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ABSTRACT

We prove L' — L dispersive estimates with a logarithmic loss of derivatives for the Schrédinger
group e ™A*V) for a class of real-valued potentials V e C"~3/2(R"), V(z) = O((z)~?),
where n =4,5, >3ifn=4and § >5if n=>5.

RESUMEN

Probamos L' — L estimativas dispersivas con una perdida logaritmica de derivadas para el
grupo de Schrédinger e*(~21V) para una clase de potenciales a valores reales V € C(?=3)/2 (R"),
V(z)=0(z) %), donde n =4,5,6 >3sin=4yd>5sin=>5.
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1 Introduction and Statement of Results

The present paper is a continuation of our previous one [2] where L' — L dispersive estimates
without loss of derivatives for the Schrédinger group e’*(=2+V) have been proved for potentials
V € C*R"), V(z) = O({z)~?), where n = 4,5, k > (n—3)/2,6 >3ifn=4and § > 5if n = 5.
To be more precise, denote by Gy and G the self-adjoint realizations of the operators —A and
—A+V on L?*(R"), n > 4, where V € L>°(R") is a real-valued potential satisfying

[V (x)] < C(a:)_‘s, Vr e R", (1.1)

with constants C' > 0, 6 > (n+2)/2. In fact, we are interested in finding the biggest possible class
of real-valued potentials for which the perturbed Schrodinger group satisfies the following analogue
of the well-known dispersive estimate for the free one:

HeitGPac < Cl|™™2, t+£0, (1.2)

HL1~>L°°

where P,. denotes the spectral projection onto the absolutely continuous spectrum of G. There
have been many works studying this problem. In general, the proof of (1.2) goes in studying
separately and in a different maner three regions of frequencies - (1) low ones belonging to an
interval [0,¢], 0 < ¢ < 1, (assuming additionally that zero is neither an eigenvalue nor a resonance),
(2) intermediate ones in [, '], and (3) high frequencies in [¢~!, +0c). It became clear that in
dimensions one, two and three no regularity of the potential is needed to prove (1.2). In higher
dimensions the same conclusion remains true as far as the frequencies from the first two regions
are concerned, but it is no longer true at high frequencies. In fact, from purely mathematical point
of view the problem of proving (1.2) turns out to be interesting and difficult at high frequencies,
only. That is why, in the present paper we will be only interested in the following high frequency
analogue of (1.2):

€% Xa(G)|| 1 e S CIITM2, £ 0, (1.3)

where xo € C®((—00, +0)), Xa(A) =0 for A < a, xq(A) =1 for A > a+1, a > 1. Note that
when n = 1 the estimate (1.3) is proved by Goldberg and Shlag [4] for potentials V € L', while in
dimension n = 2 it is proved by Moulin [7] for potentials satisfying

\%
sup/ Lx)llﬂd:c < +o00.
yer2 Jr2 [T — Yl

When n = 3 Rodnianski and Shlag [10] proved (1.3) for small potentials belonging to a subclass
of Kato class with Kato norm satisfying

sup / Md:c<471',

y€R3 JR3 |:v—y|

while for large potentials Goldberg [3] proved (1.3) for V' € L3/27¢ 0 L[3/?*¢ 0 < ¢ < 1. The
situation, however, changes drastically when n > 4. Indeed, in this case Goldberg and Visan [5]
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showed the existence of potentials V € C§(R"™), Vk < (n — 3)/2, for which (1.3) fails to hold. On
the other hand, Journé, Soffer and Sogge [6] proved (1.3) for potentials satisfying (1.1) with 6 > n

as well as the following regularity condition
Vel (1.4)

Note that (1.3) has been recently proved by Moulin and Vodev [§] for potentials satisfying (1.1)
with 6 > n — 1 and (1.4). Without any regularity conditions on the potential Vodev [12] proved
dispersive estimates with a loss of (n — 3)/2 derivatives. More precisely, it was shown in [12] that
under the condition (1.1) only, we have the estimates

||eiiEGXa(G)Jc||Loo < O|t|fn/2 H<G>(n73)/4 f’

. (1.5)

||€itGXa(G)f||Lx < O|t|—n/2 H<I>n/2+e f’

. (1.6)

for every 0 < € < 1. So, the natural question which arises when n > 4 is that one of finding the
smallest possible regularity of the potential in order to have (1.3). In other words, is it possible
to replace the condition (1.4) by another one requiring less regularity on the potential? In view of
the counterexample of [5] mentioned above, when n > 4 it is quite natural to make the following

Conjecture 1. The dispersive estimate (1.3) holds true for all potentials V € C'én_3)/2(R”).

To our best knowledge, this is still an open problem. The following weaker statement, how-
ever, is more likely to be valid.

Conjecture 2. The dispersive estimate (1.3) holds true for all potentials V- € C¥(R™), where
k> (n—3)/2.

Indeed, when n = 4 or n = 5 Conjecture 2 follows from the recent results of [2]. However,
it is still open when n > 6. In fact, in [2] more general potentials are treated not necessarily
compactly supported. To describe this in more detials, introduce the spaces C§(R") and V§ (R™)
of all functions V € CF(R") satisfying

Wies == sup 3 (@) 05V (@)

*ER™ o<Jal<ko
9%V (x) — 88V ('
+vsup > (@) sup |02V () 2V o
@€R™ ST, @ERM|z—a/|<1 |z — /|

HVHVZsc = mseupn <Z|<k <$>6+‘a| |0V (2)]
0<|a|<ko
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PV (z) — APV (x'
+v sup Z ()5 +ko+v sup |05V () £ ()] < too,
TER™ 1=k, 2/ €R: |z —a/|<1 |z — 2]

where ko > 0 is an integer and v = k — ko satisfies 0 < v < 1. In [2] we have proved the following

Theorem 1.1. Let n =4 orn =5 and let V € C¥(R"™) with k > (n —3)/2, § > 3 ifn =4 and
0 > 5 if n=>5. Then, the dispersive estimate (1.3) holds true.

It is not clear, however, if this still holds with k = (n — 3)/2. Using the results of [2] we prove
in the present paper the following

Theorem 1.2. Letn=4 orn=>5andletV € Cénfg)/Q(R"), 0>3ifn=4andd >5 ifn=>.
Then, we have the dispersive estimate

HeitGXa(G)fHLoo < C’E|t|7"/2 H(log (2 n GQ))HEf‘

. (1.7)

for every 0 < e < 1. Moreover, for every 2 < p < 400 we have the optimal dispersive estimate
1€ Xa(G)|| o p» < Clt|7"/271P) (1.8)

where 1/p+1/p = 1.

Note that it is not clear if (1.7) and (1.8) hold true when n > 6. To prove the dispersive
estimates above one needs to bound the quantity

At h) = 6" " Cp(R2 G| 11 o

uniformly in both ¢ and h, where ¢ € C§°((0,4+00)) and 0 < h < 1 is a semi-classical parameter.
It was shown in [12] that, under the assumption (1.1) only, we have the bound

A(t,h) < Ch~(n=3)/2 (1.9)

in all dimensions n > 4, where C' > 0 is a constant independent of ¢ and h. On the other hand, if
we suppose (1.1) fulfilled with § > n —1 as well as (1.4), then we have the optimal bound (see [8])

A(t,h) < C. (1.10)

Note that (1.10) still holds under the assumptions of Theorem 1.1 (see [2]). To prove the estimates
(1.7) and (1.8) we show in the present paper that, under the assumptions of Theorem 1.2, we have
the bound

A(t,h) < Clog%. (1.11)

It is an open problem, however, to show that (1.11) still holds for potentials V' € C(()n—S)/Q (R™)
when n > 6. Indeed, the strategy of proving (1.11) proposed in [1] leads to the study of a finite
number (~ n/2) of operators, T;(t,h), t >0, j =0, 1,..., with explicit kernels defined as follows

t
Ti(t,h) =i / e t=m)Cou (W2Go)VTy_1 (7, h)dr, To(t,h) = e*Coup(h*G),
0



CU(BO) Dispersive Estimates for the Schrédinger Equation ... 61
11, 5 (2009

where 11 € C§°((0,4+00)), 1 = 1 on suppty. Roughly speaking, one needs to show that if
Ve C’én_3)/2(R”), then each T satisfies the bound

“n 1 :
T3t M)l oo < Cit72log 2, G 2 1 (1.12)

In the present paper we prove (1.12) with j = 1 in all dimensions n > 4 (actually for a larger
class of potentials - see Section 3). However, this is hard to show for j > 2. In fact, under the
assumption (1.1) only, we have the bounds (see [1])

IT5(t W)l 1y < Cit™™2RIP20 > 1 (1.13)

On the other hand, without any regularity assumption on V, the kernel of T} behaves like Cjt_"/ 2p=i(n=3)/2,

These observations show that if one wants to prove (1.12) (for j > 2) it suffices to do it for j < n/2
only, and secondly one should better avoid using the kernels of T} for this purpose, unless one
menages to show that some regularity on the potential improves the behaviour in h of the kernels
(which is far from being clear when j > 2). Note that (1.11) follows from (1.12) with j = 1 and
the following theorem proved in [2].

Theorem 1.3. If n = 4 we suppose V € C5(R*) with ¢ > 0, § > 3, while if n = 5 we suppose
V € CH(RP) with § > 5. Then, there exist constants C,eq > 0 so that we have the estimate

1

e"Gp(h*G) = > Tyt h) < Cheot—/2, (1.14)
=0 L1 e
Note again that it is a difficult open problem to show that (1.14) holds true for potentials
Ve C’én_3)/2(R”) when n > 6. However, (1.14) holds in all dimensions n > 4 for potentials
satisfying (1.1) with 6 > n—1 as well as (1.4) (see Appendix B of [8]). It is shown in [12], [1] that,
under the assumption (1.1) only, we have the bound (1.14) with 2~("=%)/2 in place of h% in the

right-hand side.

2 Proof of Theorem 1.2

In this section we will show that Theorem 1.2 follows from the estimate (1.11). To this end we will

1
7= [ v,

where (o) = ox,(0) € C5°((0, +00)). So we can write

use the identity

Xa(0) (log (2+ %)) / V(6 1og(4; 22t
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where

log(6?/2 + 02 /4) e
= 1 —
Yo(0) = ¥(o) ( log(62/4)
belongs to C§°((0,+00)) uniformly in 6 and having a support independent of 6. Therefore, we
have

e 2\ —2—€ ! itG L
"% (G) (log (2 + G?)) = /0 e 1/)9(9G)0 (log (40-2))7T¢"

Hence, by (1.11) we get

do

itG 2)) 72
"xa(@) (log (2+ G?)) 0 (log (40-2))°"

1
< [ 06,y

LY —[L>

1 1 1

. de n —dlog (20 n
< Clt] /2/ — < (Y /2/ —f H)esom 2,
o 6(log(20—1)) o (log(20—1))

which proves (1.7). To prove (1.8) we will use the following estimate proved in [12] (see Theorem
3.1)

|99 (6G) — € p(0Go)|| o, - < Ch. (2.1)
On the other hand, by (1.11) we have
[e““p(0G) — e (0G0 1 po < Ch™ €[t 72, (2.2)

for every 0 < e < 1. An interpolation between (2.1) and (2.2) leads to the estimate

HeztGw(eG) _ eitGozp(eGO)HLp’*,Lp < Ceh17(1+e)(172/p)|t|7n(1/271/p)’ (23)
for every 2 < p < +o0, where 1/p+1/p’ = 1. Let 2 < p < +00. By (2.3) we get

itG itGo e itGo do
He Xa(G) —€ XG(GO)HLP/—)LP < 0 He Y(OG) — e dj(eGO)”L#-»LP b

1
§C|t|fn<1/2fl/p>/ - 1+1/p—<(1/2-1/p) g9
0

1
< C|t|—n<1/2—1/p>/ 0-1+1/C0) gy < C|¢|-n(/2-1/p) (2.4)
0
provided € > 0 is taken small enough. Clearly, (1.8) follows from (2.4).

3 Study of the Operator 77 in all Dimensions n > 4

Let y=1¢/2if 0 <t <2,v=1if t > 2, and decompose the operator T; as follows

Y t t—y
Ty = (/ +/ ) +/ =TI 412,
0 t—y el

In this section we will prove the following



CU(BO) Dispersive Estimates for the Schrédinger Equation ... 63
11, 5 (2009

Proposition 3.1. Letn >4 and let V € Vgn_g)/g_k(R”), where 0 <k < (n—3)/2 and § > 2+k.

Then, we have the estimate

1
HTf”(t, h)} < Ct2h M log 5. (3.1)

L1— Lo
Moreover, if V€ V5*(R™) with an integer 0 < m < (n —3)/2, and if k > 0 is such that n — 1 —
2m -6 <k < (n—3)/2—m, then we have

<Ct2pTR 1> 2, (3.2)

2
HTl( )(t’h)‘ L1—Lo

Remark. It is proved in [12] that if V satisfies (1.1) with 6 > (n + 1)/2, then we have

T3 (8, 1) g < CE2RT D2,
Note also that (3.2) with m = k = 0 is proved in [8] (see Appendix B), and this is enough for the
proof of Theorem 1.2.

Proof. We will make use of the fact that the kernel of the operator e®*“ot)(h2Gy) is of the
form Kj(|z — yl,t), where

—2v

7 / h N (h2N2) T, (GA)NIN = h™ " K (0 /h, t/h2), (3.3)

)= Gy ),

where 7, (2) = 2" J,(2), J,(2) = (H,f (2) + H, (z)) /2 is the Bessel function of order v = (n—2)/2.
Thus, the kernel of T} is of the form

Tt = [ [ Fulle=el.t=nKully— el v (e

where K, denotes the kernel of the operator e#Got; (h2Gy). It is shown in [12] (see Proposition
2.1) that the function K, satisfies the bound

|Kn(o,t)] < Clho)s~(n=D/24=5712 0 i 6>0,0<h<1,0<s<(n—1)/2. (3.4)

Set
an(0,t) = t"/2e1° 1M K, (0,8) = a1 (0 /R, t/h2). (3.5)

Clearly, (3.4) can be rewritten as

t S
|ah(cr,t)|§0<h—> , Vt,0>0,0<h<1,0<s<(n-—1)/2 (3.6)
o

Denote a}, = day,/dt. We need the following

Lemma 3.2. For every t,0 >0,0<h <1,0<s < (n—1)/2 and every integer k > 0 such that

k+ s <n/2, we have the bound
. "/t
‘(?Uah(cr, t)‘ <C|- — ) . (3.7)
o ho
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Moreover, if k +s < (n —2)/2, we have

|0ka, (o, t)] < Ct™! <§>k (%)S (3.8)

Proof. In view of (3.5), it suffices to prove (3.7) and (3.8) with A = 1. Consider first the case
0 < o < 1. We will use that J,(z) = 2*¢,(z) with a function g,(z) analytic at = = 0. Hence,

given any integer k > 0 we have

LK1 (0,t) = / N i (N)gfP (o),
0

where 9, € C5°((0,+00)) and gl(,k) (2) = d*g,(2)/dz*. Let t > 1. Then, in the same way as in the
proof of Proposition 2.1 of [12] (see (2.10)) we have

05K (0,1)] < Crmt™ ™12, (3.9)

for every integer m > 0, and hence for all real m > 0. Using (3.9) we get

|0F T K (0,t)]

k
|3§a1(a, t)] < ctn/? Z ‘Qg (ewz/4t)
3=0

< Cvt(nfl)/Qfmb7

k
< Ct(n=1/2=m Z ‘6,3, (eigz/u)
Jj=0
which proves (3.7) (with h = 1) in this case. Let 0 < ¢ < 1. Then we have
0L K1 (0,t)| < Cy. (3.10)

Using (3.10) we get

K
|05 (o, 1)] < Ctnmz ol (eia2/4t)’ |07 K1 (0,1)]
=0

< C2 R < O,

k
< /2 Z ‘3§ (ew2/4t)
3=0

Consider now the case o > 1. We will use that 7,(z) = e*b} (2) + e~**b; (z) with functions b}
satisfying
‘(%bljf(z)‘ < Cz I e > g, (3.11)

for every integer j > 0 and every zp > with a constant C; > 0 depending on j and zp. We can
write K7 = K{” + K| with KljE defined by replacing in the definition of K the function 7, (z) by
eT#b*(z). Then the functions

ali (o,t) = t"/26w2/4tK1i (0,t)
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can be written in the form

af(o, t) = t"/z/ eit()‘id/zt)zglﬁf(cr/\)tp(/\)d)\,
0
where o(A) = (2m) LA (A2), bE(2) = 272bE(2). Hence

o*at(o,t) —t"/Q/ Zc 87 githto/20) )8’“ IbE(oN)p(A)dA.

Using the identity
B ( (Ao /2t)? ) _ (3F2t)_j3i (eit()\ia/2t)2)

and integrating by parts, we get
k
— Ztn/27j6i02/4t/ zt)\zﬂ:za)\ (/\)Bi (/\ O’)d)\
" 0

where ¢ € C§°((0,+0)), ¢ = 1 on supp ¢, and
B\ o) = ¢ (£2)7 & (950NN
It is easy to deduce from (3.11) that the functions Bf’j satisfy the bounds
|08BE; (N, 0)| < Cpjo—(nm/27k T (3.12)

for all integers ¢,j > 0. Using (3.12), in the same way as in the proof of Proposition 2.1 of [12]
(see (2.13)), we get

/ zt)\ +ioA ()\)Bi ()\ U)d)\’ <Cp t7m71/207(n71)/27k+j+m’ (313)
0

for all integers m, and hence for all real m. By (3.13) with m = (n — 1)/2 — s — j we obtain

t S
‘(’“)gal(m t)’ <Co* (—) ,
o
which is the desired result in this case.
To prove (3.8) with h = 1, observe that
;2
(0, t) = t/2ei0" /4t (K;(a, t) + %Kl(a, t) — %Kl(a, t)) . (3.14)

On the other hand, integrating by parts twice with respect to the variable A\? and using that the
function g, (z) = 272" 7, (2) = 27V J,(2) satisfies the equation

g (2) +(n—1)2""g,(2) + gu(2) = 0,
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we get

;2

Ko t) =t (K (0.0) + K{V(0,1)), (3.15)

, n i
Kl(aa t) + %Kl(aa t) - 4t2

where
o

K (0,1) = (%

)j/mf”wwwﬂﬁﬁwnd& i=0.1,
0
where () € C°((0,+00)), 9 (2) = gu(2), 95" (2) = dgu(2)/dz. By (3.14) and (3.15),
di(ot) =t (o (0,0) + afV (01)) (3.16)

where

o (o,t) = "2 /M KD (0,1),  j=0,1.

Now, in the same way as above one can see that the functions agj ) satisfy (3.7) with h = 1, provided
kE+s<(n—2)/2. O

The kernel of the operator 77 is of the form

:E yvt h / /n t_T "/27_"/25h(|x—§|,t—T)ah(|y—§|,T)V(§)d§dT7

where

o —¢P | ly— &P

(p:4(t—7') 4t

and ay, is defined by replacing in the definition of a; the function Kj by K. Observe that by
Lemma 3.2 we have the bounds

|08 an (e — €. 1)| < Clt/h)F<la — g1k, (3.17)

|0ga), (| — &, t)] < Ot (t/h)FTe|e — g7 loI=hme, (3.18)

for every 0 < e < 1,0 <k < (n — 3)/2, and all multi-indices « such that |a| < (n —2)/2 — k — .
Define the functions F1) and F?) by replacing fot in the definition of the function 7 by [ and
f,:/z, respectively. Let ¢ € C5°(R), ¢(A) =1 for |A| < 1/2, ¢(A) = 0 for |A| > 1, and write

1= Z ¢q ()\)
q=0

where ¢g = ¢, ¢q(N) = $(279)), ¢ > 1, with a function ¢ € C(R), d(A) = 0 for |A| < 1/2 and

[A| > 1. We can write
B SRR o
q=0

p=1q=0
where
v )
B = [ o= n 20, (1) 6,60 — ot = Danly - €1V (©)dedr
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=0 /°° / e (Ly/z 122, (yu/t) an |z — &), t (e — 1) /wan(y — €|, t/p) Ve (€)dEdp
t/’y . o — 1 §4 9 9 q 9

t/2 _
ff*iﬁ /}EWW—TVW%fW%AMﬁMu—ax—fmmw—amW@uwr

t . n/2
oo [ et () R el ) mdandly ~ €t/ Vil

where we have made a change of variables u = t/7 and set V(&) = ¢4(|€])V (€). Clearly, it suffices
to prove the following

Proposition 3.3. Under the assumptions of Proposition 3.1, there exist constants C,e’ > 0 such
that we have the bounds
|F| = comermelaymnizp-hee, (3.19)

for every 0 < e < 1, and
’}'(52)‘ < o2 2Rk >0, (3.20)

Indeed, by (3.19) we have
1
‘]-'(1)‘ e O e A B
if we take € so that h~¢ = 2, while (3.20) yields

‘]—'(2)‘ <Ct 2k g >,

Proof. Let p € C§°(R™) be a real-valued function such that [ p(z)dx = 1, and set py(x) =
0~ "p(x/0), 0 <0 <1, V9 =pg*V, Let kg > 0 be an integer such that (n —3)/2 —k = ko + v
with 0 < v < 1. Since V € V¥ (R™), we have

|08V, (€)| < 279D 0 < |a] < k, (3.21)

|08V, (€) — 02V, (¢')] < C2 1Tkt e g/l e —¢'| <1, |a| = ko. (3.22)

It is easy to see that these bounds imply

08Vy0(8)] < 2710 D 0 < o < ko, (3.23)

08 Va0 ()] < COmTHva st o] = kg 41, (3.24)

|08V, (€) = 9V 0(6)| < CO27ICHTD 0 < Ja| < ko -1, (3.25)

|08V4(€) — 08V 0(8)| < CO27 10Tt a| = k. (3.26)

Integrating by parts with respect to the variable £ as in Section 4 of [12] (see the proof of (4.15))

we obtain the following
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Lemma 3.4. Let 0 < m < (n—1)/2 be an integer and let W (p,-) € CF*(R™). Then we have the

estimate

oo n/2
t=n —ip [ _H n/2—2 déd
oo [ e () e Gl W e

< C—/2 (2p/,y)(n—3)/2—m Z /R = y|—2m+\a|—1 ‘G?W(oo,é)‘ d¢

0<]a|<m
—n n— —m _ _ —2m+|a P
+HOET (28 )2 N /R ly— &7 e —y— vt @ —y)| T 0w (e, €)| de
0<|al<m * R

2Pt
+Ct‘"/2—1(217/7)("*3)/2*”%1 Z / /

o0<lal<m 2"/
+le—y—p (= - y)\fzmﬂa‘*l) |08W (1, €)| dédp

_i_thn/Q (2p/7)(n—3)/2—m Z /

—1
0<]al<m Y2/

x |0, 08 W (1, €)| dédp. (3.27)

/n (ly_ﬂ_l |§ —y _M—l(x _y)‘*2m+|a\

2Pt/

/ ly— & e —y—p @ —y)| T
Rn

We would like to apply this lemma with a function W of the form

W, &) = an(|z =&l t(n — 1) /n)an(ly — &, t/1)Q(E)

where @ € Ci"(R™) is independent of the variable p. In view of (3.17) and (3.18) we have

oewmeolsc X [anle — glttu—1)/m)| |02 an(ly — €l t/m)] [02°Q(E)|
lar|+]az|+]as|=|a|
S T D D e e I (0[O PR C L)
loa[+]oz|+asz|=|e]
|0,08W (1, )] < tu™2 |08 (@) (|2 — €| t(p — 1) /wan(ly — €],t/m)Q(E)))|
208 @nllo — &), tu — 1)/ m)ai(ly — €1,6/m)QE))
<ow Y 02, (12 — €1, — 1)/ )| |08 an(ly — &1, /)| |02 Q(e)|
lar|+]az|+]as|=|a|
ottt o an(e — gltn— 1)/ [0 (ly — €l.t/m)| |92 Q(9)|
lon[+]az|+]as]|=|a
<Oop e Y gy gt oo (3:29)

loa |+ ez |+ as|=|al

By (3.27), (3.28) and (3.29), one can easily get the estimate

o n/2
o —ip [ _H_ n/2—2
' /m / L6 (# — 1) H bp (Yp/t) W (s, €)dédp
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< Ot p ke ()R i ), (3.30)

where

M(m, Q)= Y sup(e)m2mtokHel|geqe)]

0<|al<m
for every 0 < ¢’ < 1 and 0 < e < ¢’. Consider first the case kg < (n — 3)/2. Then, we are going to
apply (3.30) with m = ko, Q =V, — Vg9, and m = ko + 1, Q = V9, respectively. Choose ¢’ such
that § > k + 2 + 4¢’. In view of (3.25) and (3.26), we have
M(ko, Vg — Vi) < CO” (20", (3.31)
while by (3.23) and (3.24), we have

M(ko +1,V,9) < COV1(20)7 717 (3.32)

Combining (3.30), (3.31) and (3.32) we conclude

F| < cmEnie (vt (020 )+ (020 ) 7). (3:33)

Taking § = 2777 we deduce (3.19) from (3.33). Let now kg = (n — 3)/2. This implies that n is
odd and v = 0. Then we apply (3.30) with m = ko and Q = V,. In view of (3.21) we have

M(ko, V) < €279, (3.34)

with some constant 0 < &’ < 1, so in this case (3.19) follows from (3.30) and (3.34).

Proceeding as in the proof of (3.30) we obtain in the same way the estimate

t . [ n/2
tl‘"/ / e (—1) W (, €)dédp
2 n =

< Ohfk (tfn/Q + tm+kfn+3/2) M(m, Q)

t
+Ch_ktm+k_n+3/2/\/l(m, Q)/ u(n—B)/Q—m—k—ldlu < C’h_kt_"/QM(m, Q)7 (335)
2

where we have used that m + &k < (n — 3)/2. On the other hand, since V' € Vj*(R") with
0>n—1—2m —k, it is easy to check that we have the bound

M(m,V,) < 2751, (3.36)

with some constant 0 < ¢’ < 1. Now, combining (3.35) and (3.36) leads to (3.20). O
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