). Then £ is called a translation invariant BF-space on R® (with respect to v), if
there is a constant C' such that the following conditions are fulfilled:

1. .Z(R% C % C.#'(R%) (continuous embeddings);
2. if x € R and f € &, then 7, f € %, and
72 flles < Co(z)||f|2; (7)

3. if f,g € L} (R?) satisfy g € % and |f| < |g|, then f € % and

loc
1flz < Cligllz-

Here the condition (3) in Definition 2.4 means that a translation invariant BF-space is a solid
BF-space in the sense of (A.3) in [8]. It follows from this condition that if f € % and h € L,
then f-h € £, and

1f - Pl < Clifllzll 2]l o~ (8)

Example 2.5. Assume that p,q € [1,00], and let LY'?(R2?) be the set of all f € L} (R??) such

that qa/p 1/q "
1o = ([ ([ 15660p ax)™" ac)

if finite. Also let L5?(R2) be the set of all f € L}, .(R??) such that

loc

ge= ([ ([t ae)™ ar) ™

is finite. Then it follows that L{"? and LY? are translation invariant BF-spaces with respect to
v=1

More generally, assume that w,v € @(RQd) are such that w is v-moderate, and let L?’Elw) (1:{2d)7
for j = 1,2, be the set of all f € L}, (R??) such that ||f||Lp(q | = | f w|| e is finite. Then L?’fw) is
7, (w J )
a translation invariant BF-space with respect to v.

Remark 2.6. The conclusion in the latter part of Example 2.5 is also a consequence of the first
part in that example and the following observation. Assume that wo,v,vo € Z(R%) are such that
w is v-moderate, and assume that % is a translation invariant BF-space on R? with respect to .
Also let %, be the Banach space which consists of all f € Li _(R?) such that | f|z, = ||fwl| = is
finite. Then %, is a translation invariant BF-space with respect to vgv.
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For translation invariant BF-spaces we make the following observation.

Proposition 2.7. Assume that v € Z(R?), and that % is a translation invariant BF-space with
respect to v. Then the convolution mapping (¢, f) — ¢ * f from C(RY) x B to ' extends
uniquely to a continuous mapping from L%U)(Rd) X B to B, and

lo* flle < Cllellzs, 113,

for some constant C which is independent of ¢ € L%v) and f € AB.

Proposition 2.9 is a consequence of the results in [6,8]. In order to be more self-contained we
give here a short motivation.

Proof. First assume that ¢ € C§° and that f € . Then Minkowski’s inequality and (8) give

o fla = | [ £ = e ],

< / 170 — w)e(w)llsdy = / 1 =) lllo(w)] dy

< C/ 1z v@)le)ldy = Clifllzllell:,

which proves the result in this case. For general ¢ € L%U), the result follows from the fact that Cy
is dense in L(lv). O

Next we consider the general type of modulation spaces which we are especially interested in.

Definition 2.8. Assume that % is a translation invariant BF-space on R?¢, w € #(R?%), and
that x € .%(R%)\ 0. Then the modulation space M,y = M, (Z) consists of all f € /(R?) such
that

118ty = [1flazey ) = IVif wllz

is finite.

Assume that w € Z(R??) is fix, and consider the familly of distribution spaces which consists
of all spaces of the form M) (%) such that Z is a translation invariant BF-space on R??. Then
it follows by Remark 2.6 that this familly is invariant under w. Consequently we do not increase
the set of possible spaces in Definition 2.8 by permitting w that are not identically 1.

From this observation it seems to be superfluous to include the weight w in Definition 2.8. How-
ever, it will be convenient for us to permit such w dependency when investigating mapping prop-
erties for pseudo-differential operators in Section 3, when acting on spaces of the form M, (%).

Obviously, we have

MPYRY) = My (%1) and WPIRY) = M, (%)

(w) (@)
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when %, = L}'Y(R??) and %y = L5Y(R??) (cf. Example 2.5). It follows that many properties
which are valid for the modulation spaces also hold for the spaces of the form M) (%). For example

we have the following proposition, which shows that the definition of M, (%) is independent of
the choice of y. We omit the proof since it can be found in e. g. [8,11,12]. It also follows by similar
arguments as in the proof of Proposition 11.3.2 in [17].

Proposition 2.9. Assume that % is a translation invariant BF-space with respect to vy € 2 (R>2?)
for j =1,2. Also assume that w,v € P(R??) are such that w is v-moderate, M ,)(2) is the same
as in Definition 2.8, and let x € M(lvov RN\ 0 and f € ' (RY). Then f € M, (B) if and only

if Vifw e &, and different choices of x gives rise to equivalent norms in M, (#).

Next we recall some facts in Chapter XVIII in [22] concerning pseudo-differential operators.
Assume that ¢ € R is fixed and that a € .#(R??). Then the pseudo-differential operator a;(z, D)
is the continuous operator on .#(R%), defined by the formula

(ar(z, D) f)(x) = (Op,(a) f) ()

(2m)” // (1 =tz + ty, €) f(y)e' ™) dyd. ®)

The definition of a;(x, D) extends to any a € .#/(R?), and then a,(x, D) is continuous from .7 (R%)
to .#'(R%). Moreover, for every fixed t € R, it follows that there is a one to one correspondance
between such operators, and pseudo-differential operators of the form a;(x, D). (See e.g. [22].) If
t = 1/2, then as(x, D) is equal to the Weyl operator a*(z, D) for a. If instead ¢ = 0, then the
standard (Kohn-Nirenberg) representation a(z, D) is obtained.

Consequently, for every a € .#/(R??) and s,t € R, there is a unique b € .#/(R??) such that
as(xz, D) = bi(z, D). By straight-forward applications of Fourier’s inversion formula, it follows that

as(z,D) = by(z, D) <= b(z,&) = ) PaDel (g €). (10)

(CE. [22].)

In the next section we discuss continuity for pseudo-differential operators with symbols in
S(wy(R?*), the set of all smooth functions a on R?? such that 0%a/w € L*>(R??). Here w €
2(R??). If w = 1, then we use the notation SJ(R??) instead of S(,)(R>?).

3 Continuity for pseudo-differential operators with symbols
in S(w)

In this section we discuss continuity for operators in Op(S(.,)) when acting on modulation spaces.
In the first part we prove in Theorem 3.2 below that if w,wp € &, ¢t € R and a € S, then
at(z, D) is continuous from M.\ (#) to M(,,)(#). In particular, Theorem 2.1 in [30] as well as
Theorem 2.2 in [36] are covered.
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In the second part we present some applications and prove that certain properties which are

valid for Sobolev spaces carry over to modulation spaces.

We start by giving some remarks on S(w)(RQd) when w € Z2(R??). By straight-forward
computations it follows that S(,)(R??) agrees with S(w,g) when gi, ¢)(y,n) = |y|*> + [n|? is the
standard euclidean metric on R?¢. (See Section 18.4-18.6 in [22].) Since the metric g is constant it
follows that it is trivially slowly varying and o-temperate, where o denotes the standard symplectic
form on R??. Moreover, from the fact that w is o;-moderate when ¢ is large enough, it follows
by straight-forward computations that w is o,g-temperate. The following lemma is therefore a
consequence of Theorem 18.5.10 in [22].

Lemma 3.1. Assume thatw € Z(R??), s,t € R, and that a,b € ' (R??) are such that as(z, D) =
bi(xz, D). Then
a < S(w)(RQd) — be S(w) (RQd).
We have now the following result.
Theorem 3.2. Assume that t € R, w,wy € P(R*?), a € S, (R*), t € R, and that B is a
translation invariant BF-space on R*. Then a;(z, D) is continuous from M ,,.) (%) to M., (B).

We need some preparations for the proof, and start by recalling Minkowski’s inequality in a
somewhat general form. Assume that du is a positive measure, and that f € L'(du; %) for some
Banach space 4. Then Minkowski’s inequality asserts that

| / f@)du@)| < / 1f (@) du(z).

We also need some lemmas.

Lemma 3.3. Assume that w € Z(R*), a € S(,,)(R*), f € S(R?), x € S(R?), x2 = 0,x and
0<seR. If

a(x+ 2,6+ ()

®(z,6,2,() = w(z, €)(2)*(C)*

(11)
and

&) = [ [F@Ea0alerer =9 dud,
then
Via(, D)) (@, €) = (2m)U(f, e O H(a, &, )l €). (12)
Proof. For simplicity we assume that a is real-valued. By straight-forward computations we get
Via(, D)f)(@,€) = (al- D) f, rox €€))
— (.0l DY (rax e'9)) (13)
= @2m)(f, eV H (6, ) w(x, ),
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where

H(z,&,y) = (2m)e "9 (a(-, D) (rox €09 (y) fw(, €)

s

= / / D(x,&, 2 — 2,¢ — E)x2(z — 2)(¢ — €)* "V dzd(.

If z — z and ¢ — £ are taken as new variables of integrations, it follows that the right-hand side is
equal to H(z,y,£). This proves the assertion. O

Lemma 3.4. Let s > 0 be an even integer, ® and H be the same as in Lemma 3.3, and set

¢ﬁ(x7£,37<) = 85@(:5,5,,27(), X2,'y = 67X2- (14)

Also let Wg(z,&,y, -) be the inverse partial Fourier transform of ®(x,§,y,n) with respect to the
n variable, and let

Hﬁ”)’(x’gay) = /\Ilﬁ(l'vfa Yy—z—-x, Z)XQ,’y(y -z :L') dz. (15)
Then there are constants Cg which depend on (3, v, s and d only such that

H(I7fay) = Z Cﬁ,'yHﬁ,’Y(‘ragvy)'
[B+v[<s

Proof. By integrating by parts we get

Ho &) = [ [T 20020 dzdg

/ / B0, 7, Oxe(2)(1 — AV (EV+29)) dadg

= Z 0577H577(.T,€,y),
[B+I<N

where

s (.6, y) = (2m) /2 / / o (@ &2, O (2)6V 59 dzd.

If we take y —x — z and ( as new variables of integrations, and perform the integration with respect
to the ¢ variable, it follows that Hg . = Hg_, which gives the result. O

For the next lemma we observe that if f € .%/(RY) is fixed, then there are positive constants
so, N and Cy such that

Vo f(2,8)] < C’o(x,§>N, where yg=o0_s and s> sg. (16)
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Lemma 3.5. Assume that w € Z(R*?), a € S, \(R*), p € Z(RY), and f € S'(R?). Ifs>0
is large enough and xo = o0_s, then there is a constant C' such that

[Ve(ar(-, D) f)(z,8)] < C(F(z, -) * x0)(£), (17)

where

F(x,8) = [Vyo f (2, §)w(x, )] (18)

Proof. Tt is no restriction to assume that a is real-valued, and by Lemmas 2.1 and 3.1 it follows
that we may assume that ¢ = 0 and that w € #,. Furthermore, by Lemma 3.3, Lemma 3.4 and
(13), the result follows if we prove the following:

1. the right-hand side of (12) is well-defined for the fixed f € .#/(R¢) when s is chosen large
enough, and that (12) holds also in this case;

2. for each multi-indices 8 and -y, there is a constant C' such that
Iy (2,6) = |(f, eV Hp o (2,6, )w(z,6)] < C(F(, -) x 0-5)(E)- (9)

Let Cy, so and N be chosen such that (16) is fulfilled, let N7 be an even and large integer,
and let g be as in (14). The assertion (1) follows if we prove that for each multi-indices v and g,
there is a constant Cy g3 = Cn, a8 such that

(0°®p)(,€, 2, Q)| < Caplz)™ ()M (19)

In order to prove (19) we choose M > 0 and s > M + Nj such that w € & is op-moderate,
and assume first that o = 8 = 0. Then (11) and the facts that a € S give

oo+ 2640 _ . Jal |
2@ = Calat O

x4 2,4+ Oz, OM

|®(z, &, 2, Q)| = < Colz)~Nr(¢)~M.

For general o and S, (19) follows from these computations in combination with Leibnitz rule,
using the facts that (07a)/w € L™ and (0"w)/w € L™ for each multi-index ~. This gives (1).

Assume that No > 0 is arbitrary. Then it follows by choosing N7 in (19) large enough, that
for some constant C' it holds

0“Wp(x, &,y — 2,2)| < Cfy) N2 (z) ™" (20)
for every multi-index « such that |a| < Ns.
If N3 is a fixed integer, then it follows from (15) and (20) that
Hﬂ»'Y(mvay) :J*Ns(y_m)goﬁ,’y(xagay_x)v (21)

where ¢g ., satisfies
10%0p.~ (7,8, y)| < C<y>_N37 laf < N3,
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for some constant C, provided Ny was chosen large enough. Hence, for any fixed s > 0, it follows

by choosing N3 large enough that

|7 (ppA(2,& )] < Cn)~, (22)

for some constant C.

By choosing s > d, it follows from (21), (22) and straight-forward computations that

Iﬁﬁ(xag) = |(f7 €Z<’£>X0( - m)m”

= |y((f7_mx0)@,3,’7($7£7 T m))(€)|

< (2m)=42 / L (f 7ax0) (€ = I F (P (.6, - — ) ()] i, 23)
< C/ Vo f (2,€ —n)|x0(n) dn,
where
c=m | SUp|(F (.6, - =)0
= 20 [ sup|(F (s (o, )0)) d
I

< (] /(n)fs dn < oo.

This gives (17), and the proof is complete. O

Proof of Theorem 3.2. We use the same notations as in Lemma 3.5, and set
G = [Vy(a:(-, D) f).

Since wy € £, it follows that wy(z,£) < Cwo(x,& — n)(n)*°, for some constants C' and sg. By
Lemma 3.5 we get

Gz, E)wo(z,€) < Cy / F(z, & — n)(n)~*wo(z, ) dy
<0 / F(z,€ — nwo(z, € — ) (n)*™* dn,
el / By (2,€) ()0 diy.

for some constants C; and Cs, where

Fn,wg (xvf) = F(x7§ - 77)“’0(3375 - 77)
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Now choose s1, s2 € R in such way that s; = s — sg and A is a translation invariant BF-space

with respect to og,, and let w; = wow. Then it follows for some constant C' and Minkowki’s
inequality that

lax (@, D) fllase., oy = | Golls < Cy / | P 2 () ™" diy

< s [ 17 wnlla (" dy = Col s

where
C3 = Callos,—s, [| 1

Since s can be chosen arbitrary large, it follows that s; can be chosen larger than s; 4 d, which
implies that C's < co. This gives the result. U

Next we show that [36, Theorem 2.2] is essentially a consequence of Theorem 3.2.

Corollary 3.6. Assume thatt € R, w € Z3(R??), wy € Z(R>*?) are such that w(x,&) = w(x)
or w(z,&) = w(&), and that B is a translation invariant BF-space on R??. Then wi(z, D) is a
homeomorphism from M.\ (%) to M) (%#).

Proof. Since it follows from the assumptions that w € Sy, Theorem 3.2 shows that w;(z, D) is

continuous from M, (%) to Mﬁf;(%’). On the other hand, since w(z, &) = w(z) or w(x, ) = w(§),

it follows that the inverse of w;(z, D) on .#'(R%) is equal to (1/w):(x, D). Hence Theorem 3.2
together with the obvious fact that 1/w € 2 give
[F 210y @) = (1 w)e(z, D) (wi(z, D) )l are,y., ()

< C||wt($7 D)f“M(wo)(‘%)

for some constant C. This proves that w;(x, D) is a bijective map from M,.,)(%) to M,,)(%),
and the result follows. O

Remark 3.7. We remark that an immediate consequence of Corollary 3.6 is that if & is a trans-
lation invariant BF-space on R??, w(x,&) = wi(z)w2(§) where w; € Zo(R?) for j = 1,2, and
wo € Z(R%), then
Muo)(#B) = { f € &' (RY); wi(2)w2(D)f € M) (%) }
={f € ' (RY); wa(D)(wif) € M) (%) }.
In particular, if s,t € R, =LY or = LYY, and w(z,§) = 054(x, &) = (x)'(£)*, then

MP L RY = {f e S(RY);: @)D)f € ML (RY))

(Us,two

= (f e S/ RY: (DY(()'f) € MI (R }
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and

Wi B ={f e (RY); (2)"(D)°f e WL (R }

(0s,tw0) (wo)

— {(J € S/ RY: (DY(()'f) e W (R }.

Remark 3.8. For certain w it is possible to use Remark 2.12 in [36] to prove that the continuity

assertions in Theorem 3.2 also holds when the symbols for the pseudo-differential operators belong

to M5! (R*).

Note that o, ¢(x, D) here above, appears frequently in harmonic analysis and in the pseudo-
differential calculus. For example, if p € [1, 00|, then recall that f € .%/(R%) belongs to the Sobolev
space HP(RY) if and only if || f||z» = ||os(D)f| s is finite. It is well-known that if s = N is a
positive integer and 1 < p < oo, then H? agrees with

{fell;0%f € L” when |a| < N }.

(See [2].)

In the following theorems we prove that similar properties in a somewhat extended form also
hold for general spaces of the form M, (%).

Theorem 3.9. Assume that Ny, Ny > 0 are integers, w € P(R?¥), B is a translation invariant
BF-spaces on R??, and assume that f € .7"(R®). Then the following conditions are equivalent:

1. fe M(JNDNQM)(%’);

2. 2P0 f € M(y(2B) for all multi-indices o and (3 such that |o] < Ny and |B| < Na;
3. 0%(aP f) € M,)(2) for all multi-indices o and (3 such that || < Ny and |8] < Na;
4. Ll f 00 f, 2P0 f € My (B) for all 1 < 4,k < d;

5. f.al?f, 0 f, 00 (2 F) € M) (2B) for all 1 < j,k < d.

Proof. We only prove the equivalences

The equivalences

follow by similar arguments and are left for the reader.
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Let My be the set of all f € M, (%) such that 27°0°f € M,)(#) when |a| < N; and
|B] < Na, and let My be the set of all f € M,(%) such that

a2 f 0N a0 f € M) ()

for j,k =1,...,d. We shall prove that My = MO = M(UleNzw)(f%’). Obviously, My C MO. Since
the symbol &% of the operator D* belongs to S(on,.n,) When la] < N, it follows from Theorem
3.2 that the embedding My, NZw)(ﬂ) C My holds. The result therefore follows if we prove that

MO g M(UNI,NQW) ('%)'

In order to prove this, assume first that Ny = N, N, =0, f € MO, and choose open sets
Q={¢eR;[¢] <2}, and Q;={¢eR';1<¢|<dlgl}.

Then U?:o Q; = R%, and there are non-negative functions ¢y, ..., ¢4 in SJ such that supp ¢; C Q;
and Z?:o @; = 1. In particular, f = E?:o fj when f; = ¢;(D)f. The result follows if we prove
that f; € Msy gu)(#) for every j.

Now set 19(§) = on(€)po(§) and ¥;(§) = §;N0N(§)cpj(§) when j = 1,...,d. Then ¢; € S
for every j. Hence Theorem 3.2 gives
il Moy gur (@) < Crllon (D) fillar.,y ()

= C1l[¢ (D)} fllasey @) < C2llOf fllag,, @) < oo

and

[follstay gy (@) < Cillon (D) follar., )
= C1l[vo(D) flln,y ) < Collflln,, (@) < o0

for some constants C; and Cy. This proves that

d
1182y gy () < C<||f||M(w)(%) +) ||3§Vf\|w1<w)(@))7 (24)

j=1
and the result follows in this case.

If we instead split up f into ) ¢, f, then similar arguments show that

d
1031y o) < C (1Nt + D Ik Fllar ) ) (25)
k=1

and the result follows in the case Ny = 0 and Ny = N from this estimate.

The general case now follows if we combine (24) with (25). The proof is complete. O
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We finish the section by stating the previous results in the special cases of modulation spaces

and corresponding Wiener amalgam related spaces. In fact, by letting 8 = L' or 2 = LE9, the
following results are immediate consequences of the previous ones.

Theorem 3.2'. Assume that w,wy € Z(R*?), a € S(,,)(R?*?), t € R, and that p,q € [1,00]. Then
a¢(z, D) is continuous from M>? (R%) to M (R?), and from WP? (R?) to WP (RY).

(wow) (wo) (wow) (wo)

We note that if ¢ = 0 and wy = 05, s, Where s1,s2 € R, then Theorem 3.2 agrees with
Theorem 1.1 in [30].

Corollary 3.6'. Assume that w € Zy(R*?), wy € P(R*) are such that w(z,&) = w(x) or
w(z,€) = w(€), and that p,q € [1,00]. Then wi(z, D) is a homeomorphism from MP? (R%) to

(wow)
M(pu’jz)(Rd)’ and from W(’:’)zw)( ) to W(pu;q)(Rd)

Theorem 3.9'. Assume that N1, Ny > 0 are integers, w € P(R??), p,q € [1,00], and that
f €7 (RY). Then the following conditions are equivalent:

1L feMf R
2. PO f € M&?(Rd) for all multi-indices « and 8 such that |o] < Ny and |B] < Na;
3. 0%(2Pf) € M(pu’g(Rd) for all multi-indices o and B such that || < Ny and |B] < Na;

b a2 f 00 f a0 f e MEA(RY) for all 1 < jik < d;

5. f, §V2f, 5'le7 8N1( sz) Mpq(Rd) forall1<j,k<d.

Theorem 3.9”. Assume that Ni, Ny > 0 are integers, w € Z(R?*?), p,q € [1,00], and that
f €7 (RY). Then the following conditions are equivalent:

1. fe M/pq

(ony,Nyw)

(RY);

2. 2P0°f € W(Z;")()I(Rd) for all multi-indices « and 8 such that |o| < Ny and |3 < Na;
3. 0P f) € Wp’q(Rd) for all multi-indices o and (3 such that || < Ny and |8] < Na;
b fox2 00 f, 200 f e WES(RT) for all 1 < ik < d;

5. fray f, 00 £, O (@) ) € WEI(R?) for all 1< jik < d.

The following result was presented in [39, Remark 1.3]. Since the facts here do not seems to
be well-known, we give some explicit motivations.
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Corollary 3.10. Assume that p,q € [1,00] and w € P(R?*?) is such that w(x,€) = w(x). Then
the following is true:

1. M([:(;(Rd) — C(R?) if and only if ¢ = 1;

2. WERY) < C(RY) if and only if ¢ = 1.

Proof. By Corollary 3.6" it follows that we may assume that w = 1. If f € W°! then it follows
that .Z (fy) € L for every ¢ € ., which implies that f¢ is a continuous function. Since ¢ € .¥
is arbitrary chosen, it follows that f is continuous. This gives

Mt Ccwrt cweel C O, (26)

which proves one part of the assertion.

Next assume that ¢ > 1, and let f be the characteristic function of the cube [0,1]¢. Then
f ¢ C, and it follows by straight-forward computations that f € W4 C M9, Since MP9 and
WP-4 increases with the parameters p and g, it follows that

MPTg C, and WP?1¢ C, when g¢>1. (27)
Hence (26) and (27) give the result. O

Remark 3.11. By using techniques of ultra-distributions, Pilipovi¢ and Teofanov prove in [24—
26,31, 32| parallel results comparing to Theorem 3.2". Here they consider generalized modulation
spaces, where less growth restrictions are assumed on the weight function w. It is for example not
necessary that w should be bounded by polynomials.

Received: May 2008. Revised: September 2008.
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