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ABSTRACT

In this paper we consider a boundary stabilization problem for the transmission Bernoulli-
Euler plate equation. We prove uniform exponential energy decay under natural conditions.

RESUMEN

En este articulo consideramos un problema de estabilizaciéon en la frontera para la ecuacién
de Bernoulli-Euler Plate. Nosotros probamos decaimiento exponencial uniforme de la energia
sobre condiciones naturales
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1 Introduction and Statement of Results

Let Q1 € Q € R", n > 2, be strictly convex, bounded domains with smooth boundaries I'y = 09,
L=90Q,T1NT =0. Then O = Q\Q; is a bounded, connected domain with boundary 00 = T'; UT.
We are going to study the following mixed boundary value problem

(02 + A% uy(x,t) =0 in Qp x (0,+00),

(02 + A ug(x,t) =0 in O x (0,+00),

u1lr, = u2|ry, Gvur|r, = dyualr,, cAui|r, = Aus|r,, 0, Aui|r, = 0, Aua|r,, (1.1)
uz|r = 0, Aug|r = —ad,druslr,

u1(z,0) = uf(z), dpu(z,0) = uj(z) in O,

uz(z,0) = ud(z), dpu(z,0) =ui(z) in O,

where ¢ > 1 is a constant, v denotes the inner unit normal to the boundary and a is a non-negative
function on I'. We suppose that there exists a constant ag > 0 such that

a>ay on T. (1.2)

The controllability of the dynamical system determined by (1.1) without transmission (i.e. when
Q; = () has been investigated by Krabs, Leugering and Seidman [10]|, Leugering [9], Lasiecka
and Triggiani [5], Ammari and Khenissi [1]. With transmission the exact controllability has been
established by Liu and Williams [11] in the case when the control is active on the part of boundary
whereas the controlled part of the boundary is supposed to satisfy the Lions geometric condition.

In this paper we prove that, under (1.2), the solutions of (1.1) are exponentially stable in the
energy space. The energy of a solution

U1 in Ql,
u =

ugy in O,

of (1.1) at the time instant ¢ is defined by

1

E(t) = 5/9 (|8tu(:1:,t)|2 + a%(z) |Au(a:,t)|2) a(z)~L de,

where

c in q,
a(z) =
1 in O.

The solution of (1.1) satisfies the energy identity

ta
E(tz)—E(tl):—/ /a|8,,6tu(x,t)|2dl"dt
t1 T
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for all to > t; > 0, and therefore the energy is a nonincreasing function of the time variable t.
Introduce the Hilbert space H = V x H, where H = L?(Q, a(z)~!dx) and the space V is definded
as follows. On the Hilbert space H consider the operator G defined by

G( . ) ) < i ) v (1) e

D(G) :{(ul,uQ) € H=LX0, ¢ tdr) @ L2(O) : uy € H2(), us € H2(O),

with domain

us|r =0, ui|r, = u2|r,, Opui|r, = auu2|F1}-

The operator G is a strictly positive self-adjoint one with a compact resolvent. Set V = D(G) with
norm || f||v := ||Gf||z. The solutions to (1.1) can be expressed by means of a semigroup on H as

0
L Y 7
Ut ul
where the operator A is defined by

A<Z>__¢<_O;A2u>, v(jj>eD(A),

D(A) :{(u,v) € H: (v,A%u) € H, ulr = 0, Aulr = —ad,v|r, u1lr, = usalr,,

follows

with domain

Oyurlr, = Oyuslr,, ¢ Aurlr, = Auslr,, ¢, Aulp, = auAU2|F1}-

Using Green’s formula it is easy to see that

1m<A<Z> , <Z>>H_/Fa 0,v| dT > 0, % <:j) € D(A), (1.3)

which in turn implies that A generates a continuous semigroup (e.g. see Theorems 4.3 and 4.6
from [12, p.14-15]). Let p(A) denote the resolvent set of A. Since the resolvent of A is a compact
operator on H, C\ p(A) is a discrete set of eigenvalues of A. It follows from (1.3) that

C\p(A)Cc{zeC:Imz > 0}.

Moreover, using the Carleman estimates of [3] one can conclude that, under the condition (1.2),
the operator A has no eigenvalues on the real axis. Our main result is the following

Theorem 1.1 Assume (1.2) fulfilled. Then there exist constants C,v > 0 such that

E(t) < Ce " E(0). (1.4)
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When Q; = 0 the estimate (1.4) follows from combining the results of [1] and [2] under
the more natural assumptions that (1.2) holds only on some non-empty part Iy of ' and that
every generalized ray in  hits T'y at a non-diffractive point (see [2] for the definition and more
details). Therefore in the general case of transmission, the estimate (1.4) should hold true under
less restrictive conditions, but to our best knoweledge no such results have been proved so far.
One of the reasons for this is the fact that the classical flow for the transmission problem is quite
complex. Indeed, when a ray in O hits I'; it splits into two rays - a reflected one staying in O and
another one entering into 2;. The picture is similar when a ray in ; hits I';. In particular, there
are rays which never reach the boundary I' where the dissipation is active. Note that it is crucial
for (1.4) to hold that ¢ > 1. Roughly speaking, what happens in this case is that the rays staying
inside §2; carry a negligible amount of energy. Note that when ¢ < 1 the estimate (1.4) does not
hold anymore. Indeed, in this case one can use the quasi-modes constructed in [13] (which are
due to the existence of the so-called interior totally reflected rays and which are concentrated on
I'1) to get quasi-modes for our problem, too. Consequently, we conclude that when ¢ < 1 there
exist infinitely many eigenvalues {\;} of A such that 0 < Im\; < Cn|A\;|~", VN > 1, which is
an obstruction to (1.4).

To prove Theorem 1.1 it suffices to show that (A —2)7!:H — H is O(1) for z € R, |2| > 1,
which implies that (A — 2)~! is analytic in Imz < C, C' > 0. This is carried out in Section 3 (see
Theorem 3.1) using the a priori estimates established in Section 2. The advantage of this approach
is that the problem of proving (1.4) is reduced to obtaining a priori estimates for the solutions
to the corresponding stationary problem (see Theorem 2.1). This in turn is easier than studying
(1.1) directly because we can make use of the estimates for the stationary transmission problem
obtained in [4] (under the assumptions that Q; is strictly convex and ¢ > 1).

2 A Priori Estimates

Let A > 1 and consider the problem
(—c2AZ + \Yuy; = v in Q,
(=A% + X)ug =vy in O,
u1|r, = uz|r,, Oyui|r, = Oyuslr,, cAuilr, = Auzlr,, cd,Aui|r, = 0, Aug|r,,
u2|p = O, A’U,Qh* =a (—i/\28y1L2|F + F) s

(2.1)

with functions v; € L?(€1), va € L*(O) and F € L?(T"). In what follows in this section all Sobolev
spaces H®, s > 0, will be equipped with the semi-classical norm (with a small parameter A~1).
This means that the semi-classical norm in H? is equivalent to the classical one times a factor A™%.

Theorem 2.1 Assume (1.2) fulfilled. Then there exist constants C, g > 0 so that for A > Ao the
solution to (2.1) satisfies the estimate

HUIHHS(Ql) + ||u2||H3(O) <Ox? Hv1||L2(Ql) +OX? H”2||L2(o) +OX7? ||FHL2(F) : (2:2)
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Proof. We will first prove the following

Lemma 2.2 Assume (1.2) fulfilled. Then for every A\, u > 0 we have the estimate
Hal/u2|FHL2(F) < CMHUIHm(m) + CMHU2HL2(0)

FON2 o1l 20,y + CA 207 2]l 20y + CA2IF | g2 ry - (2.3)

Proof. Applying Green’s formula in ©Q; and O, we get respectively

Im <c*1v1,u1>L2(Ql) =1Im <cAu1|p1,&,u1|p1>L2(Fl) —Im <C(9VAU1|F1,’LL1|F1>L2(F1) , (2.4)
Im (va, u2) 120y = —Im (Auz|r,, yuslr, ) po(p,) + Im (O Auslr,, ulry ) p2r,)
+Im <Au2|]_", al/u2|F>L2(F) . (25)

Summing up (2.4) and (2.5) and using the boundary conditions, we obtain the identity
Im <C_1’U17 u1>L2(Ql) + Im <U2, u2>L2(O)
= —)\2 (aayu2|p, 6’/u2|F>L2(F) + <F, aB,,u2|p>L2(F) . (26)
By (1.2) and (2.6), we conclude
2 2 2
ao N (| Bpualrll 72y < NP luall7z(q,) + A8 luzll 220
X2 o 2y + A2 (el 2 o) + OA gy (2.7)
which clearly implies (2.3). O

It is easy to see that (2.2) follows from combining Lemma 2.2 with the following

Proposition 2.3 There exist constants C, Ao > 0 so that for A > A\ the solution to (2.1) satisfies

the estimate

[utll s g,y + 1wzl ooy < CA72 01l 12 gq,) + CA72 (02l 120y
+C ||auu2|F||L2(F) +ON7? ||FHL2(F) : (2-8)
Proof. Clearly, the functions @7 = (A2 — cA)uy, Uz = (A\? — A)us satisfy the equation

(CA + Az)ﬂl =1 in Ql,
(A + /\Z)ﬂg = V2 in O, (29)

wi|r, = U2|r,, OUi|r, = OylUz|r, .

Using the results of [4] we will prove the following
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Proposition 2.4 There exist constants C, Ao > 0 so that for A > A\ the solution to (2.9) satisfies

the estimate

@1l i1 gy + 12l oy < CAH ol paga,) + CA 2]l 20y

+C [da|r | p2gry + CAH 80| p2ry - (2.10)

Proof. Denote by d(x) the distance between x € O and I'. Choose a function x € C*(R"), x =1
on Oy, x =0o0n R™\ , so that supp [A, x] C {x € O :d(x) < ¢}, where 0 < § < 1. Choose also
a function ¢(t) € CP(R), 0 < ¢ <1, p(t) =1 for [t] < 6, ¢(t) = 0 for |t| > 24, dp(t)/dt < 0 for
t > 0, and set ¥(z) = ¢(d(x)). Clearly, » =1 on {z € O : d(z) < §}. We have

(CA + /\2)51 = in Ql,
(A + /\Z)Xﬂ2 = 52 = XU2 + [A, X]’EQ in R" \ Ql, (211)

Uilr, = Xz2|r,, Ounr, = Oy xl2lr,.
By the results of [4] (see (4.2)) we have
||171||H1(Ql) + ”Xﬁ?”Hl(R"\Ql) < CA~! HU1||L2(91) +OX! H52||L2(Rn\szl)

< CA il g2y + CA o2l 120y + C 19002 g1 (o) - (2.12)

Since T is strictly concave viewed from the interior, we have the following (see Proposition 2.2 of

[4])
Proposition 2.5 There exist constants C,dy > 0 so that for 0 < § < §y we have the estimate
[92ll 1.0y < CATHI(A + MA)ii2|| 1o o) + C ll2lrll 2r)
+CA! ||aua2|F||L2(F) + 06(/\_1/2) HﬁQHHl(O) : (2-13)
Combining (2.12) and (2.13), we get

1]l g1 @, + 2]l 1 o)
< CN il oy + CA vl 2oy + CATY2 (2]l 1 o)
+C [da|r pary + CA 80T ( 0| 2 ry » (2.14)
which clearly implies (2.10). O
By Green’s formula we have

1~ — 2 2
Re <c 1u1’u1>L2(Ql) =c1)2 ||u1||L2(91) + Hvu1”L2(Ql) + Re <8UU1|F1,’UJ1|FI>L2(F1) ,

Re <ﬂ2,u2>L2(O) = \? HUZHiz(o) + HVU2||2L2((9) —Re <8uu2|F17u2|F1>L2(r1)
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+Re <ayu2|p, U’2|F>L2(F) .
Summing up these identities and using that us|r = 0, we get
Re <c71’(’\1:17 u1>L2(Q1) + Re <ﬂ2, u2>L2(O)
_ 2 2 2 2
= ¢ W lurll 2, + I Vurllzea,) + A2 lu2llz2i0) + 1 Vuzllze (o) - (2.15)
It is easy to see that (2.15) implies the estimate
”ul”H?(Ql) + ||U2HH2((9) <ox? Hal”m(nl) +ON7? H%Hm(o) : (2.16)
Applying the same arguments to the functions Vu; and Vug we also get
AT V]| o) + AT V2| o 0y < CAT ]l g,y + CA2 @2l 1 o)
FAT2 (10, uzle | gy + €AY ATl o (2.17)
for any € > 0. On the other hand, by the trace theorem we have
||A718VUQ|F||L2(F) < C/\1/2 Hu2HH2(O) ) (2'18)
A1) uzlr || oy < N2 [z s o) - (2.19)
Thus, combining (2.16)-(2.19) and taking € small enough, independent of A\, we conclude
lusll 720, + 2l a0y < CA2 Ml g1 0,y + CA2 2]l g1 o) - (2.20)
By (2.10) and (2.20) we arrive at the estimate
| s ) + 1zl a0y < CA™2 o1l 2y + CA™ 2 ozl 20
+CA 1By uz|r | 2y + CA 2 [ Aualr|| o py + CA™2 [0, Aua|r]| Loy - (2.21)
It is easy to see now that (2.8) follows from combining (2.21) and the following
Lemma 2.6 We have the estimate
A3 ||aVAu2|FHL2(F) <ot Hal/u2|FHL2(F)
+ON2 (| Azl 2oy + CA2 [0zl 2 o) + A2 2] s o - (2.22)

Proof. Choose a function 1 € C*°(R"™) such that ¢» = 1 on a small neighbourhood of R™\ Q,
b = 0 outside another small neighbourhood of R™\ Q2. Then the function w = (A+ \?)us satisfies

the equation
(A +X)w=w=—1pvy — [A%,YJuy in Q,
w|r = Aus|r,
dyw|r = 0, Aus|r + A\20,uz|r.

(2.23)
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Clearly, to prove (2.22) it suffices to show the estimate

A7HBswlel gary < Cllwlellagry + CA2 @] 12 - (2.24)
By the trace theorem we have
A0y wlell 2y + lwle ey < CAY2 [Jwll 2y - (2.25)
On the other hand, by Green’s formula
Re (0, w) 12y = \? ||w||2L2(Q) + vaHi?(Q) + Re (Oyw|r, w|r) p2(r) ;
we get

||wHH2(Q) S Cv/\i2 H{D”L2(Q) + €A71/2 HAilay'th‘ 0571)\71/2 H'LU|FHL2(F) (226)

||L2(F) +

for any € > 0. Combining (2.25) and (2.26), and taking & small enough, independent of A\, we
obtain (2.24). O

3 Resolvent Estimates
We will show that Theorem 2.1 implies the following

Theorem 3.1 Under (1.2), we have the bound

H(A - z)_lHHHH < Const, VzeR. (3.1)

Proof. We will derive (3.1) from (2.2). Clearly, it suffices to prove (3.1) for |z| > 1. Without loss
of generality we may suppose that z > 0. Let

(Z)eD(A)
o (M) =(2 ) e

Clearly, this equation can be rewritten as follows

—iv — zu [ f
i02A%u— v ) g .

satisfy the equation

Hence the function
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satisfies the equation

(=A% + 22 uy = igy —izfy in O,
(=A% + 2)uy = igy —izfy in O,

(3.2)
uilr, = uzlry, dyui|r, = dyuz|r,, cAuilr, = Auslr,, cdyAuir, = J,Auslr,,
uz|r = 0, Auz|r = a(—izdyuz|r + O, f2|r) -
Clearly, (3.1) is equivalent to the estimate
[Aull 20y + vl 20y < CHAS N L20) + Cllgll L2 - (3.3)

To prove (3.3) we write u = u9 + u/, v = v9 + vf, where

asa () =(0) wea ()= (1),

Clearly, u9 = (uf,ud) (resp. uf = (uf,ul)) satisfies (3.2) with f = 0 (resp. g = 0). Applying
Theorem 2.1 with A = 2'/2 and F = 0 and recalling that v9 = zu9, we get

1867 gy + 109 2y < C g2y (3.4)

with a constant C' > 0 independent of z. It is easy to see that (3.3) would follow from (3.4) and
the estimate
186 |y + [ 2y < CIGT I, ¥f € DG, (35)

with a constant C' > 0 independent of z. In what follows we will derive (3.5) from Theorem 2.1.
Choose a function ¢ € C°(R), ¢ = 1 on [1/2,2], ¢ = 0 on (—o0, 1/3]U[3, +00). Write f = f°+ f4,
where

P =0(G/2)f, ff=(1-9)G/2)f

We have uf = u” + u?, vf = v” + ¥, where

(A—z)<Z:>=<gb>a <A—z>(z:>:<gh>'

Clearly, u” = (u},u}) (resp. u? = (uul,ug)) satisfies (3.2) with g = 0 and f = f° (resp. f = f%).
Applying Theorem 2.1 with A = /2 and F = 9, f3|r leads to the estimate

o]

<Cxz

+ v +z

L2(Q)

< o]
L2(%)

o’

7]

+|
L2(Q) L2() L2(Q)

P €1

a”be|FHL2(r) =0z

b b
U PR | s

L2(Q) 2(9)
<C: HfbHH +C HGngH < C|2G710(G/2)|| g 1GF

FC G/ |Gl < CNGS (3.6)
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with a constant C' > 0 independent of z, where the Sobolev space H?(0O) is equipped with the

classical norm and we have used the trace theorem together with the fact that the norms on H

and L?() are equivalent. We would like to get a similar estimate for the functions u? and vf. Set

U=(z-G) ' (z4+G) (~izf) = —iz(z — G) "Nz + G) " (1 — ¢)(G/2) .
Since the operator G~! is bounded on H, we have

Ul < CIGUIl, < C27H IGS Iy

(3.7)

with a constant C' > 0 independent of z. It is easy to see that the function U = (Uy, Us) satisfies

the equation

(—c?A? + 22U = —zsz in

(=A% + 22Uy = —izfzu in O,

Uilr, = Ua|r,, 0.Uilr, = 0,U2|r,, cAUi|r, = AUs|r,, c0,AUilr, = 0,AUs]r,,
Us|r =0, AUs|r = 0.

Hence the function w = u? — U satisfies the equation

(=A% + 2wy =0 in O,
(=A% 4+ 2Hwy, =0 in O,
w1|F1 - w2|F17 8l/w1|F1 - 8l/fLU2|Fl7 CA'(U1|F1 - Aw2|F17 Cal/Aw1|F1 - 8UAU)2|F17

w2|p =0, A’w2|r‘ =a (—z’z(“),,w2|p + Buf§|p — z’z&,Ug|F) .
Therefore, by Theorem 2.1 we obtain

HAu“ - AUHB( +z Huh - UHL2(Q) = C‘

3uf2u|r‘

Q) L2(r) +Cz Hal/U2|F||L2(F)

< O[] 0, + Oz Nlls o) < CHIGH ]y +C2 Gy
By (3.7) and (3.8) we conclude
8% | 2oy + 10l gy < 180 ooy + 2 16 oy + 1 2y < CNCF N

Clearly, (3.5) follows from (3.6) and (3.9).

Received: March, 2009. Revised: April, 2009.



CU(BO) Boundary Stabilization of the Transmission ... 49
11, 5 (2009

References

1]

2]

3]

4]

5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

AMMARI, K. AND KHENISSI, M., Decay rates of the plate equations, Math. Nachr., 278
(2005), 1647-1658.

BARDOS, C., LEBEAU, G. AND RAUCH, J., Sharp sufficient conditions for the observation,
control and stabilization of waves from the boundary, SIAM J. Control Optim., 305 (1992),
1024-1065.

BELLASSOUED, M., Carleman estimates and distribution of resonances for the transparent
obstacle and applications to the stabilization, Asymptot. Analysis, 35 (2003), 257-279.

CARDOSO, F., Porov, G. AND VODEV, G., Distribution of resonances and local energy
decay in the transmission problem. II, Math. Res. Lett., 6 (1999), 377-396.

LAsieckA, I. AND TRIGGIANI, R., Exact controllability and uniform stabilization of Euler-
Bernoulli equations with boundary control only in Aw|s, Boll. Un. Mat. Ital. B., 7 (1991),
665-702.

LEBEAU, G., Equations des ondes amorties. in: Algebraic and Geometric Methods in Math-
ematical Physics, Math. Phys. Stud., Vol. 19, Kluwer Acad. Publ., Dordecht, 1996, 73-109.

LEBEAU, G. AND ROBBIANO, L., Controle exact de I’équation de la chaleur, Commun. Partial
Diff. Equations, 20 (1995), 335-356.

LEBEAU, G. AND ROBBIANO, L., Stabilization de I’équation des ondes par le bord, Duke
Math. J., 86 (1997), 465-490.

LEUGERING, G., Boundary control of a vibrating plate, in Optimal control of partial dif-
ferential equations (Oberwolfach, 1982), vol. 68 of Internat. Schriftenreihe Numer. Math.,
Birkh&user, Basel, 1984, 167-172.

KRrABSs, W., LEUGERING, G. AND SEIDMAN, T., On boundary controllability of a vibrating
plate, Appl. Math. Optim., 13 (1985), 205-229.

Liu, W. anD WiLLiAMS, G.-H., Exact controllability for problems of transmission of the
plate equation with lower-order, Quarterly. Applied Math, 58 (2000), 37-68.

PAzy, A., Semigroups of linear operators and applications to partial differential equations,
Springer, New York, 1983.

Poprov, G. AND VODEV, G., Resonances near the real axis for transparent obstacles, Com-
mun. Math. Phys., 207 (1999), 411-438.



	B3-a-v

