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ABSTRACT

We find estimates of the L°° norm of solutions to special nonlinear degenerate elliptic
partial differential equations in terms of norms of the data. We also discuss a spe-
cial isoperimetric inequality involved in the definition of the ellipticity of the above
equations.

RESUMEN

Encontramos estimaciones de la norma L de las soluciones de ecuaciones diferenciales
parciales elipticas degeneradas nolineales en términos de la norma de los datos. Ademés,
discutimos una desigualdad isoperimétrica especial involucrada en la definicién de la
elipticidad de las ecuaciones anteriormente descritas.
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1 Introduction.

We are interested in the estimation of the L norm of generalized solutions of a special class
of nonlinear second order degenerate elliptic partial differential equations in divergent form. The
Sobolev type spaces WO1 P(+), D) to whom our solutions belong are defined below. Our main tools in
the proposed investigation are a variant Fubini’s theorem (see for example [7]) and a generalization
of the famous isoperimetric inequality (see [2]).

The condition (3) (see below) is inspired by the main assumption of [8]. Unfortunately, in [8]
there are no geometrical conditions leading to the fulfillment of such an assumption, and there are
not nontrivial examples satisfying it. We propose here the proof of (3) in the two dimensional case
and for functions ¢(x) = Mx|?, (z) = Alz|” with 0 < A< Aand v+ 1> 3>~ > 0. Thus, the
complete study of the generalized isoperimetric inequality (3) is an open and, we think, a difficult
problem.

Our main result is the a priori estimate of the L° norm of the solution by means of appropriate
norms of ¢ and fz/ws%l, s > 80, and relies heavily on the parameter « of condition (3). Here s is
a special number which depends on p and « and it is sharp. In fact, as simple examples show, our
equation (1) even in the linear case can possess unbounded solutions for s = so. Our results are
very precise when ¢(x) and ¢ (x) are constants, as in this case the classical isoperimetric inequality
holds. We propose a special example when the corresponding a priori estimate is sharp.

The paper is organized as follows: main results, special cases illustrating the main theorem,
proof of (3) in dimension two and for special radially symmetric functions ¢ and .

2 Main results

Let D be a bounded smooth domain in RY and let 1 < p < N. Consider the following non linear
second order degenerate elliptic equation in divergent form

—((aijuwiu%)%;zaijum)mj = f(z), =€ D. (1)

The summation convention from 1 to N over repeated indices is in effect. The matrix [a;;] =
[a;j(z,u, Vu)] is assumed to be symmetric and elliptic in the sense

0 < ¢@)[EP < (ai;&:&,)? < P(@)elP Ve € RY, 2)

with ¢ # 0 and ¢ € L'(D). The functions ¢ and v are subject to the following condition: there

exist two constants C > 0 and o € (pp%l, 1) such that, for each Borel set E C D with smooth
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boundary OF we have

s(@yio = €( [ viwyiz)” 3)
OE E
Note that (1) is the Euler equation of the functional
[ lasjus )
D

We consider solutions u € W, (¢, D), where W, (3, D) is the completion of C3(D) with respect
to the norm

(NS

—pu f]dgc.

foll = ([ (1 + vl vup)ir)

We shall use the following formula ( [7] pag. 37). If g(z) > 0 is measurable in the sense of
Borel in an open set Q and if u € C%1(Q2) then

/Qg(x)|Vu|d:E = /000 dr /FT g(z)do, (4)

F,={z€Q:|ulz)| =1},

where

and do stands for the (N — 1)-Hausdorff measure. The equality (4) has been extended to functions
u € Wh(D) (see for example [6], Theorem 1.1). A detailed theory of Sobolev spaces including

loc
Wli’cl (D) can be found in [7].

If u € Wy P (¢, D) is a solution of equation (1) we shall denote
Dy ={x € D :u(z) >t}

By putting Q@ = D, with ¢ > 0, equality (4) yields
sup u
[ s@iviiz= [ ar [ oo (5)
D, t jo

supu = supu(z), Fr={zx e D:ulzx)=r1}.
x€D

with

We note that 0D; C F;.

Lemma 2.1. If condition (3) holds and if ¢(x) < H(z) < p(x) then for almost all t > 0 we have

H@)|Vuptdo > cr VO
P (=V'(1))

where

D,
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Proof. By using the Holder inequality we find

(/Ft H(a:)da)p = (/Ft (H(JU)\VU|P*1)% (T[v(ﬁ)p;ld(f)p

_ H(z)  \r-1
< H r=1g d )
< [ A@vup-tas( /F gae)

It follows that

H(2)|Vu|"~ do > U ot dg>_
i (th Tbv(i\ )

Equality (5) with g(z) = |v ‘ yields
supu )
——do.
o= )

V(t) = ; T/}V(u)| do.

Hence, for almost all ¢ > 0 we have

By using the latter equation and condition (3), from inequality (6) we get the statement of the

lemma.

Theorem 2.2. Assume conditions (2) and (3). Let s > ﬁ,

u € WyP (1, D) is a solution of equation (1) then we have

1 s(p—1)

1
T

llull Lo (D) <

Proof. Putting
_ (@it uay)
H(J}) - |Vu|p ’

condition (2) implies

¢(x) < H(z) < ().

According to the definition of weak solution of (1) we have that for every v € VVO1 P4, D)

p—2

/ (aijuaiiumj)Taijuriijdm = f(!E)U(LU)d{L‘
D D

Since u € WP (1, D), for t > 0 we can take v = (u(z) — t)*. We find

(NS}

/ (asjusus,)  de = [ @) (u(z) - t)de,
Dy Dy

where
Dy ={zx € D :u(z) >t}

and let fy~'Ts € L5(D).

ps(l—a)—1

s(p—1)
LS(D) /¢ d:r

If
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Recalling our definition of H(x), by the latter equation we have

u sup u
H(x)|VulPde = f(x)d:c/ dr :/ dT/ f(z)d. (7)
D; Dy t t D,
As it concerns the left hand side, we apply (5) with g(z) = H(z)|Vu[P~!. We find
sup u
H(x)|VulPdx = / dT/ H(z)|VulP~do.
Dy t F.

The latter equation and (7) yield

sup u Sup u
/ dT/ H(x)|vu|1’*1da:/ dT/ f(z)dx.
t F, t D,

After a differentiation, for almost all ¢ we get

H)Vul~ldo = | f(z)de < / 1 (2)|da (8)
Dy Dy

Fy

Applying Lemma 2.1 we find

s—1
s— B

= de < | ey (/D w(x)dx)

1—

% < [ s

cP

Rearranging we have

1
o=

s(1—pa)—1

ﬁp)(V(t)) s (=V(t)).

L

1<

Finally, integrating over (0,supu) we get

ps(l—a)—1

1 1
s(p ) E;(ID)(V(O)) s(p—1)

crtps(l—a)—1
Being V(0) < [, ¢(z)dz we find

s

supu <

ps(l—a)—1
s(p—1)

B /D layde) T )

If u is a solution of equation (1) then —wu is a solution the same equation with —f in place of

s(p—1)
croips(l—a)—1

L

supu <

f. Therefore, the estimate (9) also holds for —u. The theorem follows.

3 Special cases illustrating Theorem 2.2

We shall begin this section with the case when ¢(x) = A and (x) = A. Then condition (3) holds

with 1 )
a=1—-—, C=

1
——5 NwX
N AN];I wN?
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where wy is the measure of the unit ball in RY. For 1 <p < N, s > %7 Theorem 2.2 yields

A Ns
ey € —— g 2D

(NAwd)7T Ps—

oy | DI ¥ (10)

However, in this special case we can prove an inequality sharper than (10). Indeed, since A < H(z),
by the inequality (8) we find

= (11)

A / VulP~tdo < [|f]| )| De
F

Instead of (6) we use the inequality

IVulP~tdo > (th d0>p

F 1 Pt
t (th |Vu\d0>

Putting p(t) = |D¢| we know that

1
)=~ [ o

Using this equality and the familiar isoperimetric inequality (see, for example, [2])

N-—1

| o= N ()5

we find

p(N 1)

g VR ()
/F,,V“' oz ™ Cr)

Hence, by (11) we get

oy (),

and

Integration over (0,supu) yields

supu < ! s - )”f‘

(N)\)P 1wJJVV(p ) psS —

Lé(D)‘D‘ Ng(p 1)

The same estimate can be found for —u. Therefore,

1
NX)7=Twy

The latter inequality improves (10) by the factor A/A.
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In case f is bounded in D then we can take s — oo and we find

1 p—
P
— N(-1) D
N

1 1 P
l[ull= (D) < (Slelg |f(@))7=T | D|¥@=D. (13)
xT

In the case A = A, f is a constant and D is a ball, the inequality (13) is sharp. Indeed, if R
is the radius of the ball and f = A > 0, with u(z) = u(r) for |z| = r, the equation reads as

)\(T’N71|ul|p71)/ =rN-14.

Integrating we find

7u, _ T‘P—ll Apil
(NX)7T
—1)A7T v
u(r) = (p=1) — [R7T — 7T
p(NA) 7=
and )
ull gy = u(0) = B DA poe (14)
(D) —
p(NA)7=

Equation (14) yields (13) with the equality sign.

We shall consider now the case when a;; = |z|%d;;, B > 0, §;; being the Kronecker symbol.
In this case condition (2) holds with ¢(z) = ¥(z) = |5r|% If we look for condition (3) when E are
balls centered in the origin we find « = 1 — ﬁ We think that this value of « is correct for all
Borel sets E, but we can prove this fact in case of N = 2 only (see the next section).

Let us show that the conclusion of Theorem 2.2 is generally false if fiyz—! € L*(D) with
s = NTJ”B and p > 2.

We have
p=2 p=2
((aijusuey) 7 aijua,), = ((2’IVul?) 7 J2) us,) -
If u(x) is a radial function and u(x) = v(r) for |z| = r, we have u,, = v'%* and
— !
(22 1Val®) = 2l ), = 7t (P31 o 20)

Consider problem (1) when € is a ball B centered in the origin and f = f(r) is a radial function.
Then the solution v is radial and satisfies the equation

p /
—rl_N(rN_1+%\v’|p_2v') = f(r). (15)
Let B be the ball with radius 1/e. Consider the unbounded function

v(r) = log(—logr).
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We find

, 1

rlogr

and
=N N=1482 1p—2. 7\ 1-N( N+82_p 1-p\’
—r r [P = r T2 "P(—logr)

“#(logr) [N+ 2y (1 p)

Bp
2

=T

logr}'

Hence, our function v satisfies equation (15) with

where C(r) is a bounded function for r < 1.

If s = # we have

Bp N+8

(f(r)l/’(g_l))s = C'(T)TT_N_[B(— log r)(lfp) P,

If 8> 0 it is easy to see that f(r)y(c—1 € L5(B) for s < N;fﬁ and p > 2.

The same computations with 8 = 0 show that when f € L*(D) with s = % and p > % we
may have unbounded solutions of equation (1).

4 Proof of the isoperimetric inequality in dimension two and
for radially symmetric functions ¢ and v

We shall deal with ¢(x) = Ax|?, ¥(z) = Alz|", 0 <A< A, v+ 1> >~ >0 in this section.

We use polar coordinates (p, ). If E is a given set, we define a new set E’ according to the
following rule. For every p > 0, if F, = {x € R? : |z| = p} we replace E N F, with the arc with
radius p, having the same 1-dimensional measure as E N F,, centered in (p,0). The sets E’ are
situated symmetrically with respect to 8 = 0. We have

/|:c\7dx:/ || d.
E E

Indeed, if we integrate from p to p + dp we find p7idp, where [ is the 1-dimensional measure of
E N F, (which is equal to the 1-dimensional measure of E' N F,). Moreover, we have

/ |x|ﬁd52/ |z|Pds’.
oF oE"

Indeed, if = 0 this is the classical isoperimetric inequality (see, for example, [5]). If 8 > 0 we
can apply this inequality to the region of E enclosed between p and p+ dp. The boundary integral
of this elementary part of E is p”(ds + 2I) (I has the same meaning as before). Similarly, the
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boundary integral of the part of E’ enclosed between p and p + dp is p®(ds’ +21). Hence, ds > ds'
for each value of p. The inequality follows.

Therefore, in order to prove condition (3) we can confine ourselves to sets E having the
representation

E={r<p<R, —h(p) <0 <h(p)}
with » > 0. Of course, 0 < h(p) < 7.

Consider first the case h(p) = 7 for 0 < p < R, that is the disc centered in the origin and of
radius R. We find

27 A
/ Az|Pds = 2mARPTY, / Alz[Ydw = —“= R1+2,
OF E v+2

Therefore, with

=

+1
+

o =

2
)

we have
Jop Alz|Pds 27\

(fotleaz)” (22)"

Let h(p) < 7 for 0 < p < R. Define the new set

with 7 such that

This value of 7 € (0, 7) exists because D, is the disc with radius R and Dy is the segment (0, R),
E C D, but E # D, and
F(r) :/ |z|Y dx
DT

is a continuous monotonically increasing function for 0 < 7 < 7. Let us show that

2
/ z|Pds > 2/ |z|Pds’ = ——RA*!, (21)
OF L p+1

where L is the segment 0§ = 7, 0 < p < R. Indeed, if ds is the length of the part of the arc OF
between p and p + dp, and if ds’ is the length of the part of the segment L between p and p + dp,
we have ds > 2ds’. We notice that the segment L is situated at # = 7, whereas OF has one part
situated at @ > 0, and the symmetric part situated at 6 < 0.

Easy computations yield

2
/ |z[Vde = =L R7+2.
v+2

-
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Therefore, with « as in (20) we have

2) 2\
JopNal?ds 3 28]

(loxeras) ~ ()" ()"

Now we consider r > 0. If h(r) = 7 for r < p < R we can replace E by the ball h(r) = 7 for

0 < p < R. The integral of A|z|” over the ball is greater than the integral over E, whereas, the

integral of \|z|? over the boundary of the ball is smaller than the integral over OE. Hence, in this

situation we find

Jop Alz|Pds o 2mA

(i)~ ()

Let h(r) < w for r < p < R. Define the set

GT:{TSpSRa 77—§9§T}a

/|x|7dz:/ || d.
E G

.

with 7 such that

We have 0 < 7 < 7. Arguing as in the proof of (21), now we find

2
/ |z|Pds > 2/ |z|Pds’ = —— (RPHT — P,
oF L B+1

where L is the segment 6 =7, r < p < R.

Let us show that we also have

/ lz|Pds > 2/ |z|Pds’ = 27 rPHL,
OE r

(23)

where I' is the arc p =7, 0 < 0 < 7. Indeed, if ds is the length of the part of the arc OF between
0 and 6+ df, 6 > 0, and if ds’ is the length of the part of the arc I" between 6 and 6 + df, we have

ds > ds’. Recall that OF is symmetric with respect to 6 = 0.
If we add (22) and (23) we get

1
/ |z|Pds > S 1(R5+1 — Pt 4 P
0B

On the other side, direct computation yields

R
2
/ |z|7dx = / |x|"dx = 27’/ P’ dp = 77(37+2 — T2,
E G- r 0 +2
Therefore, with « as in (20) we find

Jop Aalds gy (R =24 7 2041

(fE A|x|7dﬁﬂ>a - (M>Q(RV+2 — prt2)a

y+2
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IfTZﬁweget

RA+L _ 7“5"‘1) NS W an A RB+1 A

A( A
B+1 B+1 > B+1

v+2 v+2 v+2

To discuss the case 7 < ﬁ we consider the function

ROHL _ pB+1 g o841
<t(R'Y+2 — m+2)) ¢

F(r,t) =

for0O<t<landO0O<r<R. Itiseasytoseethat%—szfor

a RAHL gyl

tzl—a rO+1

(M)Q(RVH — prt2)a = (m)a(sz — pri2)a = (m)“

With ¢ € (0,1), the function F(r,t) is positive, strictly decreasing for ¢ < ¢ and strictly increasing

for ¢t > t. Then two cases are considered.

a) 0<r< RaP+T. Then we have I > 1. Therefore, recalling that « is given by equation (20) we

find
RA+1
> = > .
F(r,t) > F(r,1) (R'H—Z — 7«'y+2)0‘ >1, Vvte(0,1)

b) Ra71 < r < R.

(i) From v+ 1> 8 > v > 0 we find

1 1 1

,§i<a:ﬁi<17

27 v+2 v+2
which implies 2 — 1 > 0 and a(y + 1) — B(1 — ) > 0.

(i) Since —2t < f3rr we have
1 RB+L _ pB+1

o
_ B+1_pB+1
1 o (1 ozo 4 T/3+1; (R'Y"FQ T’Y+2))

F(r,t) > F(T,f) =

1 RB+1 _ yB+1

T 1—a_ 1 RO+1_psH @
T e (R =)

RO+ _ pft1)l-a pa(B+1)
(R’y+2 _ T’y+2)(x

— (1 _ a)afl(

(iii) As we know from the theory of homogeneous functions,

ROTL _ B+ > Cs(R—r)(R+ T)ﬂ
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and

R*2 - *2 < O (R—r)(R+r)T,

for suitable positive constants Cg and C.,. This implies

(RB+1 . Tﬁ+1)1*QR0¢(5+1) C[l;*a Ra(ﬁ+1)
>
(R7+2 _ r'y+2)oz = Cﬁf (R _ r)Qa—l(R 4 T)(X(’Y-i-l)—ﬁ(l—a)
l—« o 11—«
Cs Ra(B+1) Cs

> Co RZa-1(2R)e(+D=A0—a) - Ca2at+)=pl=a)"
Therefore, for this kind of sets E there is C3.y > 0 such that
Jor Alz|ds A
—————a 2> CRUCE
<fE A|m|”fdac)

Let h(p) =mfor 0 < p < rand h(p) <7 forr < p < R. If thereisaset G, = {r < p <
R, —7 <0 <7}, with 7 <7 such that

/|x|7daz=2/ |z|Ydx,
E G,

then we can argue as in the previous case and find
S Mz|Pds A
3E—a > Cﬁ,’v

(fE A|x\7dx)

/ |x|7dx > 2/ || d.
E G

™

Since IBR |z[Ydz > [, |z|"dx and G = Bg \ B, this implies that

/ |x\'ydﬂc22/ |x\'ydx—2/ |x|Ydex,
Br Br B

r

()24 o

On the other side, since B, C E C Br we have

/\:z:|’ydz§/ || d,
E Br

/ )\|x\’6d52/ Az|Pds.
OFE 0B,

Jop, MalPds — F3 (1)“1
(fBRA|x\vdx)a (3%)“ R

PINE

Otherwise we must have

from which we get

Hence,
Jop Alz|Pds

(fEA\xhd;v)a

>
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Estimates (24) and (25) yield

27\
faE)\|x\'6ds - 1

(1o opae)” ()"

The case E has the representation h(p) < 7 for 0 < p < R, can be reduced to one of the

previous cases. Indeed, let b = sup{p : h(p) = w}. If b = R we replace E with the ball E with
radius R. If b < R we replace E with the set E having the representation ﬁ(p) = for 0 < p < b,
and iL(p) = h(p) for b < p < R. The integral of Alz|? over E is greater than the corresponding
integral over E, whereas, the integral of \|z|® over OF is smaller than the corresponding integral
over OF.

The case F has the representation h(p) < m for r < p < R can be treated similarly. If b is as
before and b = R we replace F with the ball E with radius R. If b < R we replace E with the set
E having the representation h(p) = 7 for 0 < p < b, and h(p) = h(p) for b < p < R.

This way we have completed the proof of (3) in our special case.

Received: May 2008. Revised: September 2008.
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