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ABSTRACT

Several new fixed point results for self maps in extension type spaces are presented in this

paper. In particular we discuss compact absorbing contractions.

RESUMEN

Son presentados en este articulo varios resultados nuevos de punto fijo para autoaplica-
ciones en espacios de tipo extensién. En particular discutimos contracciones compactas

absorbentes.
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1 Introduction

In Sections 2, 3 and 4 we present new results on fixed point theory in extension type spaces. Section
2 discusses compact self-maps on NES, ANES and SANES spaces whereas Section 3 discusses

compact absorbing contractions. In Section 4 we provide an alternative approach using projective
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limits. These results improve those in the literature; see [1-3, 5, 8-11, 14-15] and the references
therein. Our results were motivated in part from ideas in [1, 2, 9, 12, 15].

For the remainder of this section we present some definitions and known results which will be
needed throughout this paper. Suppose X and Y are topological spaces. Given a class X of maps,
X(X,Y) denotes the set of maps F : X — 2¥ (nonempty subsets of Y) belonging to X, and X,
the set of finite compositions of maps in X. We let

F(X)={Z: FizF#0 forall FeX(Z 2)}

where Fix F' denotes the set of fixed points of F.

The class A of maps is defined by the following properties:
(i). A contains the class C of single valued continuous functions;
(ii). each F € A, is upper semicontinuous and closed valued; and
(iii). B" € F(A.) for all n € {1,2,....}; here B" ={z € R": ||z| < 1}.

Remark 1.1. The class A is essentially due to Ben-El-Mechaiekh and Deguire [6]. A includes the
class of maps U of Park (U is the class of maps defined by (i), (iii) and (iv). each F € U, is upper
semicontinuous and compact valued). Thus if each F' € A, is compact valued the class A and U
coincide and this is what occurs in Section 2 since our maps will be compact.

The following result can be found in [6, Proposition 2.2] (see also [9 pp. 286] for a special case).

Theorem 1.1. The Hilbert cube I°° (subset of I? consisting of points (z1,2,...) with |z;| < 5 for
all i) and the Tychonoff cube T (cartesian product of copies of the unit interval) are in F(A.).

We next consider the class U*(X,Y) (respectively A%(X,Y)) of maps F : X — 2Y such that for
each F' and each nonempty compact subset K of X there exists a map G € U.(K,Y) (respectively
G € A:(K,Y)) such that G(z) C F(z) for all z € K.

Theorem 1.2. I* and T are in F(AE) (respectively F(UL)).

Proof: Let F € Af(I°°,1°°) and we must show Fix F # (). Now by definition there exists G €
A (I°°,1°°) with G(z) C F(x) for all € I*°, so Theorem 1.1 guarantees that there exists « € I
with € Gz. In particular z € Fa so Fiz F # (). Thus I* € F(Af). O

Notice [14] that U¥ is closed under compositions. The class U¥ include (see [3]) the Kakutani
maps, the acyclic maps, the O’Neill maps, the approximable maps and the maps admissible with

respect to Gorniewicz.

For a subset K of a topological space X, we denote by Covx (K) the set of all coverings of
K by open sets of X (usually we write Cov (K) = Covx (K)). Given a map F : X — 2% and
a € Cov(X), a point x € X is said to be an a-fixed point of F' if there exists a member U € «
such that x € U and F(z) NU # 0. Given two maps single valued f, g: X — Y and a € Cov (Y),
f and g are said to be a—close if for any = € X there exists U, € a containing both f(x) and g(z).
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We say f and g are a-homotopic if there is a homotopy hp : X — Y (0 <t < 1) joining f and g
such that for each z € X the values h;(x) belong to a common U, € « for all ¢ € [0, 1].

The following results can be found in [4, Lemma 1.2 and 4.7].

Theorem 1.3. Let X be a regular topological space and F : X — 2% an upper semicontinuous map

with closed values. Suppose there exists a cofinal family of coverings 6 C Covx (F(X)) such that F
has an a—fized point for every a € 0. Then F has a fized point.

Remark 1.2. From Theorem 1.3 in proving the existence of fixed points in uniform spaces for upper
semicontinuous compact maps with closed values it suffices [5 pp. 298] to prove the existence of
approximate fixed points (since open covers of a compact set A admit refinements of the form {U][x] :
x € A} where U is a member of the uniformity [13 pp. 199] so such refinements form a cofinal family
of open covers). Note also uniform spaces are regular (in fact completely regular) [7 pp. 431] (see also
[7 pp. 434]). Note in Theorem 1.3 if F' is compact valued then the assumption that X is regular can
be removed. For convenience in this paper we will apply Theorem 1.3 only when the space is uniform.

Let X, Y and T be Hausdorff topological spaces. A continuous single valued map p: ' — X is
called a Vietoris map (written p: ' = X) if the following two conditions are satisfied:

(i). for each x € X, the set p~!(x) is acyclic

(ii). p is a proper map i.e. for every compact A C X we have that p~1(A) is compact.

Let D(X,Y) be the set of all pairs X L 1LY where p is a Vietoris map and ¢ is continuous.
We will denote every such diagram by (p,q). Given two diagrams (p,q) and (p/,q’), where X Z
T’ LR Y, we write (p,q) ~ (p,q’) if there are maps f: T — I and ¢g: IV — T such that ¢’ o f = gq,
pof=p, gog=¢ and pog=p’. The equivalence class of a diagram (p,q) € D(X,Y) with respect
to ~ is denoted by

p={XE&ETrTLVY}:X>Y

or ¢ = [(p,q)] and is called a morphism from X to Y. We let M(X,Y) be the set of all such
morphisms. For any ¢ € M(X,Y) aset ¢(x) =¢qp~!(z) where ¢ =[(p,q)] is called an image of z
under a morphism ¢.

Consider vector spaces over a field K. Let E be a vector space and f : F — E an endomorphism.
Now let N(f) = {z € E: fM™(z) =0 for some n} where f(™ is the n'* iterate of f, and let
E = E\N(f). Since f(N(f)) € N(f) we have the induced endomorphism f : E — E. We call
f admissible if dim E < oo; for such f we define the generalized trace Tr(f) of f by putting

Tr(f) =tr(f) where tr stands for the ordinary trace.

Let f={f,}: E — E be an endomorphism of degree zero of a graded vector space E = {E,}.
We call f a Leray endomorphism if (i). all f, are admissible and (ii). almost all E, are trivial. For
such f we define the generalized Lefschetz number A(f) by

A(f) =) (=1)ITr (fy).

q
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A linear map f : E — FE of a vector space E into itself is called weakly nilpotent provided for
every x € E there exists n, such that f"(z) = 0.

Assume that E = {E;} is a graded vector space and f = {f;} : E — E is an endomorphism.
We say that f is weakly nilpotent iff f, is weakly nilpotent for every q.

It is well known [9, pp 53] that any weakly nilpotent endomorphism f : E — E is a Leray
endomorphism and A(f) = 0.

Let H be the Cech homology functor with compact carriers and coefficients in the field of rational
numbers K from the category of Hausdorff topological spaces and continuous maps to the category of
graded vector spaces and linear maps of degree zero. Thus H(X) = {H,(X)} is a graded vector space,
H,(X) being the g-dimensional Cech homology group with compact carriers of X. For a continuous
map f:X — X, H(f) is the induced linear map f, = {fiq} where fiq: Hy(X) — Hy(X).

With Cech homology functor extended to a category of morphisms (see [10 pp. 364]) we have
the following well known result (note the homology functor H extends over this category i.e. for a
morphism
p={XE&ETrTLY}:X>Y

we define the induced map
H(¢) =¢.: H(X) — H(Y)
by putting ¢, = qx o p;1).
Recall the following result [8 pp. 227].

Theorem 1.4. If ¢: X =Y and ¢ : Y — Z are two morphisms (here X, Y and Z are Hausdorff
topological spaces) then

(1/) o (b)*:d)* O Py

Two morphisms ¢, ¥ € M(X,Y) are homotopic (written ¢ ~ 1) provided there is a morphism
X € M(X x[0,1],Y) such that x(z,0) = ¢(z), x(z,1) =¢¥(z) for every z € X (i.e. ¢ = x o ip and
¥ = x o i1, where ig, i; : X — X x [0,1] are defined by ig(x) = (x,0), i1(x) = (x,1)). Recall the
following result [9, pp. 231]: If ¢ ~ ) then ¢, = 1.

Let ¢ : X — Y be a multivalued map (note for each x € X we assume ¢(z) is a nonempty
subset of V). A pair (p,q) of single valued continuous maps of the form X & T' % Y is called a
selected pair of ¢ (written (p,q) C ¢) if the following two conditions hold:

(i). p is a Vietoris map

and

(ii). ¢(p~(z)) C ¢(x) for any z € X.

Definition 1.1. A upper semicontinuous map ¢ : X — Y is said to be strongly admissible [9, 10]

(and we write ¢ € Ads(X,Y)) provided there exists a selected pair (p,q) of ¢ with ¢(z) = ¢ (p~'(z))
for z € X.
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Definition 1.2. A map ¢ € Ads(X,X) is said to be a Lefschetz map if for each selected pair
(p,q) C ¢ with ¢(z) = q(p~*(x)) for z € X the linear map g, p;* : H(X) — H(X) (the existence
of p; ! follows from the Vietoris Theorem) is a Leray endomorphism.

When we talk about ¢ € Ads it is assumed that we are also considering a specified selected pair
(p,q) of ¢ with ¢(z) =q(p~'(2)).

Remark 1.3. In fact since we specify the pair (p,q) of ¢ it is enough to say ¢ is a Lefschetz map if
by = g py ' H(X) — H(X) is a Leray endomorphism. However for the examples of ¢, X known in
the literature [9] the more restrictive condition in Definition 1.2 works. We note [9, pp 227] that ¢,
does not depend on the choice of diagram from [(p, ¢)], so in fact we could specify the morphism.

If ¢: X — X is a Lefschetz map as described above then we define the Lefschetz number (see
[9,10]) A(¢) (or Ax (¢)) by
A () = Maapi ).

If we do not wish to specify the selected pair (p,q) of ¢ then we would consider the Lefschetz set
A(¢) ={Agpi): d=q( ")}

Definition 1.3. A Hausdorff topological space X is said to be a Lefschetz space provided every
compact ¢ € Ads(X, X) is a Lefschetz map and A(¢) # 0 implies ¢ has a fixed point.

Definition 1.4. A upper semicontinuous map ¢ : X — Y with closed values is said to be admissible
(and we write ¢ € Ad(X,Y)) provided there exists a selected pair (p,q) of ¢.

Definition 1.5. A map ¢ € Ad(X, X) is said to be a Lefschetz map if for each selected pair (p,q) C ¢
the linear map ¢, p; ' : H(X) — H(X) (the existence of p; ! follows from the Vietoris Theorem) is
a Leray endomorphism.

If ¢: X — X is a Lefschetz map, we define the Lefschetz set A (¢) (or Ax (¢)) by

A(¢) = {AMap"): (p.g) C o}

Definition 1.6. A Hausdorff topological space X is said to be a Lefschetz space provided every
compact ¢ € Ad(X, X) is a Lefschetz map and A(¢) # {0} implies ¢ has a fixed point.

Recall the following result [8].
Theorem 1.5. Every open subset of the Tychonoff cube is a Lefschetz space.

The following concepts will be needed in Section 4. Let (X,d) be a metric space and S a
nonempty subset of X. For z € X let d(z,S) = infycg d(z,y). Also diam S = sup{d(z,y) :
x,y € S}. We let B(xz,r) denote the open ball in X centered at x of radius r and by B(S,r) we
denote Uyeg B(x,r). For two nonempty subsets S; and Sy of X we define the generalized Hausdorff
distance H to be

H(Sl,SQ) = inf{e >0: 51 C B(SQ,G), Sy C B(Sl,e)}.
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Now suppose G : S — 2%, Then G is said to be hemicompact if each sequence {x,}n,cn in S has a

convergent subsequence whenever d(z,,, G (z,)) — 0 as n — oc.

Now let I be a directed set with order < and let {E,}aer be a family of locally convex spaces.
For each av € I, 3 € I for which aa < 3 let 7, 3: Eg — E, be a continuous map. Then the set

{x— (za) € H Eo: o =map(zp) Vo, €I, a Sﬁ}
acl

is a closed subset of [[,.; Fo and is called the projective limit of {E,}aes and is denoted by

lim. E, (or lim. {F,, s} or the generalized intersection [1, 2] Nyer Eq-)

2 Preliminary Fixed Point Theory

The fixed point theory presented in this section can partly be found in [9, 14]. However for the
convenience of the reader we present the following elementary approach.

By a space we mean a Hausdorff topological space. Let X and Y be spaces. A space Y is an
neighborhood extension space for @ (written Y € NES(Q)) if VX € Q, VK C X closed in X, and
for any continuous function fy: K — Y, there exists a continuous extension f:U — Y of fy over
a neighbourhood U of K in X.

Let X € NES(compact) and F € U¥(X,X) a compact map. Now let K = F(X). We know
[12] that K can be embedded as a closed subset K* of T let s : K — K* be a homeomorphism.
Alsolet ¢ : K — X be an inclusion. Let U be an open neighbourhood of K* in T and hy : U — X
be a continuous extension of is™! : K* — X on U (guaranteed since X € NES(compact)). Let
ju : K* — U be the natural embedding so hy ju = is~!. Finally let G = jysF hy. Notice
G e U (U,U). We now assume

(2.1) G e UZ(U,U) has a fixed point.

Then there exists « € U with x € Gx. Let y = hy(z), so y € hy ju s F (y) i.e. y=hyjus(q) for
some ¢ € F (y). Since hy ju (2) =is (z) for 2 € K*, we have hy ju s(q) =i(q), so y € F(y).

Theorem 2.1. Let X € NES(compact) and F € UF(X,X) a compact map. Also assume (2.1)
holds with K, K*, U, s, i, ju and hy as described above. Then F has a fized point.

We discuss Theorem 2.1 for the class Ad(X, X). Let X € NES(compact) and F € Ad(X,X)
a compact map. Also let K, K*, U, s, i, ju and hy as described above. Let (p,q) be a selected
pair for F. Now since F hy € Ad(U,X) then [9, Section 40] guarantees that there exists a selected
pair (p',q') of Fhy with (¢')« (") = ¢« p; ! (ht)«. Notice

(q/)* (p/)*_l (jU)* Sx = Qx p:l (hU)* (jU)* Sx = Qx p*_l

since hy jus =1is 's. Next note G = jy s Fhy € Ad(U,U) has a selected pair (p,ju sq’) (since
jusqd () Hx) CjusFhy(z) =G(z) for z € U) and from Theorem 1.5 we know U is a Lefschetz

space so (ju sq')« (p');! is a Leray endomorphism. Notice (jir)« s« (¢)x (P):! = (v sq)s (p')t
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and from above (¢')x (p")7! (ju )« $x = ¢ py ! so [8, page 314, see (1.3)] (here E' = U', E" = U",
u=(q)(P)" v =(u)ese [ = (Gusd)e ()" and f” = q.p;") guarantees that g, p;' is a
Leray endomorphism and A (gx p; 1) = A ((ju s¢')« (p')51). Thus A (F) is well defined.

Next suppose A (F) # {0}. Then there exists a selected pair (p,q) as described above with
A(gepyt) #0. Let p’ and ¢’ be as described above with A ((ju sq')« (p')51) = A (g pi!) # 0. Now
since U is a Lefschetz space there exists x € U with z € jy sq (p')"!(z) ie. z € G(z) so (2.1) is
satisfied. Combining with Theorem 2.1 we have the following result.

Theorem 2.2. Let X € NES(compact) and F € Ad(X,X) a compact map. Then A (F) is well
defined and if A (F) # {0} then F has a fized point.

Remark 2.1. Theorem 2.2 says that NES(compact) spaces are Lefschetz spaces (for the class Ad).

Remark 2.2. Essentially the same reasoning as in Theorem 2.2 establishes: Let X € N ES(compact)
and F € Ads(X,X) a compact map. Then A (F) is well defined and if A (F) # 0 then F has a
fixed point i.e. NES(compact) spaces are Lefschetz spaces (for the class Ads).

A space Y is a approximate neighborhood extension space for @ (written ¥ € ANES(Q)) if Va €
Cov(Y), VX € Q, VK C X closed in X, and any continuous function fy: K — Y, there exists a
neighborhood U, of K in X and a continuous function f, : U, — Y such that f,|x and fo are

a-close.

Let X € ANES(compact) be a uniform space and F € UF(X, X) a compact upper semicontin-
uous map with closed values. Also let a € Covx (K) where K = F(X). To show F has a fixed point
it suffices (Theorem 1.3 with Remark 1.2) to show F' has an a—fixed point. Let o/ = aU{X \ K} and
let K*, s and i be as above. Since X € AN ES(compact) there exists an open neighborhood U, of
K* in T and f,: U, — X a continuous function such that f,|x~ and s~! are a’-close and as a
result foju,s: K — X and i: K — X are a-close; here jy, : K* — U, is the natural imbedding.
Finally let G, = ju, s F fo. Notice G, € UF(U,,U,) is a compact upper semicontinuous map with

closed values. We now assume
(2.2) Go € UF(Uy,Uy) has a fixed point for each o € Covx (F(X)).

We still have o € Covx (K) fixed and we let x be a fixed point of G,. Now let y = fo(z) so
Yy € faju,sF(y) ie. y = foju, s(q) for some q € F(y). Now since f,ju, s and i are a—close
there exists U € a with f4 ju, s(¢) € U and i(q) € U ie. ¢€ U and y = foju, s(q) € U. Thus
qgeU and y €U so

yeU and F(y)NU #0 since q € F (y).

Theorem 2.3. Let X € ANES(compact) be a uniform space and F € UF(X,X) a compact upper
semicontinuous map with closed values. Also assume (2.2) holds with K, K*, Uy, s, ju., © and fq
as described above. Then F has a fized point.

We discuss Theorem 2.3 for the class Ad(X, X). First however we need the following definition.

A space Y is a strongly approximate neighborhood extension space for @ (written Y € SANES(Q))
if Va € Cov(Y), VX € Q, VK C X closed in X, and any continuous function fy: K — Y, there
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exists a neighborhood U, of K in X and a continuous function f, : U, — Y such that f,|x and

fo are a close and a-homotopic.

Let X € SANES(compact) be a uniform space and F € Ad(X,X) a compact map. Also let
K, K*, Uy, s, ju., ¢ and f, as described above. Let (p,q) be a selected pair for F. Now since
F fo € Ad(U,, X) then [9, Section 40] guarantees that there exists a selected pair (pl,,q)) of F fo
with (¢))x (P))5t = @ px! (fa)s- As a result

(@)« (Po)3 " oo )w e = @Dyt (fa)e (Gua)w 55 = @i

since f, ju, s is a homotopic to i (note fo|x+ and s~! are a/-homotopic by definition). Next note
Go =ju, s F fo € Ad(U,,U,) has a selected pair (pl,,ju, sq,) and from Theorem 1.5 we have that
(o 54)s (W)7" 15 & Leray endomorphism. Now since (ju, )y sx (¢4)s (7)5" = (v 5 84)s (B3
and from above (¢,)x (P})5 ! (ju, )« 8« = ¢ vy ! then [8, page 314, see (1.3)] guarantees that ¢, p; ! is
a Leray endomorphism and we have A (¢x p; 1) = A ((ju, s¢.)« (p)):1). Thus A (F) is well defined.

Next suppose A (F) # {0}. Then there exists a selected pair (p,q) as described above with
A(qepit) #0. Let pl, and ¢, be as described above with A ((ju. sq.)« (P))s1) = A(gpy?t) # 0.
Now since U, is a Lefschetz space there exists z € U, with x € ju_ sq) (ph) ' (z) ie. x € Go(w)
so (2.2) is satisfied. Combining with Theorem 2.3 we have the following result.

Theorem 2.4. Let X € SANES(compact) be a uniform space and F € Ad(X,X) a compact map.
Then A (F) is well defined and if A (F)# {0} then F has a fized point.

Remark 2.3. Theorem 2.4 says that SANES(compact) uniform spaces are Lefschetz spaces (for the
class Ad).

Remark 2.4. Essentially the same reasoning as in Theorem 2.4 establishes: Let X € SANES(compact)
be a uniform space and F' € Ads(X,X) acompact map. Then A (F) is well defined and if A (F) #0

then F' has a fixed point i.e. SANFES(compact) uniform spaces are Lefschetz spaces (for the class
Ads).

One could in fact generalize Theorem 2.2 and Theorem 2.4 by using some results in [1]. Let X
be a subset of a Hausdorff topological space and let X be a uniform space. Then X is said to be
Schauder admissible if for every compact subset K of X and every open covering a € Covx (K)
there exists a continuous function 7, : K — E such that

(i). Mo and i: K — X are a-—close;
(ii). ma(K) is contained in a subset C' of X with C a Lefschetz space;
and

(iii). 7o and i : K < X are homotopic.

Remark 2.5. For example we could take C' € NES(compact) or C € SANES(compact) in (ii) above
(for both Ad and Ads maps).

The following result can be found in [1].
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Theorem 2.5. Let X be a subset of a Hausdorff topological space and let X be a uniform space.
Also suppose X is Schauder admissible. If F € Ad(X,X) is a compact map then A (F) is well
defined and if A(F) # {0} then F has a fized point (i.e. Schauder admissible uniform spaces are
Lefschetz spaces (for the class Ad)).

Let X be a Hausdorff topological space and let a € Cov(X). X is said to be Schauder
admissible a-dominated if there exists a Schauder admissible space X, and two continuous functions
Ta : Xa = X, Sa: X — X, such that 78, : X — X and 7: X — X are a-close and also that
o Sa ~ Idx. X 1is said to be almost Schauder admissible dominated if X is Schauder admissible
a-dominated for every a € Cov(X).

The following result can be found in [1].

Theorem 2.6. Let X be a subset of a Hausdorff topological space and let X be a uniform space.
Also suppose X is almost Schauder admissible dominated. If F € Ad(X,X) is a compact map then
A (F) is well defined and if A(F) # {0} then F has a fized point (i.e. almost Schauder admissible

dominated uniform spaces are Lefschetz spaces (for the class Ad)).

Remark 2.6. A similar result holds if F' € Ad(X, X) is replaced by F' € Ads(X,X) in Theorem 2.5
and 2.6.

3 Asymptotic Fixed Point Theory

Let X be a Hausdorfl topological space. A map F € Ad(X,X) is said to be a compact absorbing
contraction (written F € CAC(X,X) or F € CAC(X)) if there exists Y C X such that

(). F(Y)CY;

(ii). Fly € Ad(Y,Y) (automatically satisfied) is a compact map with Y a Lefschetz space;

(iii). for every compact K C X there is an integer n = n(K) such that F"(K) CY.

Remark 3.1. Examples of Lefschetz spaces Y can be found in Section 2. For example Y could be
NES(compact) or a SAN ES(compact) uniform space.

Remark 3.2. If Y = U is an open subset of X then (iii) could be changed to
(iii)". for every x € X there exists an integer n = n(z) such that F™®)(z) CY =U.

To see this we show (iii)’ implies (iii). For each z € X there exists n(z) such that F™®)(z) C
Y = U so by upper semicontinuity there exists an open neighborhood U, of x in X such that
FM@)(y) CY =U for y € U,. Let K be a compact subset of X. Then there exists an open covering
{Usy, -y Uy, } of K. Let n =max{n(x1),...,n(x,)} and so for x € K we have F"(z) CU =Y, so

(iii) is true.

Remark 3.3. For a discussion on compact absorbing contractions see [9, Section 42] and [12, Section
15.5].
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Theorem 3.1. Let X be a Hausdorff topological space and F € CAC(X,X). Then A(F) is well
defined and if A (F) # {0} then F has a fized point.

Proof: Let Y be as described above. Let (p,q) be a selected pair for F' so in particular ¢p=1(Y) C
F(Y). Consider F|y and let ¢, p' : p7'(Y) — Y be given by p'(u) = p(u) and ¢'(u) = q(u).

-1

Notice (p',q’) is a selected pair for F|y. Now since Y is a Lefschetz space then ¢ (p’); ' is a Leray

endomorphism. Now [9, Proposition 42.2, pp 208] guarantees (see (iii)) that the homeomorphism
¢/ (") H(X,Y) = H(X,Y)

is weakly nilpotent (here p”, ¢" : (I,p~1(Y)) — (X,Y) are given by p”(u) = p(u) and ¢”(u)
1 _

Sl

q(u)). Then [9, pp 53] guarantees that ¢ (p”);! is a Leray endomorphism and A (¢7 (p”); 1)

Also [9, Property 11.5, pp 52] guarantees that ¢, p;' is a Leray endomorphism (with A (q.p;t) =
A(g. (p)71)) so A(F) is well defined.

Next suppose A (F) # {0}. Then there exists a selected pair (p,q) of F with A (q.p;t) # 0.
Let (p/,q') be as described above with A (g, p; 1) = A (¢, (p')71). Then A (¢, (p');1) # 0 so since Y

*

is a Lefschetz space then there exists © € Y with z € Fly (z) i.e. x € Fz. O

Remark 3.4. A map F € Ads(X,X) is said to be a compact absorbing contraction (written F €
CACs(X,X) or F e CACs(X)) if there exists Y C X such that

(). FY)CY;
(ii). Fly € Ads(Y,Y) (automatically satisfied) is a compact map with Y a Lefschetz space;
(iii). for every compact K C X there is an integer n = n(K) such that F"(K) CY.

Essentially the same reasoning as in Theorem 3.1 establishes the following: Let X be a Hausdorff
topological space and F € CACs(X,X). Then A (F) is well defined and if A (F) # 0 then F has
a fixed point.

4 Fixed point theory in Fréchet spaces

We now present another approach based on projective limits. Let E = (E,{| - |»}nen) be a Fréchet
space with the topology generated by a family of seminorms {|-|, : n € N}; here N ={1,2,....}. We
assume that the family of seminorms satisfies

(4.1) |z]r < |zl2 < |zl5 < ... for every z € E.

A subset X of E is bounded if for every n € N there exists r, > 0 such that |z|, < r, for all
x€X. For r>0 and z € E wedenote B(z,r) ={y€ E: |[x—y|, <rVne N}. To E we associate
a sequence of Banach spaces {(E,,| - |,)} described as follows. For every n € N we consider the
equivalence relation ~, defined by

(4.2) xr~py it |z —yl, =0.

We denote by E™ = (E /~p,| - |») the quotient space, and by (E,,| - |,) the completion of E™
with respect to |- |, (the norm on E™ induced by |- |, and its extension to E,, are still denoted
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by |- |n). This construction defines a continuous map p, : £ — E,. Now since (4.1) is satisfied

the seminorm |- |, induces a seminorm on E,, for every m > n (again this seminorm is denoted
by |-|n). Also (4.2) defines an equivalence relation on E,, from which we obtain a continuous map
tnm @ Ep — B, since E,, /~, can be regarded as a subset of E,. Now fipm ttm i = fnk if
n<m<k and fin, = ln,m tm if 1 <m. We now assume the following condition holds:

(4.3) { for each n € N, there exists a Banach space (Ep,,|- |n)

and an isomorphism (between normed spaces) j, : E, — FE,.

Remark 4.1. (i). For convenience the norm on E, is denoted by |- |,.
(ii). In many applications E,, = E™ for each n € N.

(iii). Note if = € E,, (or E") then z € E. However if 2 € FE,, then z is not necessaily in E and
in fact E, is easier to use in applications (even though FE, is isomorphic to E,). For example if
E = C[0,00), then E™ consists of the class of functions in E which coincide on the interval [0, n]
and E, = C[0,n].

Finally we assume

(4.4) { EiDE; D ... and for each n € N,

|]n Hn,n+1 ]7:.;1_1 CC|n < |$|n+l VzeFEi

(here we use the notation from [1, 2] i.e. decreasing in the generalized sense). Let lim. E, (or
N$° E,, where N$° is the generalized intersection [1, 2]) denote the projective limit of {E,},en (note
Tnom = Jn Un,m j;ll : B, — E, for m > n) and note lim._ E, = F, so for convenience we write
E =lim_ E,.

For each X C E and each n € N we set X,, = j, itn(X), and we let X,,, int X,, and 90X,
denote respectively the closure, the interior and the boundary of X,, with respect to |-|, in E,. For
r>0 and x € E,, we denote By(z,7) ={y€ E,: |x—y|, <r}.

Let M C E and consider the map F : M — 2F. Assume for each n € N and = € M that
Jn pin F (x) is closed. Let n € N and M,, = j, un(M). Since we first consider Volterra type operators
we assume (note this assumption is only needed in Theorems 4.1 and 4.2)

(4.5) if ,y€ FE with |x —y|, =0 then H,(Fz, Fy)=0;

here H,, denotes the appropriate generalized Hausdorff distance (alternatively we could assume Vn €
N,Yx,y € M if j, pn® = jp ny then j, pn Fx = j, pp Fy and of course here we do not need to
assume that j, u, F (x) is closed for each n € N and x € M). Now (4.5) guarantees that we can
define (a well defined) F,, on M,, as follows:

For y € M,, there exists a © € M with y = j,, un(z) and we let
Foy=jnpnFa

(we could of course call it F'y since it is clear in the situation we use it); note F, : M,, — C(E,) and
note if there exists a z € M with y = j,, un(2) then j, pin F 2z = jp un F z from (4.5) (here C(E,,)
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denotes the family of nonempty closed subsets of E,,). In this paper we assume F;, will be defined on

M, i.e. we assume the F,, described above admits an extension (again we call it F,) F, : M, — 2E»
(we will assume certain properties on the extension).

Now we present some Lefschetz type theorems in Fréchet spaces. Our first two results are moti-
vated by Fredholm type operators.

Theorem 4.1. Let E and E, be as described above, C C E and F : C — 2F. Also assume for
each n € N and © € C that jn un F (z) is closed and also for each n € N that F, : C,, — 2B gs
described above is a closed map with © ¢ F,(x) in E, for x € 9 C,. Suppose the following conditions

are satisfied:

(4.6) for each n € N, F, e CAC(C,,C,) and
' F,:C, — 2B s hemicompact,

(4.7 for each n € N, Ac, (F,) # {0}

and

(4.8) for each n€{2,3,...} if yeC, solves y€ F,y in E,
' then ji ik gt (y) € Cx for ke {l,..,n—1}.

Then F has a fixed point in E.

Proof: For each n € N there exists y, € C,, with y, € F,y, in E,. Lets look at {yn}nen-
Notice y; € Cy and j; ul,kjk_l (yr) € C1 for k € N\{1} from (4.8). Note jip1nj, (yn) €
Fi (1 1.n Jy H(yn)) in Eq; to see note for n € N fixed there exists a z € E with y, = ji, pin (z) so0
Jn tin () € Fyy (Yn) = Jn in F(x) on E, soon E; we have

J1 Hin Jr?l(yn) = JiMin ];1 Jn bin (T) € J1 Hin Jr?ljn pn F(z)

= J1 1 pin F(x) = j1pn F(x) = Fi(j1 o1 (2))

= Fl(jl Hin jgljn Hn (I)) =N (.]1 Hin ];1(%))
Now (4.6) guarantees that there exists is a subsequence Ny of N anda z; € C7 with j1 g1, jy ! (yn) —
z1 in Fy as n — oo in Ni and z; € Fj z; since Fy is a closed map. Note z; € Cy since z ¢ Fy(z)
in By for x € C;. Let Ny = N{\ {1}. Now ja o j, ! (yn) € Co for n € Ny together with (4.6)
guarantees that there exists a subsequence N3 of Ny and a z3 € Cy with jo pan it (yn) — 22 in
Ey; as n— oo in N3 and 29 € Fy29. Also 23 € Co. Note from (4.4) and the uniqueness of limits

that jipu2jy ' 22 =21 in By since N3y C Ny (note ji finn "t (Yn) = j1 a2z J2 b2 G (ya) for
n € Nj). Let No = Nj\ {2}. Proceed inductively to obtain subsequences of integers

N} DN} Dy NEC{kk+1,..}

and zy € Cy with jg pen jo ! (yn) — 2z in Ep as n — oo in N{ and z, € Fy 2. Also 2z, € C.
Note jk Mk, k+1 jl;—:l Zk+1 = Rk in Ek for k € {1,2, } Also let Nk = N]:\{k}

Fix k € N. Now zi € Fj z;, in Ef. Note as well that

— —1 _ —1 —1
Rk = Jk MEE+1 Jpy1 Rk+1 = Jk Bk k+1 I Jh+1 Hk+1,k+2 Jjy 9 Zk+2

. 1 . 1
= Jk Mk,k+2 Jpyo Rk+2 = ooet = Jk Bk;m Jm “m = Tk,m Zm
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for every m > k. We can do this for each k € N. As aresult y = (z;) € lim F,, = E and also note
zr € C for each k € N. Thus for each £k € N we have

Je bk (y) = 21 € Fr 2z = e F'y in By
soyeFyin E. O

Remark 4.2. Of course one could remove x ¢ F,(z) in E, for z € 9C,, for each n € N if C
is a closed subset of E. The proof follows as in Theorem 4.1 except in this case z; € Cj (but not
necessarily in Cy). Also from y = (2¢) € lim E,, = E and 7 (Ym) — 25 in Ex as m — o
we can conclude that y € C = C (note ¢ € C iff for every k € N there exists (vx.m) € C,
Thm = Thn (Tnm) for n >k with zx ., — jr ok (@) in Ep as m — o0). Thus zx = ji pr (y) € Cx
and so Ji uk (y) € jepr F (y) in Ej as before. Note in fact we can remove the assumption that C
is a closed subset of E if we assume F:Y — 2F with C CY and C,, CY,, for each n € N.

Remark 4.3. If we replace F, : C, — 2F» is hemicompact in (4.6) with F, : C, — 2% is
hemicompact then one can remove = ¢ F,(z) in E, for x € 0C, and F, : C,, — 2F~ is a
closed map for each n € N in the statement of Theorem 4.1 since if for each n € N, F, : C,, — 2Fn
is hemicompact then we automatically have that z, € Cj.

Essentially the same reasoning as in Theorem 4.1 (with Remark 4.2) yields the following result.

Theorem 4.2. Let E and E, be as described above, C C E and F : C — 2F. Also assume C is
a closed subset of E, for each n € N and x € C that j, pn F () is closed and also for each n € N
that F, : C,, — 2% is as described above. Suppose the following conditions are satisfied:

(4.9) for each n € N, F, € CAC(C,,,C,,) is hemicompact,
(4.10) for each mn € N, Ag—(F,) # {0}
and

(411) { for each n€{2,3,...} if yeC, solves ye F,y in E,

then ji pkn jn ' (y) € Cx for ke {1,...,n—1}.
Then F has a fixed point in E.

Remark 4.4. Note we can remove the assumption in Theorem 4.2 that C is a closed subset of E if
we assume F:Y — 2F with C CY and C,, CY,, for each n € N.

Our result two results are motivated by Urysohn type operators. In this case the map F,, will
be related to F' by the closure property (4.16).

Theorem 4.3. Let E and E, be as described above, C C E and F : C — 2F. Also for each n € N
assume there exists Fy : C,, — 2F» and suppose the following conditions are satisfied:

(4.12) for each n € N, F, € CAC(C,,C,)

(4.13) for each n € N, Ac, (F,) # {0}
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for each n€{2,3,...} if yeC, solves y€ Fp,y in E,
then jkﬂk,nj;1 (y) € Ck fOT ke {1,...,TL— 1}

(4.14)

for any sequence {yptnen with y, € C,
and yp, € Foy, in E, for ne N and
for every k€ N there exists a subsequence
Ny C{k+1,k+2,...}, Ny C Ny for
ke{1,2,...}, No=N, and a z; € Cy with

Jk b dnt (Yn) — 2k in Ex as n— oo in N

(4.15)

and

if there exists a w € C' and a sequence {yn}tnen

with y, € Cp, and y, € Fy, in E, such that
(4.16) for every k € N there exists a subsequence
SC{k+1,k+2,....} of N with jipikni, " (yn) — w

i Ep as n— oo in S, then w € Fw in E.

Then F has a fixed point in E.

Remark 4.5. Notice to check (4.15) we need to show that for each k € N the sequence
{k tkn 3nt (Yn) tnen,_, C Ck is sequentially compact.

Proof: Fix n € N. Now there exists y, € C, with y, € F,, y, in F,. Lets look at {y,}nen. Notice
y1 € C1 and j; ul,kjk_l (yr) € Cy for k € {2,3,...}. Now (4.15) with k£ = 1 guarantees that there
exists a subsequence N; C {2,3,....} and a z; € C; with ji 1, ;' (yn) — 21 in Ey as n — oo in
Ni. Look at {yn}nen,. Now jopio, jt (yn) € Co for k € Ni. Now (4.15) with k = 2 guarantees
that there exists a subsequence Ny C {3,4,...} of Ny and a 23 € Cy with ja pon i, ! (yn) — 22 in
E; as n — oo in Nj. Note from (4.4) and the uniqueness of limits that j; u12 j;l 20 = 21 In Ey
since No C Ny (note ji1 pi1n 45 " (Yn) = 1 1.2 G5 * Jo tian g - (yn) for m € No). Proceed inductively
to obtain subsequences of integers

N1 DNy D...... s ng{k—l—l,k—f—Q,}
and z, € Cy with jg pen ji b (Yn) — 2k in Ex as n — 0o in Ni. Note Jj ik k+1 j,;:l Zk41 = 2k In
Ey for ke {1,2,..}.
Fix k € N. Note

. -1 . —1 . -1
Rk = Jk Mkk+1 Jpy1 Rh+1 = Jk Mk k+1 Jp1 Jh+1 Hk+1,k+2 Jp 42 Zk+2

. 1 . 1
= Jk Mk,k+2 ]]H_g Rhk+2 = oene = Jk Mk,m Jm Am = Tkom Zm

for every m > k. We can do this for each &k € N. As a result y = () € lim FE,, = E and
also note y € C since z, € C) for each k € N. Also since y, € F,,y, in E, for n € N; and
Jk ko nt (yn) — 2k =y in B as n — oo in Nj we have from (4.16) that y € Fy in E. O
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Remark 4.6. From the proof we see that condition (4.14) can be removed from the statement of

Theorem 4.3. We include it only to explain condition (4.15) (see Remark 4.5).

Remark 4.7. Suppose in Theorem 4.3 we have

for any sequence {yn}neny with y, € Cp
and y, € F,y, in E, for n€ N and

for every k € N there exists a subsequence
Ny C{k+1,k+2,...}, N C Nj_y for
ke{1,2,..}, No=N, anda z, € C with

Gk ten dnt (yn) — 2z, in Ex as n— oo in Ny

(4.15)*

instead of (4.15) and F : C — 2F is replaced by F :Y — 2F with C CY and C, C Y, for each
n € N and suppose (4.16) is true with w € C replaced by w € Y. Then the result in Theorem 4.3 is

again true.

The proof follows the reasoning in Theorem 4.3 except in this case 23, € Cy (but not necessarily
in Cy)and y €Y.

In fact we could replace C,, C Y, above with C,, a subset of the closure of Y, in E, if YV is
a closed subset of E (so in this case we can take Y = C if C is a closed subset of E). To see this
note zj € Cy, y=(zx) €lim_ E,, = E and 7 m (Ym) — 2, in Ey as m — oo and we can conclude
that ye€ Y =Y.

In fact in this remark we could replace (in fact we can remove it as mentioned in Remark 4.6)
(4.14) with

(4.14)* for each n €{2,3,...} if yeC, solves ye F,y in E,
. then ji pugnjnt (y) € C for ke {l,..,n—1}

and the result above is again true.

Essentially the same reasoning as in Theorem 4.3 (with Remark 4.7) yields the following result.

Theorem 4.4. Let E and E, be as described above, C C E and F : C — 2F. Also assume C is
a closed subset of E and for each n € N that F, : C,, — 25~ and suppose the following conditions

are satisfied:

(4.17) for each n € {2,3,...} if ye€ C, solves y€ F,y in E,
' then ji puem jn* (y) € Cx for k€ {1,...,n —1}
(4.18) for each n € N, F, € CAC(C,,,C,)

(4.19) for each mn € N, As—(F,) # {0}
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for any sequence {yn}nen with y, € C,

and yn € Foyn in E, for n€ N and

for every k€ N there exists a subsequence

(4.20)
ng{k—l-l,k—l-Q, ..... }, N € Np_1 fOT
ke{1,2,..}, No=N, anda z, € Cy with
Gk et (yn) — 21 in Ep as n— oo in Ny
and
if there exists a w € C' and a sequence {yn}tnen
with Yn eC, and Yn € Foyn in E, such that
(4.21) for every k € N there exists a subsequence

SC{k+1,k+2,.....} of N with ji pikmin’ (yn) — w

i Ep as n— oo in S, then w € Fw in E.

Then F has a fixed point in E.
Remark 4.8. Condition (4.17) can be removed from the statement of Theorem 4.4.

Remark 4.9. Note we can remove the assumption in Theorem 4.4 that C is a closed subset of E if
we assume F :Y — 2F with C CY and C, CY, (or C, a subset of the closure of Y,, in E,, if
Y is a closed subset of E) for each n € N with of course w € C' replaced by w € Y in (4.21).
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