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ABSTRACT

In this paper, we claim two subjects. One is that the Weyl transform with symbol in
the Gel'fand-Shilov space ¥, r = %, is a trace class operator. The other one is that the
Weyl transform with symbol in the generalized function (%), r = %, is a continuous lin-
ear transformation from the Gel’fand-Shilov space % to (#). As r > 1, Z. Lozanov-
Crvenkovié and D. Peri$i¢ have proved in [6] this result. Our second claim includes their
result.

RESUMEN

En este articulo afirmamos dos asuntos. El primero es que la transformada de Weyl con
simbolo en el espacio de Gel'fand-Shilov &7, r = %, es un operador de clase trazo. El
segundo asunto es que la transformacién de Weyl con simbolo en las funciones general-
izadas (#), r= %, es una transformacién lineal continua del espacio Gel’fand-Shilov &
to (7). Como r > 1, Z. Lozanov-Crvenkovié¢ y D. Perisi¢ probaron en [6] este resultado.
Nuestro resultado incluye su resultado.
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1 Introduction

The subject of this article is to show the properties, as operators, of the Weyl transform with
the symbol in the Gel’fand-Shilov space .#7, r = 1/2, and its dual space (#]), r = 1/2.

The Weyl transform was first considered by Hermann Weyl arising in quantum mechan-
ics in [14] and the properties of the Weyl transform as operators have been studied by many
mathematicians. See for instance, [1], [6], [9], [11], [12], [13], [15] and others. These investi-
gations are mainly to consider the correspondence between the functional space, in which the
symbol belongs, and the operator class, in which the Weyl transform belongs.

There exist two remarkable results about these considerations: first, that the Weyl trans-
form with the symbol in Schwartz class is a trace class operator in [13]; and secondly, that
the Weyl transform with the symbol in (7Y, r > 1, is a continuous and linear maps from
%r(le) to (LTY (R?) in [6]. Our discussion is principally aimed at slightly developing these
two results. They depend on two areas of study: first, the correspondence between the Weyl
transform with the symbol in %7, r = 1/2, and the sequence space with some exponential
decrease, and secondly, the study of the Schwartz’s kernel theorem for (&#7), r = 1/2. We
consider these subjects in detail.

The plan of the paper is as follows. In the next section we introduce some properties
of the Gel'fand-Shilov space. In section 3 we treat the Weyl transform with symbol in &#.
In section 4 we show the Schwartz’s kernel theorem for (#/) and the property of the Weyl
transform with symbol in generalized functions. Through this article we always treat the
index r = 1/2.

2 The Gel’fand-Shilov Space ./ and its Dual ()

First of all, we give some notations. We use a multi-index a € Z‘i, namely, a = (a1---aq),

d ,a_ ., a1 aq a _ A% aq Qj _ ¢ 0 va;
where a; € Z and @; = 0. So, for x € R, x% =x; Xy and@x—axl---axd,whereaxj—(Wj)J.

Definition 1 ([4]). Let A,B €(0,00)%. For r =(ry, - ,rg)andr; =0, 1<i<d,
Vrrf(ﬂ%d) ={p e C®(RY) | V6 € (0,00)%, Vp € (0,00)?, 3Cs, 20 s.t.

lx*02p(x)| < Cs,o(A +8)*(B + p)Ik* g™, VE,q € 79},
where
(A+6)f = (A1 +8)F - (Ag +64)k4,

B+p)?=(B1+p1)?---(Bg+pg)l.
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The space yrrf(Rd) is a Fréchet space with the semi-norms
11
i»Pi = 1’5’5'“ .

lx* 0 ()| 5
(A +6)k(B +p)ikkrqar’

1
loll°? = sup
x,k,q

dy_ 1: r.B md
HRY= lim # R,

The space %’(Rd) is given by the inductive limit
A,B—oo

r

The Gel’fand-Shilov space is the subspace of the Schwartz class #(R%).
For any a,B € (0,00)%, we define the space 5”,ra3 R?) by

1-
7

Let a €(0,00)¢ be a =
eA L
FIE®RY = {p e CP®?) | V8,p € (0,00)%, ICs, > 0 5.¢. 10Lp(x)] < Cyp(B + p) gt eI

Vk,q €7},
where as = —— and
e(A+6)T 5
[0 ()]
Ipllsp = sup e
x,pB B+ p)ﬁﬁﬁ"e‘azﬂxﬁ

The Gel'fand-Shilov spaces (R?) enjoy the following properties [4]:

Proposition 1. Let {¢;} be a sequence in # (R?). Then we obtain
9;j— Oas j— +ooin S

if and only if there are positive constants B and a such that
p
0% @ ()] .
x P —0as j — +oo.

sup T
x.f BBBPre—alxl™
() #r=10},0<r<3.

Proposition 2.
(i) For ri<rg, S isincluded in #,? and %! is dense in S}

(iii) Let 52,’ be the image of the Fourier transform of #]. Then 52,’ =
Remark 1. As r =1, the Gel'fand-Shilov space yll(le) is known to be isomorphism to the

space of test functions of the Fourier-hyperfunctions [7].

We define the Hermite functions {#,(x)},=0,1,2.. on R! by
172 n
ha(x)= (@ ") i i (-1 e (i) e
dx



244 Yasuyuki Oka CUBO

12, 3 (2010)

It is known that the set {#,(x)},=0,1,2,.- is a complete orthonormal system in L2(RY). That
is, for any f in L2(R1),

f@)=3Y aphn(x)in LARY),
n=0

where a, = (f,h,) = / f(x)h,(x)dx. This expansion is called the Hermite expansions and
R

{an}n=012- is called the Hermite coefficients. For d-dimensions, the Hermite functions on R?
is defined by
Ra(x)=ha (x1)® - ®ha,(xg), acZ?, xeR?,

The set {h4(x)} 74 is also a complete orthonormal system in L2(RY).

Proposition 3 ([17]). Let ¢ € ,%’([Rd), r= % Then there exist some constants C >0 and L €
(0,oo)d such that

¢= i (¢’ha)ha and |(¢’ha)| = CeXp(—La{2_lr)'
la|=0

Conversely, if laq| < Cexp(—LaTlr) for some constants C > 0 and L € (0,00)%, then the series
[e.0]

Z aqhq(x) converges to a function in %’(Rd), where hy(x) is the Hermite function.
lal=0

Definition 2. We denote by (Z’)'(Rd) the dual space of the Gel'fand-Shilov space V[(Rd).

3 The Weyl Transform with Symbol in .#"

As quantization from classical mechanics to quantum mechanics, H. Weyl introduced the
operator # (F) as follows: for any F € #(R2%),

W (F)p(E) = f fR P, lnt,y)plodzdy, ¢ € LR, 3.1

where [7(x, y)pl(&) = e/®<+3¥V (& + y). We call this transform # (F) the Weyl transform with
symbol F. The Weyl transform # (F') is also expressed by the following matrix element: for
any ¢, y € LARY),

W (F)p,w) = f fR  Flayate,y)p.wdxdy
= f f FQ,y)V(p,v)(x,y)dxdy,
R2d

where V (¢, y)(x,y) is the Fourier-Wigner transform of ¢ and v defined by

Vi, y)x,y) = @n) 2 / P p(p + Lyy(p — L)dp.
Rd 2 2
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The Fourier-Wigner transform has the following property, see for example [5]. To be

definite, we shall repeat here the proof.
Proposition 4. Let ¢,y € #7(RY), r = 1. Then V(p,y) € &7 (R2?).
Proof. It follows from Proposition 2 (iii) that a partial Fourier transform of the first

variables is a continuous map from ./ to .#7, so it suffices to show that if ¢,y are in #7(R%),
then ¢(p + %)1,7( - %) is in .7 (R2%). Suppose ¢,y € £ (R?). Since

a

p= % (2o ) o3 ma = £ (0) o) v o3

|k1=0 17|=0

we have that

a,B,y,6 B k+l a+p-k-1
a B AY AP Yyoo Yy _ a) (B[ e, LY _Y
P Y3y etp + o - 2) klzm(k)(z)(m)(n)( D p+3) (-3

x 07 0%p(p + %)a;"”ai‘”u'/(p - %). (3.2)

Setu=p+%andv=p—%,then

a.B,y.0 161
(3.2)= Z (a) (’B) (Y) (6) (_]_)|ﬁ+5—l—n\ (%) uk+lva+ﬁ—k—larun+naz—m+6—n(p(u){U(v).

k,l,m,n LJ\m)\n

So we obtain that for any a, Sy, 6 € Zf,

a,B,y,0 a 5 i i
P50+ -l 3 ( )(ﬁ )(Y)( )|uk”aZ””<p<u)||u“+ﬁ-k—laz O w)
2 20 pimn\kJ\1)\m)\n
<C.Cy a’ﬁzﬂﬁ al(B)[r\[o Ak+lAzx+,B—k—le+nBy_m+5_n
- pima B\ \m)\n) " T2 1 Py

x (b + l)(k+l)r(a, +f—k— l)(a+ﬁ—k—l)r(m " n)(m+n)r
(Y —m+6— n)(y—m+6—n)r

(3.3)
for suitable constants A1,A9,B1,Bso € (O,oo)d and C1,C9 > 0. Thus we have that
(3.3) < C3ATPBI (a + ) @+Pr (y + 5)T 40T (3.4)
for some constants Ag,Bg € (0,oo)d and C3 > 0. Since

(a+ﬁ)(a+ﬁ)r < eareﬁraarﬁﬁr and (Y+6)(y+6)r < eyreﬁryyréér,
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if we put A4 = Ase” and B4 = Bse”, then we have

(3.4)< C3AS T PBY a7 phry 1750,

Hence we obtain that there exist constants A4, B4 € (O,oo)d and C3 > 0 such that
|payﬁa};a§(p(p + %)u—/(p _ %)| < C3AZ+ﬁBZ+5aarﬁﬁrYYr66r

for any a, B,y and 6 € Zf. This completes the proof of Proposition 4. a

A straightforward computation with (3.1) shows that if F(x,y) € #(R2?), then we have

W (E)p(p) = /d K(p,php(p"dp', ¢ e LARY), (3.5)
R

where the kernel K(p,p') = % Ip(2 ;p : ,p'—p). Here | LF denotes the inverse Fourier trans-

form of F' in the first variables.
The Weyl transform has the following fundamental properties, see for example [15].

Proposition 5. (i) Ifthe symbol F is in LY (R?%), then the Weyl transform W (F) is a bounded
operator on L2(R%),

(ii) Let the symbol F be in L2(R%%). Then the Weyl transform W (F) is the Hilbert Schmidt
operator on L2(R%). Conversely let ® be the Hilbert-Schmidt operator. Then there exists
F € L2(R%) such that
O=W(F).

We obtain the following result concerning on the property of the Weyl transform #/(F')
with the symbol F in &7 (R?), r = 1/2:

Theorem 1. Let W (] (R2%)) be the set of all the Weyl transforms with the symbol in the
Gel’fand-Shilov space ] (R2%). Then

W (LT (®R2)) = (R € BLARY)) |3a,a’ € (0,00) , 3C > 0 such that
e
(Rhg,hp)l < Ce™a1% o=a'IfI> "yq B e 77},

where B(L2RY)) is the set of all bounded operators on L2R%) and ha, hg are the Hermite

functions.

1
Proof. Let 4 = {R € B(LAR?) |3a,a’ € (0,00)¢ , 3C > 0 such that [(Rhq,hp)| < Ce >
, 1
e ‘ﬁ'w, Va,p € Z‘i}. By (3.5) and Proposition 2 (iii), it is apparent that the symbol F €
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5”,’(|R2d) if and only if the kernel K € %’(RZd). By proposition 3 and Fubini’s theorem, we
have that

(W (F)ha,hp)l <

( / d K(p,p’)ha<p’>dp’,hﬁ<p>)‘
R

= deK(p,p’)ha(p’)hﬁ(p)dp’dp‘
= (K, ha & hp)|

1 1
< Ce 0ol p=dIp1Zr
for some constants a,a’ € (0,oo)d and C > 0. Therefore #'(F') € 4. Conversely, let R; € 4. Then

Y. IRl 72y = ) (Riha,Riha)
la|=0 la|=0
(e

(e
<Y Y IRiha,hpll(hp,R1ho)|
lal=0]p|=0
© oo 1 oL
— Z e~2alal?Zr ,=2d|p|2r

= +00.
la|=01p|=0

Hence R; is the Hilbert-Schmidt operator. Therefore it follows from Proposition 5 that
there exists G € L2(R2%) such that #(G) = R1. Then from (3.5) there exists C >0 and a,a’ €
(0,00)% such that

L L
|(R1ha,hp)l = (W (@ha,hp)l = (K, ha ®hp)| < Ce™ T e~ 1A%

By proposition 3, we obtain that K € & (R29) and so is G. a
Corollary 1. If F,G € %/ (R%?), then there exists H € #](R*?) such that W (H) = W (F)W(G)
Proof. Let F,G € #/(R??). Then we have that

(W (EYW (o, hp) = (W ( o, W (F)*hp)l
<Y W ( @ha,h)(hy, W (F) hp)|
Y

= ; |(71/(G)ha,h}/)||(W(F)hy,hﬁ)|

1 1 1

_ 5y _ b (! ! b

< Cealal o BIAIZ ¥ o=@ +B)
Y

1 1
= O p—alal? ,=bIpIZ
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for suitable constants a,a’,b,b’ € (0,00)¢ and C,C’ > 0. Hence we obtain that # (F)#(G) €
4. Therefore it follows from Theorem 1 that H is in .#7(R2¢) such that # (H) = # (F)# (G).
Od

Remark 2. It is known that # (F)# (G) =W (F « 1 G), where

(F 3 G0 = f fR | Fla-&y-nGE et 20 agdn,

So if F,G € &7 (R%?), then (F *1 G) € #T(R%) from Corollary 1.

Definition 3. We denote by S; the family of all trace class operators defined as follows: for
A € B(LA(RY)), there exists an orthonormal basis {v;,} of L2(R?) such that

Z ||Al1k "L2([Rd) < Q.
k
Proposition 6. Let A € B(L2(RY)). If {v i} is an orthonormal basis of L2(R?) then

Z_ AVl 2ga) < Zk |(Av;,vp)l.
J Js

Proof. It is obvious as Av; =0, so it suffices to show as Av; # 0. Let w; be an unit vector
for any index j. Then we have

LA w),05) 1=} 1 (w),Avy)|

—Z

vk vk,Av])

2 (A vr,v)) (w),ve)

5

k

Z A vk,vj
Ik
Z |(Av j,vk (3.6)
Tk

Av;

Choose w; = T Aol & . The inequality now follows. Indeed from (3.6) we have
vj

2l (wj,Av;) 1=

AUJ‘ )
T Av;
- (uAv,-n J

We obtain the following result from Theorem 1 and Proposition 6:

Z |(Avj,Av;) |2 —ZIIAvJII <) (Avj,vi)l.
||Avj|| &

Corollary 2. The Weyl transform W (F) with symbol in & (R29) is of the trace class S1.

Remark 3. Since the Gel’fand-Shilov classes are included in the Schwartz class, the preced-
ing Corollary 2 can be seen also as a consequence of the results of A. Voros [13], proving that
the Weyl transforms with symbol in the Schwartz class are trace operators.
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4 On the Weyl Transform with Symbol in (%))

We first show the Schwartz’s kernel theorem for (&#7), r = %, and give the property of the Weyl
transform with the symbol in (7Y, r = %, as a corollary of the Schwartz’s kernel theorem. S.
-Y. Chung, D. Kim and E. G. Lee proved the Schwartz kernel Theorem for (5”11)' in [2] and Z.
Lozanov-Crvenkovié and D. Perisi¢ gave the Schwartz kernel theorem for (#7) as r > 11in [6].

Our result includes their results.

We prove the following Schwartz’s kernel theorem for (¥, r = %, along the idea in [2]:

Theorem 2. Let k be a continuous and linear operator from V[(Rg;) to (FF )'(Rgll), rzi.

Then there exists K in (%’)'(Rfll X [Rjé2 ), 7= %, such that

(ky,p) =(K,poy),

where @ isin y,’(u'eﬁll), r= %, and yisin x’(u'eﬁ;), r= %

To prove the Theorem 2, we begin from some preparations. We define the heat kernel
E(x,t) by

a2
E(x,t)= ( ) e i | (x,t)€ RY x (0,00).

1
Vamt
The heat kernel enjoys the following properties:
- E(x,t) € (RY),

/ E(x,t)dx =1,
Rd

and

0
, (E _A)E(x,t) =0, in R x (0,00).

Moreover we obtain the following estimate on the heat kernel E(x,t):

Proposition 7 ([16]). For any a € Zf, we have

1
102 E(x, )| < ECx,)(a)?(28) 191+ |x])*, xeRe, 0<¢= 5

From this estimate, we immediately obtain the following properties:
Proposition 8. E(x,t) € #/(RY), r = %

Proposition 9. Let E(x,t) is in 5”,”;? for any a, B> 0. Then for every T >0 and € > 0, there is
a constant C > 0 such that

1
IEGc—,0lsp < Cexple(x|? + (V)Y V)], xerd, 0<t<T. (r > 5)
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In the case where r = 1/2, we have the following inequality:

1
IE@x—-t)lsp < Cg,teg‘xlz, xeR?, t>0, (r = 5) )

Moreover we need the several propositions, which are the result of C. Dong and T. Mat-
suzawa [3], to prove Theorem 2 as follows:

Proposition 10 ([3]). Let p(x) € yrff([}%d), r=1/2. Then

Ulx,t) = / EGx-y,0p(ydy e SLE®RY) , t>0
Rd

and

Ulx,t) — p(x) in € yrff(Rd) ast— 0.

Proposition 11 ([3]). If Every C*-function U(x,t) defined in R‘i” ={(x,t) | x€RY | t >0}
satisfies the conditions:

0 .
(& —A) Ulx,t)=0, in R¥*1,

and for every T >0 and € > 0, there is a constant C > 0 such that
1
U(x,0) < Cexple(xl” +(UHYE D) xerd, 0<t<T. (r > 5)
In the case where r = 1/2, U(x,t) has the following inequality:
£lx|? d _ 1
U(x,t)| < Cg re , x€RY, t>0. r—§

Then Ul(x,t) can be expressed in the form Ul(x,t) = (uy , E(x—y,t)) with unique element u €
() ®D.

Proof of Theorem 2. We show the proof of theorem 2 as r > % Since % is continuous,
the bilinear form B on Vrr,(’,B(Rdl) x y:f(l]%”), for any a,B € (0,00)% and o/, B’ € (0,00)%2,
Blp,) = ky.0) , € ST RN, ye sl RE)
is separately continuous. Since Vrr,;,B(Rdl) and yrff/(Rdz) is Fréchet space, B is continuous.
Hence we obtain that there exists a constant C, o g g > 0 such that

Kky, )| < Co B ll@lspllvlsy (@)

Set for (x1,x2) € R% x R and ¢t > 0,

Ki(x1,x2) =<(kE(xo —-,t), E(x1—-,1)).
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Now we show K; converges in (5”[ )’(IR{”Z1 xR?%2) as t — 0. By (#) and Proposition 9, for any

g, € >0, there exists a constant C, o > 0 such that

Ky (x1,29)| < Ce o exple(a |7 +(1/0) "~ Dylexple! (gl F +(1/0)VE D)),

Moreover we obtain

0
(a_t - A)Kt(x1,x2) =0.

Therefore, by Proposition 11, there exists Ko € (Z’)'(Rdl x R%2) such that Ko = PI%Kt in
(7)) ® xR,
FOI' (p € %"(Rgl), 1// € yr‘r(Rgg )7

(K, poy) = ff Ki(x1,x2)p(x1)p(x2)dx1dxo
Rdl +dg
- ffu@dﬁdz (RE(x2 — y2,)0y(x2), E(x1—y1,0)¢(x1)) dx1duxs.
Since the Riemann sum of an integral converges in ./, we obtain

<Kt,<p®w>=<k/ E(xz—y2,t)w(xz),/ E(x1—y1,)9(x1)).
Rd2 RI1

Therefore, by Proposition 10, we obtain

(Ko,p@y) =<ky,q@),
ast— 0. O

Similarly, we can also show the proof of Theorem 2 as r = %

Remark 4. Z. Lozanov-Crvenkovié¢ and D. Perisié¢ also proved the Schwartz kernel theorem
for the spaces of tempered ultradistributions in [6] by means of the Hermite expansions.

We define the Weyl transform with symbol T € (#7)' by
W (D)p,p) = (T, V9,9, ¢,y € SR,

where V (¢, ) is the Fourier-Wigner transform of ¢ and . It follows from Proposition 4 that
this definition is well defined. M. Cappiello, T. Gramchev and L. Rodino also showed this
subject in [1]. We obtain the following result from Theorem 2.

Corollary 3. The map # from F(R%%) to the space of bounded operators on L2(R?), defined
by
V@00 = ([, Feiatol©Odsdy , 9 L@,

extends uniquely to a bijection from (¥]) (R29), r = 1/2, to the space of continuous linear maps
from LTRY), r=1/2, to (FTY(RY), r=1/2.
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Proof. Let k be a continuous linear map from %’(Rd) to (%’)'(Rd). By Theorem 2, for

any k, there exists K € (#7)(R??) such that

kp,y) =K, poy) , ¢,y € S (RY.
So we have

ko, w) =(K,poy)
=(F1SK,V(p,v)), 4.1)

where &7 is the Fourier transform of the first variable and S is defined by Sh(a,b) = h(a + %,
a-1%). Set T'= 78K,

a

(4.1)=/(T,V(p,y))
=W (Tp,v).

Since Z1SK € (#7)(R%?), for any k, there exists T € (%) (R??) such that k = #(T).

Remark 5. Z. Lozanov-Crvenkovi¢ and D. Peris§i¢ gave the similar result for (&) asr>1in

[6].

References

[1]

[2]

[3]

[4]

[5]

(6]

CAPPIELLO, M., GRAMCHEV, M.T. AND RODINO, L., Gelfand-Shilov spaces, pseudo-
differential operators and localization operators, in Modern Trends in Pseudo-
Differential Operators, Editors: Toft, J., Wong, M.W. and Zhu, H., Birkhduser, 297-312.

CHUNG, S.-Y., KiMm, D. AND LEE, E.G., Schwartz kernel theorem for the Fourier hyper-
functions, Tsukuba J. Math., Vol. 19, N.2 (1995), 377-385.

DONG, C. AND MATSUZAWA, T., -space of Gel'fand-Shilov and differential equations,
Japan. J. Math. Vol. 19, N.2, (1994), 227-239.

GEL'FAND, I.M. AND SHILOV, G.E., Generalized Functions Vol. 2, Academy of Sciences
Moscow, U.S.S.R, 1958.

GROCHENIG, K. AND ZIMMERMANN, G., Spaces of test functions via the STFT, J. Func-
tion Spaces Appl., 2 (2004), 25-53.

LOZANOV-CRVENKOVIE, Z. AND PERISIC, D., Kernel theorem for the space of tempered
ultradistributions, Integral Transforms and Special Functions, Vol. 18, N.10, October
(2007), 699-713.



QHE? On the Weyl Transform ... 253

[7]

(8]
(9]

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

NAGAMACHI, S. AND MUGIBAYASHI, N., Hyperfunction quantum field theory, Commun.
math. Phys., 46 (1976), 119-134.

OKA, Y., N-representation for . and .%', Sophia Univ. Master’s Thesis, 2002.

PooL, J.C.T., Mathematical aspects of the Weyl correspondence, J. Math. Phys. vol. 7,
N.1, January (1966), 66-76.

SIMON, B., Distributions and their Hermite expansions, J. Math. Phys. vol. 12, N.1
(1971), 140-148.

SIMON, B., The Weyl transform and LP functions on phase space, Proc. Amer. Math.
Soc., 116 (1992), 1045-1047.

TOFT, J., Continuity properties for modulation spaces with applications to pseudodiffer-
ential calculus, I, J. Funct. Anal., 207 (2), (2004), 399-429.

VOROS, A., An algebra of pseudodifferential operators and the asymptotics of quantum
mechanics, J. Funct. Anal., 29 (1978), 104—-132.

WEYL, H., The Theory of Groups and Quantum Mechanics, Dover, New York, 1950.
WoNG, M.W., Weyl Transforms, Springer-Verlag, New York, Inc., 1998.

YosHINO, K. AND OKA, Y., Asymptotic expansions of the solutions to the heat equations
with hyperfunctions initial value, Commun. Korean Math. Soc., 23 (2008), N.4, 555-565.

ZHANG, G.-Z., Theory of distributions of S type and pansions, Chinese Math. Acta., 4
(1963), 211-221.



