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ABSTRACT

We investigate Tikhonov regularization methods for linear and nonlinear ill-posed problems
in Banach spaces, where the penalty term is described by Bregman distances. We prove
convergence and stability results. Moreover, using appropriate source conditions, we are able
to derive rates of convergence in terms of Bregman distances. We also analyze an iterated
Tikhonov method for nonlinear problems, where the penalization is given by an appropriate
convex functional.

RESUMEN

Investigamos métodos de regularizacion de Tikhonov para problemas no lineales mal-puestos
en espacios de Banach, donde el término de penalizacién es descrito por distancias de Bregman.
Probamos resultados de convergencia y estabilidad. Ademaés, usando condiciones apropriadas,
somos capazes de obtener tasas de convergencia en términos de las distancias de Bergman.
También analizamos un método de iterados de Tikhnov para problemas no lineales donde la
penalizacién es dada por un funcional convexo apropriado.
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1 Introduction

In this paper we study non-quadratic regularization methods for solving ill-posed operator equa-
tions of the form

Flu)=y, (1)
where F': Z(F) C 4 — # is an operator between infinite dimensional Banach spaces. Both linear

and nonlinear problems are considered.

Tikhonov method is widely used to approximate solutions of inverse problems modeled by
operator equations in Hilbert spaces [11, 5]. In this article we investigate a Tikhonov methods,
which consist of the minimization of functionals of the type

T () = SIF() | + ah (u) )

where o € Ry is called regularization parameter, h (-) is a proper convex functional, and the noisy
data y? satisfy

ly =yl <6 . 3)

The method presented above represents a generalization of the classical Tikhonov regulariza-
tion. Therefore, the following questions arise:

e For a > 0, does the solution (2) exist? Does the solution depends continuously on the data
69
y°1

e Is the method convergent? (i.e., if the data y is exact and o — 0, do the minimizers of (2)
converge to a solution of (1)7)

e Is the method stable in the sense that: if @ = «(d) is chosen appropriately, do the minimizers
of (2) converge to a solution of (1) as § — 07

e What is the rate of convergence? How should the parameter o = «(d) be chosen in order to
get optimal convergence rates?
The first point above is answered in [6]. Throughout this article we assume the following
assumptions.

Assumption 1.1.

(A1) Given the Banach spaces U and H one associates the topologies T4 and T, , respectively,

which are weaker than the norm topologies;
(A2) The topological duals of U and #H are denoted by u* and *, respectively;

(A3) The norm ||-|| is sequentially lower semi-continuous with respect to T, i.e., for up — u with
respect to the T4 topology, h (u) < liminfy h (ug);
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(A4) P(F) has non-empty interior with respect to the norm topology and is Ty -closed. Moreover,
D(F)Ndom h #0;

(A5) F:9(F) Cu — 3 is continuous from (U, Ty) to (H , Ty );

(A6) The functional h : [0,4+00] — #H is proper, convez, bounded from below and Tq lower semi-

continuous;

(A7) For every M >0, a > 0, the sets
Mo (M)={uecu | J(u) <M}

are Ty compact, i.e. every sequence (uy) in My (M) has a subsequence, which is convergent
in U with respect to the T4 topology.

The goal of this paper is to answer the last three questions posed above. We obtain convergence
rates and error estimates with respect to the generalized Bregman distances, originally introduced
in [3]. Even though this tool does not satisfy symmetry requirement nor the triangular inequality,
it is the main ingredient to this work.

This paper is organized as follow: In section 2 we consider the linear case and give quantitative
estimates for the minimizers of (2), for exact and for noisy data. In section 3 contains similar results
as the section 2 for nonlinear problems. In section 4 we briefly discuss a iterative method for the
nonlinear case, the main results contains convergence analysis.

2 Convergence Analysis for Linear Problems

In this section we consider only the linear case. Equation (1) will be denoted by Fu =y, and the
operator is defined from a Banach space to a Hilbert space. The main results of this section were
proposed originally in [4, 8].

2.1 Rates of convergence for source condition of type I

Error estimates for the solution error can be obtained only under additional smoothness assumption
on the data, the so called source conditions. At a first moment we assume that y € Z(F) and let
7 be an h-minimizing solution by definition A.2. We assume that there exist at least one element
¢ in Oh (w) which belongs to the range of adjoint of the operator F. Note that Z(F*) C u* and
Oh (@) C w*. Summarizing, we have

¢€ REFNOh(T)# 2, (4)

where @ is such that
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We can rewrite the source condition (4) as following: there exists an element w € # such that

¢ = F*w. Note that under this assumption we can define the dual pairing for (v, u) € u* x u,
where ¢ € Z(F*) as

(W, u)=(F'v,u):= (v, Fu), ,
for some v € # .

Theorem 2.1 (Stability). Let (3) hold and let T be an h-minimizing solution of (1) such that the

source condition (4) and (5) are satisfied. Then, for each minimizer ul, of (2) the estimate
F*w (,,6 = 1 2
D (u8.7) < 2= (0] +9) ©)

o

holds for a > 0. In particular, if o ~ 3, then D,};*“’ (u5 ﬂ) =0 (9).

Proof. We note that HFU—y5H2 < 62, by (5) and (3). Since u® is a minimizer of the

[0}

regularized problem (2), we have
2
% HFu‘; - y6H2 + ah (ui) < % + ah (1) .

Let D,f w (ui,ﬂ) the Bregman distance between ug and u, so the above inequality becomes

lHFu‘s— 5H2+a(DF*“’ (u5 E)+<F*w u‘;—ﬂ>) < ﬁ
2 « Y h e} » Yo = 2'

Hence, using (3) and Cauchy-Schwarz inequality we can derive the estimate
1 s K s s F*w (8 = 52
3 |Ful, — y°[|” + {ow , Ful, —y ), aDi ¢ (ug, ) < E—i—anHé.
Using the the equality |la 4 b||* = [la]|® + 2 (a , b) 4 [|b]|%, it is easy to see that
% HFu‘; —y0 4 awH2 + aD,f*“’ (ui,ﬂ) < %2 Hw||2 +ad ||| + g ,
which yields (6) for a > 0. O

Theorem 2.2 (Convergence). If @ is an h-minimizing solution of (1) such that the source condi-
tion (4) and (5) are satisfied, then for each minimizer u, of (2) with exact data, the estimate

* _ [0
D™ (10, ) < 3 [l

holds true.

Proof. The proof is analogous to the proof of theorem 2.1, taking § = 0. O
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2.2 Rates of convergence for source condition of type II

In this section we use another source condition, which is stronger than the one used in previous
subsection. This condition corresponds the existence of some element & € Oh (@) C u* in the range
of the operator F*F, i.e.

EeZ(F*F)Noh () £, (7)

where @ is such that
F*Fu=F"y. (8)

Note that in (8) we do not require y € Z(F'). Moreover, the definition A.2 is given in context
of least-squares solution. The condition (7) is equivalent to the existence of w € @\ {0} such that
¢ = F*Fw, where F* is the adjoint operator of F and F*F : u — u*.

Theorem 2.3 (Stability). Let (3) hold and let w be an h-minimizing solution of (1) such that
the source condition (7) as well as (8) are satisfied. Then the following inequalities hold for any
a>0:

. . 52 6 .
D}f Fw (uiaﬂ) SD;}; Fw (ﬂ—aw7u)+g+a\/§2+2QD5 Fw (ﬂ—aw,ﬂ), (9)

|Ful, — Fa|| < o|Fw| + 6 + \/62 + 2aDEFY (1 — aw, W) . (10)

0

(e

definition of Bregman distance that

Proof. Since u?, is a minimizer of (2), it follows from algebraic manipulation and from the

0 > g [IFud — oI~ [Fu— ] + ok (u2) ~ ok (u)
= S [P - 1Fal?) - (F (- w) o), - aDE T )
+a(Fw, F(u),—u)), +aDf ' (ud,7) . (11)
Notice that
[Pl |’ = I1Ful® = |[F (ud —a+aw)| ~ |IF (u -1+ ow)|’

+2<Fui—Fu,Fﬂ—aFw>% .

Moreover, by (8), we have <F (ug —u) 0 — Fﬂ>ﬂ = <F (u‘; —u) 0 —y>ﬂ. Therefore, it
follows from (11) that

% HF (u‘; —u+ aw)||2 + ozD,f*F“ (u‘;,ﬂ)

. 1
< (F(uh—u) y° —y), +aDf Y () + 5 | F (- 7+ aw)

for every u € 4, « > 0 and § > 0.
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Replacing u by @ — aw in the last inequality, using (3), relations (a , b) <|{a , b)| < ||a| ||,

and defining v = ||F (ui —u+ aw) || we obtain
%72 +aDf e (u‘;,ﬂ) < oy +aDf Y (T — aw,T) .

We estimate separately each term on the left hand side by right hand side. One of the estimates is
an inequality in the form of a polynomial of the second degree for v, which gives us the inequality

v<6+ \/52+20<D5*F“’(U—aw,ﬂ).

This inequality together with the other estimate, gives us (9). Now, (10) follows from the fact that
|1F (e ~ @) <7+l Fl. O

Theorem 2.4 (Convergence). Let o > 0 be given. If T is a h-minimizing solution of (1) satisfying

the source condition (7) as well as (8), then the following inequalities hold true:

le‘*Fw (Ua,ﬂ) S le‘*Fw (E - aw,ﬂ)

3

[Fua — Ful| < oof[Fwl|| + \/QOsz;*F“’ (T — ow, ) .

Proof. The proof is analogous to the proof of theorem 2.3, taking 6 = 0. Notice that here «
can be taken equal to zero. 0

Corollary 2.5. Let the assumptions of the theorem 2.3 hold true. Further, assume that h is twice
differentiable in a neighborhood U of w and there exists a number M > 0 such that for any v € u
and u € U the inequality

(h"(w)v , v) < M |Jv]? (12)

hold true. Then, for the parameter choice o ~ 83 we have D}i (ui,ﬂ) =0 (5%). Moreover, for

ezact data we have D,&L (U, W) = O (a?).
Proof. Using Taylor’s expansion at the point @ we obtain
1
h(u) = h@+ @), w=1)+5 R (-1, v-"1)

for some 1 € [u, ). Let u =1 — aw in the above equality. For sufficiently small «, it follows from
assumption (12) and the definition of the Bregman distance, with £ = h/(@), that

1
DS (T —ow, @) = §<h”(,u)(—aw), — aw)
M
< Pl -

2

Note that D}i (T —aw,u) =0 (az), so the desired rates of convergence follow from theorems 2.3
and 2.4. 0
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3 Convergence Analysis for Nonlinear Problems

This section points out the convergence analysis for the nonlinear problems. We need to assume a
nonlinear condition. In contrast with other classical conditions, the following analysis covers the
case when both @ and # are Banach spaces.

Assumption 3.1. Assume that an h-minimizing solution u of (1) exists and that the operator
F:9(F)Cu— #H is Gateauz differentiable. Moreover, assume that there exists p > 0 such that,
for every u e Z(F)N B, ()

|F (u) — F (@) — F' (@) (u—a)|| < D5, (u,@) , ¢>0 (13)
and & € Oh ().

This assumption was proposed originally in [9].

3.1 Rates of convergence for source condition of type I

For nonlinear operators we cannot define an adjoint operator. Therefore the assumptions are done
with respect to the linearization of the operator F. In comparison with the source condition (4)

introduced on previous section, we assume that
Ee€e Z(F' (u)")Noh(u) £ 2 (14)

where @ solves

F@)=y. (15)

The derivative of operator F is defined between the Banach space @ and & (u, # ), the space
of the linear transformations from @ to # . When we apply the derivative at © € ¢4 we have a
linear operator F’ (7) : « — # and so we can define its adjoint, F’ (u)" : #* — u*.

The source condition (14) is stated as follows: There exists an element w € # * such that
E=F (u)'wedh@) . (16)

Theorem 3.2 (Stability). Let the assumptions 1.1, 3.1 and relation (3) hold true. Moreover,
assume that there exists w € H* such that (16) is satisfied and c|lw||,,. < 1. Then, the following

estimates hold: )
3

17 (ud) = F @) < 20 |wl,- +2 (o wl. +6°)

F'(w)*w 2 5’ 2 2 B
Dy ™ ( ot alwl 4wl (o wl- +6%) ] -

5 —
< =
o T) = T

In particular, if o ~ 6, then ||F (ul) — F (w)|| = 0 (6) and Dfl(ﬂ)*w (ul,m) = 0(6).
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Proof. Since ul, is the minimizer of (2), it follows from the definition of the Bregman distance
that

1 2 1 (@) w _ .\ k —
3 |F(ud) %" < 552 -« (D,Ij( ) (ud, @) + (F' (@) w , ud, —u>) .
By using (3) and (15) we obtain
1
SIF @) —F@|” < ||F(ud) -+
Now, using the last two inequalities above, the definition of Bregman distance, the nonlinearity
condition and the assumption (¢ ||lwl|,. —1) <0, we obtain

HFE@) -F@l < 5 (IF @) - +8)
< 8 —aDy " (ul W) +a e, — F (@) (u) —7))
< & —aD; " (ui,u>+a|\wnp F (u}) — F (@)
ol F(ui)—F(‘) ><uz—u>u
= & +a(elwl,. —1)Df " ( )
F(u),) = F (ﬂ)H (17)
< 62 F(u}) —F @) (18)

From (18) we obtain an inequality in the form of a polynomial of second degree for the variable
v = ||[F (u%) — F (w)||. This gives us the first estimate stated by the theorem. For the second
estimate we use (17) and the previous estimate for . O

Theorem 3.3 (Convergence). Let the assumptions 1.1 and 3.1 hold true. Moreover, assume the
existence of w € #* such that (16) is satisfied and c||wl|,,. < 1. Then, the following estimates
hold:

1F (ua) = F (@] < dallwll,-

F (@) w da|w]3-
D, (Uq, W) < A

T l-clwll,.

Proof. The proof is analogous to the proof of theorem 3.2, taking 6 = 0. O

3.2 Rates of convergence for source condition of type II

In this subsection we consider a source condition similar to the one in (7), namely we assume the
existence of

EeZ(F ()" F' (u))Noh(u) + .
The assumption above is equivalent the existence of an element w € 4 with

¢=F (@) F (@)we oh(T) . (19)
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Theorem 3.4 (Stability). Let the assumptions 1.1, 3.1 hold as well as estimate (3). Moreover, let
H be a Hilbert space and assume the existence of an h-minimizing solution w of (1) in the interior
of 2(F). Assume also the existence of w € U such that (19) is satisfied and c||[F' (@) w]| < 1.
Then, for a sufficiently small the following estimates hold:

IF (ug) = F @) || < a||F' (@) w|| + g(a ),

as+ (es)?/2 4+ dg(a, §) + es (6 + a||[F' (@) w]|)

E (6 =
Pl ®) < o (L= c[F () | 20)
where g(a,d) =6 + \/(5 +¢s)> 4+ 2as (1 +¢|F' (@) w|) and s = Di (T — aw, ).
Proof. Since u®, is the minimizer of (2), it follows that
L s sz 1 5|2 s
0 > S|F(ue) =9I = 3 IF () =¢°|" + e (A (ua) = (w))
1 1
= SIF @) =5 IF @I+ (F ) - F () o),
+a (b (ug) = h ()
= & (u})—D(u). (21)

where @ (u) = %HF(u) —q|]? + aD$ (u,1) — (F(u) ,y°—q), +al, u), ¢g=F @ —aF (0w

and ¢ is given by source condition (19).

From (21) we have @ (u%) < @ (u). By the definition of @ (-), taking u = U — aw and setting
v="F (u)) — F (u) + oF (W) w we obtain

1
5 lvl® +aDj (u), 1) < as+ T+ Ty + T, (22)

where s is given in the theorem, and

1
T =5 |F @ - aw) = F (@) + oF’ @ w|,

Tg:KF(ui)—F(ﬂ—aw) ,y‘s—y>%‘ ,

T3:a<F’(ﬂ)w,F(u‘;) —F(u—ow)—F'(u) (u‘;—(ﬂ—aw)»ﬂ .

The next step is to estimate the constants T3, j = 1,2,3 above. We use the nonlinear condition

s>

(13), Cauchy-Schwarz, and some algebraic manipulation to obtain 71 < &5,

T, < ‘<U,y‘s—y>ﬂ‘+’<F(ﬂ—aw)—F(ﬂ)+aF’(ﬂ)w— ,yé—y>ﬂ’
< oll]|y® = yl| + eDj, (@ — ow, @) ||y — y||
< b ||| + des,
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and
Ty = olF @w, F(u)) - F@-F @ (u),-u)),
+a(F' (Ww, — (F(u—aw)— F(u) + aF (W) w)),,
< allF'@uwl|||F (uq) — F (@) - F' (@) (u), —7)

< al|F (@) w| cDZ (u‘;,ﬂ) + a||F (u)w|| chL (T — aw,T)
= ac||F' @ w| D5, (uS, @) + acs |F' (@) w]| .

Using these estimates in (22), we obtain

[0]* + 2aDj, (ug, @) [L = c|[F' @ w]] < 25 ]v] +2as + (cs)*
+2d0cs + 2acs ||F' (w) wl| -

Analogously as in the proof of theorem 2.3, each term on the left hand side of the last inequality is
estimated separately by the right hand side. This allows the derivation of an inequality described
by a polynomial of second degree. From this inequality, the theorem follows. O

Theorem 3.5 (Convergence). Let assumptions 1.1, 8.1 hold and assume 3 to be a Hilbert space.
Moreover, assume the existence of an h-minimizing solution @ of (1) in the interior of 2(F), and
also the existence of w € U such that (19) is satisfied, and ¢ ||F' (w)wl|| < 1. Then, for o sufficiently
small the following estimates hold:

IF () = F @) < e[| F' (@) w]| + \/(08)2 +2as (14 c|[F" (@) wl]),

as+ (cs)?/2+ acs||F' () w|,,

£ Ug,U) < ’
D (uq, @) < a(l—c|F @ wl,)

where s = D,i (T — aw, ).

Proof. The proof is analogous to the proof of theorem 3.4, taking § = 0. O

Corollary 3.6. Let assumptions of the theorem 3.4 hold true. Moreover, assume that h is twice
differentiable in a neighborhood U ofw, and that there exists a number M > 0 such that for allu € U
and for all v € U, the inequality (h"'(u)v , v) < M Hv||2 holds. Then, for the choice of parameter
o ~ 83 we have D,i (ui,ﬂ) =0 (5%), while for exact data we obtain D}i (ui,ﬂ) =0 (042) .

Proof. The proof is similar to the proof of corollary 2.5 and is based on theorems 3.4 and 3.5.

4 An Iterated Tikhonov Method for Nonlinear Problems

On this section we investigate an iterative method based on Bregman distances for nonlinear
problems. We consider the operator F' : 4 — # defined between a Banach space and a Hilbert
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space, Fréchet differentiable with closed and convex domain Z(F). The operator equation (1) is

ill-posed in the sense of Hadamard, the solution does not need to be unique, so we define
8(y)={ue2(F) | F(u)=y}.

The method was originally proposed by Osher in [7], who generalized the ideas of the method
ROF [10] (see [1] for further details).

The analyzed method generalizes the iterated Tikhonov method and is given by
. 1 2
wein € argmin {5 |7 (@) = o7+ D (w0} (24)
where the subgradient required is updated by the rule

Skr1 =&k — aikF' (upt1)™ (F (ues1) —9°) - (25)

Algorithm 1 generalized Tikhonov with Bregman distance
Require: ug € Z(F) Ndom h, & € Oh (up)

1: k=0

2: ap >0

3: repeat
) 1 2

4: U1 € argmin {5 |F (u) — ]| + ay DS (u,uk)}
1 *

5 Ekt1 =&k — a_kF/ (urg1)” (F (uks1) —y°)

6 k=k+1

7 ap >0

8: until convergence

Remark 4.1. It is easy to see that the definition (25) is equivalent to
"1
Seir=%— ) ;F' (uj1)" (F (uj41) —9°) - (26)
j=0 "7

We obtain monotonicity of residuals directly from the above definitions.

Lemma 4.2. The iterates defined by algorithm 1 satisfy the estimate

ly* = F ()| < [ly” = F ()] -

1
Proof. Defining J? (u) = 3 | F (u) — y‘SH2 + akDik (u,ug), the lemma follows the fact that
Uj41 is @ minimizer of (24), i.e., JS (ugps1) < J2 (uy). O

Under a nonlinearity condition on F' we prove a monotonicity result for the Bregman distance,
ie., Di’““ (@, upr1) < DSF (T, us).
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Lemma 4.3. Let y° € # be the given data. If for some uy, and &, the iterate up, 1 in (24) satisfies

9 = F (urs1) = F' (upg1) (@ = ugsr)|| < eljy’ = F (ung)]]

for some 0 < c < 1, then

¢ 2
Dy (@, up1) — DY (T, un) + D§F (wern, up) < — |v° = F (urs)]|” - (27)

ag
Proof. This result follows from the equality (see [1] for details)
DR (@ upyr) = DR (@) + D (e, ) = (G = G s s =) -

Using (25) on the right hand side, summing +(F (us41) —%°) on the second term (inside the inner
product), using Cauchy-Schwarz and the assumptions, we conclude that estimate (27) holds. O

The subsequent results are obtained assuming that the nonlinear operator F' is such that
P(F) C L*(Q) and Q C R™ is a bounded Lipschitz domain, and assuming that the regularization
convex functional is given by

() = 5 N2y + lulsveey (28)
Lemma 4.4. If h(-) is the convez functional defined by (28), then
1 2 ¢
B v — u||L2(Q) < Dy, (v,u)
for every u,v € P(F) and & € Oh (u).

Proof. This proof is straightforward, once we establish some auxiliary properties concerning
calculus of subgradients. For a complete proof we refer the reader to [2]. O

Assumption 4.5. Let F : 2(F) C L? (2) — # be a weakly sequentially closed nonlinear operator,
F' () be locally bounded. Moreover, suppose that the nonlinearity condition

1 (v) = F (u) = F' (u) (v = w)[| <7 llu—=0llp2q) [IF (u) = F (0)]] (29)

is satisfied for every u, v € B, (w) N (F), where n,p > 0 and B, (u) denotes the open ball around
u of radius p in L? () and u € 8 (y) Ndom h.

Remark 4.6. We can rewrite the left side of the inequality given in (29) as

1F () (0 = wll < (140l = oll oy ) I1F () = F (0)] -

The next result gives the mean result about the sequence of iterates from algorithm 1 is
well-defined.
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Proposition 4.7. Let assumption 4.5 hold, k € N and ug,&x be a pair of iterates according

to algorithm 1. Then, there exists a minimizer ugy1 for (24) and k1 given by (25) satisfies
i1 € Oh (up41).

Proof. If there exists an u such that JJ (u) is finite, then there is a sequence (u;) €
2(F) N BV (Q) such that lim; JS (u;) — B, where 8 = inf {J (u) | u€ 2(F)}. In partic-

M
ular, Di’“ (uj,ur) < —. By definition of the Bregman distance, together with (28) and observing
ag

1 2 1 2 1 2 . ~
that 3 HujHL2(Q) =&k uy) = 3 lJuj — fk”p(g) ~3 ||§kHL2(Q)a we obtain |u;|pv(q) < My, where
M, > 0 depends on the current iterates. Thus, the existence of a minimizer follows from compact-

ness arguments.
It remains to prove that &x41 € Oh (ugy1). This result follows from the inequality ¢o(v) >

2
$2(tkr1) + (= (ur+1) , v — ki), where 61 (u) = 3 [9° = F (][ () and ¢2(u) = g D5 (u, ug)
(see [1, 2] for details). O

4.1 Main results

The main results of this section give sufficient conditions to guarantee existence of a convergence
subsequence in algorithm 1, (for both exact and noisy data). In particular, for noisy data, we
introduce a stopping rule based on the discrepancy principle. For a complete proof we refer the
reader to [2].

Theorem 4.8 (Convergence). Let the assumption 4.5 hold, v < mm{ } form, p as in (29),
0 < ar < @, h(u) < oco. Moreover, assume that the starting values ug, & € L?(Q) satisfy
Di" (W, uo) < % for some u € 8(y). Then, for evact data, the sequence (uy) has a subsequence
converging to some u € 8 (y) in the weak-+ topology of BV (Q). Moreover, if 8§ (y) N B, (w) = {u},
then uy, = in BV (Q).

Proof. Step 1: First we rewrite the assumption in the form 2\/2D,i° (T, up) < y. Assuming
that the same condition holds for a pair of iterates ug, £ we proof by induction that it also holds

for the index k + 1.

Let w11 be the minimizer of J,, (+), 80 Jo, (ur+1) < Jo, (@). Thus we rewrite the inequality,
then apply lemma 4.4 twice, and conclude that ||ugy1 — ﬂ||L2(Q) < 7. Hence, assumption 4.5 is
satisfied and the lemma 4.3 hold for all iterates
Step 2: In this step we proof that > .~ —0 7 Hy F (uip1)]” < oo.

As in the previous step, it follows from Lemma 4.3 that (27) holds for every k. Adding up the first
k terms and using the assumptions on the starting values, we conclude that

k—1

ng (T, uk —I—ZD£ Uiy1,Us) +Z

=0 =0

2 ’72
Ly = F (i) < 2
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Since all terms on the left hand side are positive, step 2 follows from the third term taking the

limit as k tends to infinity. Note that this series is convergent, by the convergence criterion for
series follows F' (ug) — y.

Step 3: We show the uniform limitation of the sequence (h (ug)). Applying the Bregman distance
(it is always grater than zero) we have h (ug) < h(w) — (& , W — ug). Thus, by remark 4.1,
[uk+1 — Tl 12(q) <7 and the Cauchy-Schwarz inequality, we obtain

k—1
_ 1 _
h(ug) < (@) + 7 1€l 2y + Y I (i) =yl (uigr) (@ = )] -
i=0 "

In order to estimate the term inside the sum, note that for 0 < ¢ < k—1, the estimate ||F’ (u;41) (T — ug)|| <
1F" (wir1) @ — wit1)|| + | F” (wig1) (ug — uig1)|| holds. Now, using remark 4.6 twice, we find the

bound (3 4 577) ||F (u;y+1) — y|| for the previous estimate. Substituting this estimate in the sum

above and using step 2, the desired boundedness of the sequence (h (ux)) follows.

Step 4: We know that |h (ug)| = h(ux) < N, for some N > 0 (see (28)). The remaining
assertions of the theorem follow from standard compactness results (Banach-Alaoglu theorem). We
use the closed graph theorem to ensure that the limit of the obtained sequence belongs to 8 (y). O

In the case of noisy data we use a generalized discrepancy principle as stopping rule. The
stopping index is defined as the smallest integer k* satisfying

IF (ug+) = 9’|l < 76 (30)
where 7 > 1 still has to be chosen.
Theorem 4.9 (Stability). Let assumption 4.5 hold, v < min{%, g} for m and p as in (29),

0<a<a<a, h(u) < oo and the starting values ug, & € L? () satisfy Dfl‘) (T, up) < %: for
an u € 8(y). Moreover, let 6, > 0 be a sequence such that é,, — 0, and let the corresponding
stopping indices kf, be chosen according to (30) with T > (1 + nvy)/(1 —ny). Then for every dp,
the stopping index is finite and the sequence (uk:n) has a subsequence converging to an u € 8 (y)
in the weak-+ topology of BV (Q). Moreover, if 8 (y) N B, (@) = {u}, then ux= — 4 in BV (Q).

Proof. Step 1: This step is analogous to step 1 in the proof of theorem 4.8. For each k such
that k < k*—1, we have || F' (u) — y°|| > 76. By induction one can prove that ||uj4+1 — Ul 20 <7
and that the nonlinear condition (27) holds. Therefore, lemma 4.3 holds for ¢ = % (1 +ny)+ny.

Step 2: We show that the stopping index £* is finite. Analogous to step 2 in the proof of theorem
4.8, we sum up the first k* — 1 terms of (27), obtaining

k*—2 1 5 72

Since for every k < k* — 1 the inequality HF (ug) — y‘5|| > 70 holds, we use this inequality on the
left hand side of the above estimate and conclude that

k*<(%)2ﬁ+l.
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Step 3: In order to prove the convergence of the series in (31), notice that the right hand side of
(31) does not depend on k*.

Step 4: Analogous to step 3 in the proof of theorem 4.8, we use the Bregman distance, and remark
4.1 to conclude that

h(ug) < h(@)+ (S, @— )|

k*—2

> ai [(F (uir) =9, F' (uivn) (@ = upe)),, |
i=0 ¢
akil [(F (ug) —y° ) F' (up-) (@ —u)), | -

In the sequel we estimate the three terms on the right hand side of this inequality. For the first
of them we have [|7 — up«||;2(g) < p. Indeed, on step k* — 1 we have u- as minimizer of J3, (),

thus J (ug+) < JJ (7). Rearranging the terms and discarding some positive terms, it follows
2 2

5 + % Finally, we apply lemma 4.4 with § < § = \/3/472a.
Qpx—1

To estimate the last two terms we use Cauchy-Schwarz, assumption 4.5, lemma 4.2 and 4.3, remark

that Dik*71 (uk*,uk*,l) <

4.6 together with steps 1, 2 and 3 above. Summarizing, we obtain

(c+3+477p)7_2+7'62(14—770)(14—7')

hug) < h@+p ||§0HL2(Q) + (1—c) 8 a

Step 5: This step is very similar to step 4 in the proof of theorem 4.8. We just need to show that
F (uk:n) — y. This convergence follows from the estimate

IF () =il < M1 (s, ) = 9% [+ o™ ]
< (147)0m

when §,, goes to zero. O

A Definitions

Definition A.1. Given h () a convex functional, one can define the Bregman distance with respect

to h between the elements v,u € dom h as
Dy (v,u) = {Df (v,u) [ € € Oh ()}
where Oh (u) denotes the subdifferential of h at u and
D (v,u) =h(v) = h(u) = (€, v—u) .
We remark that (, ) denotes the standard dual pairing (duality product) with respect to
U* x au.

Another important definition is the generalized solution, we introduce the notion of the h-
minimizing solution bellow.
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Definition A.2. An element w € dom h N P(F) is called an h-minimizing solution of (1) if it

minimizes the functional h among every possible solutions, that is,

u = argmin{h(u) | F(u)=1y} .

Whenever we need, we can choose the least-square solution instead the standard solution
F(u) =y.
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