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ABSTRACT

We study a discrete model of the SU(2) Yang-Mills equations on a combinatorial analog of
R?. Self-dual and anti-self-dual solutions of discrete Yang-Mills equations are constructed.
To obtain these solutions we use both techniques of a double complex and the quaternionic
approach. Interesting analogies between instanton, anti-instanton solutions of discrete
and continual self-dual, anti-self-dual equations are also discussed.

RESUMEN

Estudiamos el modelo discreto de las ecuaciones de Yang-Mills SU(2) sobre un analogo
combinatério de R%. Soluciones auto-dual y anti-auto-dual para las ecuaciones discretas
de Yang-Mills son construidas. Para obtener estas soluciones usamos las técnicas de doble
complejo y abordage cuaternionico. Interesantes analogias entre soluciones instantones y
anti-instantones de ecuaciones discretas y continuas auto-dual y anti-auto-dual son discu-
tidas.
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1 Introduction

It is well known that the self-dual and anti-self-dual connections are the absolute minima of
the Lagrangian for a 4-dimensional non-abelian gauge theory. The first self-dual solution -
the one instanton - to the SU(2) Yang-Mills equations on R* was obtained by Belavin et al
[3]. Later other more general multi-instanton solutions were described in [5, 11]. Since then
numerous extensions have been made. Classical references are the books by Atiyah [1], Freed
and Uhlenbeck [8].

In this paper we study a discrete analog of the SU(2) Yang-Mills equations on a combi-
natorial analog of R*. The ideas presented here are strongly influenced by book of Dezin [6].
We develop discrete models of some objects in differential geometry, including the Hodge star
operator, the differential and the covariant exterior differential operator, in such a way that
they preserve the geometric structure of their continual analogs. We continue the investiga-
tions which were originated in [7, 19, 20, 21]. The purpose of this paper is to construct the
self-dual and anti-self-dual solutions of discrete SU(2) Yang-Mills equations which imitate
the corresponding solutions of continual theory. The geometrical discretisation techniques
used here extend those introduced in [6] and [19]. A combinatorial model of R* based on the
use of the double complex construction is taken from [21].

There are many other approaches to the discretisation of Yang-Mills theories. Numerous
papers have been written on this subject. See, for example, [2, 4, 9, 10, 12, 13, 15, 18, 16] and
the references therein. Most of them are based on the lattice discretisation scheme. However,
in the case of the lattice formulation there are difficulties in keeping geometrical properties
of an origin gauge theory. An alternative geometrical discretisation scheme of a field theory
can be found in [17].

The paper is organized as follows. In Section 2 we review some basic facts of the SU(2)
Yang-Mills theory on R*. We begin by recalling the connection between the Lie group SU(2)
and the space of quaternions. Finally, we write down the basic instanton and anti-instanton
solutions in quaternionic form. The notations here are compiled from [1] and [14].

Section 3 contains a brief summary of definitions and properties due to the double com-
plex construction. We repeat here the relevant material from [21]. This article is also the main
reference for this section. In particular, we introduce discrete matrix-valued forms (analog of
differential forms) and define analogs of the main continual operations on them.

In Section 4 using the quaternionic approach we present the discrete Yang-Mills equa-
tions. We write out components of the discrete curvature 2-form in quaternionic form. The
discrete self-dual and anti-self-dual equations are described. We try to be as close to con-
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tinual SU(2) Yang-Mills theory as possible. Hence we discuss conditions when the discrete

curvature will be su(2)-valued.

Finally, Section 5 is devoted to self-dual and anti-self-dual solutions of the discrete Yang-
Mills equations. We construct these solutions as discrete quaternionic 1-forms and discuss
some analogies with continual instanton and anti-instanton solutions.

2 Quaternions and SU(2)-Connection

In this section we briefly recall some well known settings of the smooth Yang-Mills theory in
Euclidean 4-dimensional space (see, for example, [14]).

We begin with a brief review of some preliminaries about quaternions. The quaternions
are formed from real numbers by adjoining three symbols i,j,k and an arbitrary quaternion
x can be written as

x =x1 +x21 + x3j + 24K, 2.1)

where x1,x9,x3,x4 € R. The symbols i,j,k satisfy the following identities
iZ=j=k>=-1,
ij=—ji=k, jk=-kj=i, ki=-ik=j. (2.2)

It is clear that the space of quaternions is isomorphic to R*. By analogy with the complex
numbers x; is called the real part of x and x2i + x3j + x4k is called the imaginary part. In
further we will write

Imx = x0i + x3j + x4k.

The conjugate quaternion of x is defined by
X =x1—x21—x3j —x4Kk.
Then the norm |x| of a quaternion can be introduced as follows
x| = x% = x2 + x2 + x2 + x2. (2.3)
If x # 0, then it has a unique inverse x ! given by
= #x? (2.4)

The algebra of quaternions can be represented as a sub-algebra of the 2 x 2 complex matrices
M(2,C). We identify the quaternion (2.1) with a matrix f(x) e M(2,C) by setting

+x91 + x40
)= x1+x91  x3+x41 ' 2.5)

—x3+x40 X1 —X21
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Here i is the imaginary unit.

It is well known that the unit quaternions, i.e., they have norm |x| = 1, form a group and
this group is isomorphic to SU(2). The following 2 x 2 complex matrices

. ( i 0 ) ) ( 0 1) (0 i )
i= , Jj= , k= (2.6)
0 -i -1 0 i 0

realize a representation of the Lie algebra su(2) of the group SU(2). Note that multiplying
by —i these tree matrices we obtain the standard Pauli matrices. Matrices (2.6) correspond to
the units i,j,k given by (2.2). Thus the Lie algebra su(2) can be viewed as the pure imaginary
quaternions with basis i,j, k.

Let now A be an SU(2)-connection. This means that A is an su(2)-valued 1-form and we
can write
A= ZAu(x)dx“, 2.7
u

where A, (x) € su(2) and x = (x1,...,x4) is a point of R%. The connection A is also called a gauge
potential. Define a gauge transformation by a function g(x) taking value in SU(2). Then the
gauge potential A must transform like

A—glAg+gldg. (2.8)

Let us define the curvature 2-form F' by
F=dA+ANAA, (2.9)

where A denotes the exterior multiplication.

Consider also the covariant exterior differential operator d4 given by
daQ=dQ+ArQ+(-1PQnA, (2.10)

where Q is a su(2)-valued p-form.

The Yang-Mills action S can be expressed in terms of the 2-forms F and *F as
Sz—tr/ FAxF, (2.11)
R4

where * is the Hodge star operator. In R* the operator *2 is either an involution or anti-
involution, i.e., *2 = +1. The Yang-Mills Lagrangian L = —tr(F A F) is invariant under the
gauge transformation (2.8). By the physical requirement it is clear that the action S should be
finite. Hence the curvature F should be square integrable. This means that F' — 0 as |x| — oco.
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Consequently, we must describe the boundary condition at infinity for the connection A. By

virtue of gauge freedom (2.8) we have
A~ g_ldg as |x| — oo, (2.12)
where ~ implies asymptotic behaviour. Here and subsequently we do not specify the rate of
decay.
Written in terms of the covariant exterior differential operator d4 the Euler-Lagrange
equations for the extrema of (2.11) have the form

daF=0, ds+F=0. (2.13)

These equations are the Yang-Mills equations. The first equation of (2.13) is known also as
the Bianchi identity. In 4-dimensional Yang-Mills theories the following equations

F=xF, F=-xF (2.14)

are called self-dual and anti-self-dual respectively. These equations are first-order non-linear
equations for the potential A which imply the second-order Yang-Mills equations (2.13). So-
lutions of (2.14) — the self-dual and anti-self-dual connections — are called also instantons
and anti-instantons [8]. It is known that the self-dual and anti-self-dual connections are the
absolute minima of the action S.

The connection 1-form A can be defined also as taking values in the space of pure imagi-
nary quaternions. To express A in quaternion form we consider the quaternion differential

dx =dx1 +dxei+dxsj+dxsk
and the conjugate quaternion of dx
dx =dx1; —dx9i—dx3j—dxsk.

Let f(x) be a function of the quaternion variable x with quaternion values. Then we can write
A as
A =Im(f(x)dx), (2.15)

where

f(x) = f1(x) + fa(x)i+ f3(x)j + fa(x)k.

Using the rules of multiplication (2.2) we have

A1(x) = fa(0)i + f3(x)j + fa(x)k,
Ag(x) = F10i + fa(x)j — f3(0)kK,
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Asz(x) = —f4(x0)i+ f1(x)j + fa(x)k,
Ag(x) = f3(0i— fo(x)j + f1(x)k.

Using (2.15) we can rewrite (2.9) as follows
F=Im(dfx)Adx+ f(x)dx A f(x)dx). (2.16)

Note that calculation of the imaginary part of f(x)dx and computing its curvature commute.

Let us take the following expression for f(x):

X

=—. 2.17
flo=— P (2.17)
Then the connection 1-form A is defined by
xdx
A=Im{——"'. 2.18
m{7; w2 } 2.18)
The explicit components A, can be written as
—xo1—x3j — x4k x11—x4j+ a3k
Aj(x)= ————————, A =
1w T+l 2=
x41+21j — 22k —xsi+x9j+x1k
Ag(y= TETEIIR gy = TR (2.19)
1+ x| 1+ x|
Putting (2.17) in (2.16) we get the pure imaginary expression
dx Adx
=——. 2.20
(1+x1%)2 (2:20)

It is easy to show that the 2-form dx A dx is anti-self-dual. Hence F is anti-self-dual too and
the connection (2.18) describes an anti-instanton . See for details [1].

Similarly, if we take

xdx
A=Im{——}, 2.21
m{7; e } @21
then we obtain the self-dual 2-form
dx ANdx
= . 2.22
(1+]x12)2 ( )

Thus the curvature is self-dual and (2.21) describes an instanton .

3 Double Complex

We will need the double complex construction described in [21]. In with section for the con-
venience of the reader we repeat the relevant material from [21] without proofs, thus making
our presentation self-contained.



CUBO Self-Dual and Anti-Self-Dual Solutions ... 105

12, 3 (2010)

Let the tensor product C(4)=C ® C ® C ® C of an 1-dimensional complex C be a combi-
natorial model of Euclidean space R* (see for details also [6]). The 1-dimensional complex C
is defined in the following way. Let C° denotes the real linear space of 0-dimensional chains
generated by basis elements x; (points), j € Z. It is convenient to introduce the shift operators
7,0 in the set of indices by

Tj=j+1, oj=j-1. 3.1)

We denote the open interval (x;, x;;) by e;. We’ll regards the set {e;} as a set of basis ele-
ments of the real linear space C! of 1-dimensional chains. Then the 1-dimensional complex
(combinatorial real line) is the direct sum of the introduced spaces C = C°®C!. The boundary
operator 0 on the basis elements of C is given by

aszo, aejzxrj—xj. (3.2)

The definition is extended to arbitrary chains by linearity.

Multiplying the basis elements x;,e; in various ways we obtain basis elements of C(4).
Let sg’), where k& = (k1,ko,k3,k4) and k; € Z, be an arbitrary basis element of C(4). Then a
p-dimensional chain is given by

_ k(P k
cp—%’;c(p)sk s CpmER (3.3)

We suppose that the superscript (p) contains the whole requisite information about the quan-

tity and places of 1-dimensional elements e; in sf,ep ). For example, the 1-dimensional basis

elements e;'e of C(4) can be written as
el=e, ®x;, ®xp. ® 2 = x, ®ep, ®xp., @
k= €k ko ®Xk3 O Xky, €p =Xk ®CLy OXpy OXpy,
3 4
e} = Xp; ®Xp, ®epy ® Xy, e} = Xp; ®Xp, ®Xp, ®ep, (3.4)

and for the 2-dimensional basis elements &;’ we have

12 23

£, =ep, ®ep, ®xp; ®epy, £ =Xp, ®€p, Bepy; ®Xpy,

13 _ 24 _

£ =€p, ®Xp, ®ep, ®xp,, £, =Xp, ®ep, X, Qep,,

14 34

€} =ep, ®Xp, ®Xp;Q€p,, €y =Xp, ®Xp,®ep; Qep,. (3.5)

Using (3.2) we define the boundary operator 0 on chains of C(4) in the following way: if ¢, ¢4
are chains of the indicated dimension, belonging to the complexes being multiplied, then

O(cp ®cq) =0cp ®cqg +(—1)Pc, ®dcq. (3.6)
For example, for the basis element 524 we have

24
0g;,” = 0(xp, ®ep,) ®Xpy ® €, — Xk, ®ep, ®0(xp, ®ep,)
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=0xp, ®ep, ®xp, ®ep, +Xp, ®0ep, ®Xp, ®ey,

—Xp, ®ep, ®0xp, ®ep, —Xp, ®ep, ®xp, ®0ey,
=Xk ®Xrpy OXpy ® €Ly — Xk, ®Xp, ®Xpy O €p,

—Xpy OXpy OXpy ®X1py +Xp; ®Xpy ®Xfg Xy

For convenience we also introduce the shift operators 7; and ¢; which act in the set of
indices k = (k1,ko,ks3,k4), k; €Z, as

Tl'k=(k1,...‘[kl',...k4), O'ik=(k1,...0'ki,...k4), (3.7)

where 17 and o are given by (3.1).

Let us introduce the construction of a double complex. Together with the complex C(4)
we consider its double, namely the complex C(4) of exactly the same structure. Define the
one-to-one correspondence

x:C(4) — C4), x:C(4)— C(4) (3.8)

in the following way. Let sg’) be an arbitrary p-dimensional basis element of C(4), i.e., the

product sg’) =5p, ®Sp, ®Sp, ®Sy, contains exactly p of 1-dimensional elements e, and 4 - p
of 0-dimensional elements x,, p =0,1,2,3,4, k; € Z. Then

* :sgf) - i§§e4_p), * :§§e4_p) - isfkp), (3.9

where
{4-p) _
S, = *Sp, ® *¥Sp, ® *Sp, ® *Sp,

"no,on

and *sp, = €y, if s, =x3, and *sp, =Xy, if 53, = ep;. In the first of mapping (3.9) we take "+
if the permutation ((p), (4 — p)) of (1,2,3,4) is even and "-" if the permutation ((p), (4 — p))
is odd. Recall that in symbol (p) the number of basis element is contained. For example,

for the 2-dimensional basis element 8%63 =ep, ®xp, ®ep, ®xp, We have *8%63 = —E%“ since the

permutation (1,3,2,4) is odd. The mapping * :§(k4_p ), isg’) is defined by analogy.

Proposition 3.1. Let ¢, € C(4) be an r-dimensional chain (3.3). Then we have
xxc, = (=14 e, (3.10)
Proof. See [21]. O
Now we consider a dual object of the complex C(4). Let K(4) be a cochain complex

with gl(2,C)-valued coefficients, where gl(2,C) is the Lie algebra of the group GL(2,C). Re-
call that gl(2,C) consists of all complex 2 x 2 matrices M(2,C) with bracket operation [-,-].
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We suppose that the complex K(4), which is a conjugate of C(4), has a similar structure:
K4)=K®K®K®K, where K is a conjugate of the 1-dimensional complex C. Basis ele-
ments of K can be written as x/, e/. Then an arbitrary basis element of K(4) is given by
?p) =gkt @ gk2 @ ks ®sk4, where s* kj
dimensional basis elements of K(4) by e]lf‘, Efj respectively, cf. (3.4), (3.5). For a p-dimensional

s 7 is either x*/ or e*i. For example, we denote the 1-, 2-

cochain ¢ € K(4) we have
0=Y.Y ot (3.11)
kP
where (pf,ep Ve gl(2,C). We will call cochains forms, emphasizing their relationship with the
corresponding continual objects, differential forms.

We define the pairing operation < - , - > for arbitrary basis elements ¢; € C(4), s* € K(4)
by the rule

0,er#s
< Ek,ask >= k7 Sk (3.12)
a, €, =S, a € gl(2,C).
Here for simplicity the superscript (p) is omitted. The operation (3.12) is linearly extended to
cochains.

The operation 0 (3.6) induces the dual operation d¢ on K(4) in the following way:

<0ep,as® >=<ep,ad’s" > . (3.13)

k

For example, if p =), (pkxk, where x* = x*1 ® x*2 ® x*3 @ x*4, is a 0-form, then

4
dp=Y Y (Aigr)et, (3.14)
k i=1

where A; ¢ = ¢, — ¢ and e}i‘ is the 1-dimensional basis elements of K(4). The coboundary
operator d¢ is an analog of the exterior differentiation operator.

Now we describe a cochain product on the forms of K(4). See [6] for details. We denote
this product by U. In terms of the homology theory this is the so-called Whitney product.
First we introduce the U-product on the chains of the 1-dimensional complex K. For the basis
elements of K the u-product is defined as follows

Y ux!=x/, eluxV=e/, x'ue/=¢e/, jez,

supposing the product to be zero in all other case. To arbitrary forms the U-product be ex-
tended linearly. Let us introduce an r-dimensional complex K(r), r =1,2,3, in an obvious

notation. Let sfp) be an arbitrary p-dimensional basis element of K(r). It is convenient to

k

() is a basis element of K(r)

® s/, where s*

write the basis element of K(r + 1) in the form s ()
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and s/ is either e/ or x/, j € Z. Then, supposing that the U-product in K(r) has been defined,

we introduce it for basis elements of K(r + 1) by the rule
(sfp) ®s/)U (sfq) ®s!)=Q(/, q)(sfp) u sfq)) ®(s/ Ush), (3.15)

where the signum function Q(j,q) is equal to —1 if the dimension of both elements s/, sf‘q)
is odd and to +1 otherwise. The extension of the U-product to arbitrary forms of K(r+1) is
linear. Note that the coefficients of forms multiply as matrices.

Proposition 3.2. Let ¢ and v be arbitrary forms of K(4). Then
d(puy)=dpuy+(-1)Ppudy, (3.16)
where p is the dimension of a form .

The proof of Proposition 3.2 is totally analogous to one in [6, p. 147] for the case of discrete
forms with real coefficients.

The complex of the cochains K(4) over the double complex C(4) with the operator d° de-
fined in it by (3.13) has the same structure as K(4). The operation (3.8) induces the respective
mapping

*:K(4)—~K@4), =:K(4)—K@4)

by the rule:

<, xQ>=<*C, P>, <ec, *P >=< ¢, P >, 3.17)

where c € C(4), é € C(4), ¢ € K(4), 7 € K(4). Hence for the basic elements of K(4) or K(4) we
have relations (3.9). It is obviously that Proposition 3.1 is true for any r-dimensional cochain
c¢”" € K(4). So we have

k= (_1)r(4—r)(p

for any discrete r-form ¢ on K(4) and note that the same relation holds for the Hodge star
operator. Thus this operator is a combinatorial analog of the Hodge star operator.

Let us introduce the following operation
i:K4)—K4), 1:K4)—K®4)

by setting

~k _ ~k sk _ ok
) =85wy By =Sy (3.18)

where s* . and §* | are basis elements of K(4) and K(4). Hence for a p-form ¢ € K(4) we have

k
» (p) -
i = @. Recall that the coefficients of ¢ € K(4) and ¢ € K(4) are the same.
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Proposition 3.3. The following hold

2=1Id, ix=xi, id°=d°T, (3.19)

where ¢, v e K(4).

Proposition 3.4. Let h be a discrete 0-form. Then for an arbitrary p-form ¢ € K(4) we have
Tx(hu@)=huix*g. (3.20)
Proof. See [21]. O
Note that the definition of inner product in the double complex and a discrete analog of

the Yang-Mills actions (2.11) can be found in [21].

4 Quaternions and Discrete Forms

Let us consider a discrete 0-form with coefficients belonging to M(2,C). We put
k

where x* = x*1@x"2 ®x*3 ®x*4 is the 0-dimensional basis element of K(4), k = (k1,k9,ks,k4), k; €

Z. Suppose that the matrices f, € M(2,C) look like (2.5), i. e.

1 2 3 4 -
fk+fkl fk+fkl

fr= . B (4.2)
Ref i
where f; €R, s=1,2,3,4. Then f}, in quaternionic form can be expressed as
fi=fy + i+ i+ fik. (4.3)

Hence the form (4.1) can be considered as a discrete form with quaternionic coefficients. We
will call it simply the quaternionic form when no confusion can arise. In a proper way we
define the quaternionic 0-form f with coefficients f}, regarded as the conjugate quaternions of
f%. Let £~ be the quaternionic form, where fn L is given by (2.4). Then we have

FUuf=Y faf k=Y «F. (4.4)
k k
Proposition 4.1. Let [ be a discrete 0-form and [ #0. Then we have

d°fuft=—fuadcf (4.5)
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Proof. By definition (3.14) and according to (4.4), we have d°(f U f~1) = 0. Using Proposi-
tion 3.2 we immediately obtain (4.5). O

Let us denote by e the following quaternionic 1-form

e =Zek =Z(elf +e}§i+e§j+e§k), (4.6)
k k

where e}ie is the 1-dimensional basis elements of K(4). Let A € K(4) be a discrete 1-form. We
define the discrete SU(2)-connection A to be

4
A=Y Y Alek C%)
k i=1

where A;e € su(2) and k = (ki1,ko,k3,k4), k; € Z. Using (4.3) and (4.6) we write (4.7) in
quaternionic form as
A=TIm(fue)= Im(kaek). (4.8)
k

Then the Af,'e are given by

AL =R+ i+ ik, A2 =it fl- 2k,
Ad=—fli+fli+fik,  Ar=fli-fi+fik (4.9)

Define the quaternionic 0-form x by

x=Y xkxb, x=ky+koi+ksj+hak, (4.10)
k
where k; € Z. It is easy to check that
d°x=e. (4.11)
Therefore we can rewrite (4.8) as
A =Im(f ud®x). (4.12)

Let g be a quaternionic 0-form (4.1) with the components of unit norm, i.e., |gz| =1 for
any k. It means that the corresponding discrete form is SU(2)-valued. We now define a gauge
transformation for the discrete potential A which is analogous to (2.8). This is

A—-gluAug+gludig, (4.13)

where A is given by (4.8) or (4.12). Note that the gauge transformed discrete form A is
su(2)-valued too. It is not so obviously as in the continual case but follows immediately from
the definition of U-multiplication and formula (3.16). More generally, if we assume that the
gauge transformation g is an arbitrary quaternionic 0-form, then we take the imaginary part
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of g7lUAUg+g 1ud®g in (4.13). For a deeper discussion of gauge invariant discrete models
of the Yang-Mills theory we refer the reader to [19, 21].

An arbitrary discrete 2-form F' € K(4) can be written as follows

F=Y Y F/e, (4.14)
ki<j

where F,ij € gl(2,0), efj is the 2-dimensional basis element of K(4) and 1<1i,j <4,
k=(k1,ko,k3,kq), ki €Z. Let F is given by

F=d°A+AUA. (4.15)

Combining (4.7) and (4.15) and using (3.12), (3.13) and (3.15), we obtain

FJ =N A} -0jAL+ALAT | — AT A (4.16)

Tjk’

where AiAi = Ai»k —Ai and 7,k is given by (3.7).

Let us define a discrete analog of the exterior covariant differentiation operator (2.10) as
follows
d5Q=d‘Q+AUQ+(-1)’"1QuA, (4.17)

where ( is an arbitrary p-form of K(4) looking like (3.11). Then a discrete analog of Equations
(2.13) can be written as
dyF=0, dj*iF=0, (4.18)

where 7 is given by (3.18). It is easy to check that the combinatorial Bianchi identity:
d°F+AUF-FUA=0 (4.19)
holds for the discrete curvature form (4.15) (cf. (2.13)).

Remark 4.2. In the continual case the curvature form F (2.9) takes values in the algebra
su(2) for any su(2)-valued connection form A. Unfortunately, this is not true in the discrete
case because, generally speaking, the components A;;Ai o —A;;Ai " of the form AUA (see (4.16))
do not belong to su(2).

To define an su(2)-valued discrete analog of the curvature 2-form we use the quaternionic
form of A (4.8) and put in (4.15). Then the discrete curvature form F is given by

F=Im{d°fue+(fue)u(fue). (4.20)

It should be noted that in the discrete case calculation of the imaginary part of f Ue and
computing its curvature do not commute.
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Proposition 4.3. If A =Im(x~ 1 udx), where x is given by (4.10), then F =0.

Proof. Using (4.5) and putting f = x ™! in (4.20) we get

F=Imd(x 'ud®x)+(tudx)uxtud‘x)

=Im(d°x tud®x—dx P uxuxtudx).
According to (4.4) the form x Ux~! has unit components. Hence
dx tuxuxtudx=dxtudx

O

We now write down the components of (4.14) using quaternions. Putting (4.9) in (4.16)
we find that

F,?=(A1fkl—A2fk2—f;§ff’1k—f;ffflk—fkfzk fkfzk)l
+(A1fl?_A2fl§+fk2fr31k+fl?fr11k+fkfr2k+fkfrgk)-]
+(—A1fk3—A2f;§+fkflk fkflk fkf2k+fkf2k)k
_fiffrllk_figfflkJ“fkfnk+fkfrgk+fkfr32k_fkfrgk’

F,f’=(—A1f;?—A3fk2+fk3fT21k—f;ffrllk—fkf3k+fkf3k)l
+(A1fkl_A3fi§_kafrzlk_fl?fflk_fl?fmk_fkfrgk)-]
+(A1sz—A3f;f+fkf1k+fkf1k+fkf3k+fkf3k)k
+fk2fr41k_figfrllk_fkfrlk_fkfr3k+fkfr3k+fkfr3k’

Fyf = Oy = Dafg + i fo + Fa Fon + TR oy + P Fog)i
O = Baff = fifrn+ FeFop + T P = Faf )i
+(A1fy = Dafy - fkf fkflk fkf4k fkf4k)k
_flszlk+fk3frlk_fkfrlk+fkfr4k_fkfr4k fkfmk’

FP = (=Dofy = Dafy +Fif i+ Fofog + Fifop+ Fafeyi
+(Dafy = Dafy = Fo o+ o Foge + i Fige = Fifoi )i
+(Doff+Dsfp + o fon+ Fufon+Fafan+fafonk
+fklfr42k _flffrlzk +fk3fr22k _flffrlgk +fk1ff3k _fff%k’

24 _ 3 1, pdpl 342 2,3 1,4 s
Fy" =ofy, =Dafy + 1 Frpn = Fogn = T Foge 1 Frg i
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+(Doff—Dafy = fafon—fRf il = o f )i
+(A2fk1+A4fk3_fk1frzgk_flfffgk_fkfuk_fkfmk)k
_f}i}f‘?gk+f}§f‘[22k+f/§f712k+f/§frl4k_f]?f‘lik_f]g-f‘lik’

F;§4=(A3fk3+A4f;§+fkf3k+fkf3k+fkf4k+fkf4k)1
+(_A3ka—A4fkl+fkfrgk+fkfr3k+fkfr4k+fkfr4k)-]
+(A3f]§_A4ka+fkf3k fkf3k fkf4k+fkf4k)k
+f/?fr33k+fk1fr23k_fkfr3k_fkfr4k_fkfr4k fkfr4k‘

To obtain the components of (4.20) we must take the imaginary part of these equations.

Proposition 4.4. The discrete curvature 2-form F (4.15) is su(2)-valued if and only if

_flgfrllk_fl?fr‘llk_'_fl?f?lk+fklfr22k+fljf32k_fl§fr42k:0’
f}?f;llk_fl?frllk_f};lfik_fgf33k+flezlf33k+fle2f;lg,k=0
_flgfflkJrf}?fflk_f/?frllk+fkfr4k szfrik+fkf4k—
f}elfr‘lzk_f}?frlzk flgffzk_fkfrgk fklf?gk_fkfrgkzo’
_fkf2k+fkf2k+fkf2k+fkf4k fkf4k fkf4k
fkfrgk fkfrgk_fkfrgk_fkfr4k_fkfr4k+fkfr4k20‘

Proof. From the above it follows immediately. O
Proposition 4.5. Let e is given by (4.6). Then the 2-form e U é is self-dual, i.e.,
eue==xileue), (4.21)

and e Ue is anti-self-dual, i.e.,
eUe=—xleue). (4.22)

Proof. Denote

ei=Ze]lf°, El‘jZ%"E?j.

k

Recall that e and 8 . are the 1-dimensional and 2-dimensional basic elements of K(4) (see
also (3.4) and (3.5)). From this by (3.15) we obtain e; Ue; =¢;; and e; Ue; = —¢;; for all i < j.
Then we have

eué=(e;+egi+esgjtesk)u(e; —egi—e3j—eqsk)
=-2{(e1Ueg+egUey)i+(ejUeg—eg Ue4)j+(e1 Ueyq +egUez)k}

=—2{(e12 + £34)i + (€13 — €24)j + (€14 + £23)K}.
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Using (3.17) and (3.19) we get

*leue)=—20{(E34 + E19)i+ (—Foq + E13)j + (Eoz +E1n)k} =eUe.
In the same way we obtain (4.22). O

Corollary 4.6. For any quaternionic 0-form f the form fueué is self-dual and fuéuUe is
anti-self-dual.

Proof. This follows immediately from (3.20). O

Discrete self-dual and anti-self-dual equations (discrete analogs of Equations (2.13)) are
defined by
F=ixF, F=-ixF, (4.23)

where F is the discrete curvature form (4.4). Using (4.5), by the definitions of 7 and *, the first
equation (self-dual) of (4.23) can be rewritten as follows

FP2=F}  FB=-FM  F=F5 (4.24)

By analogue with the continual case solutions of (4.23) (or (4.24)) are called instantons and
anti-instantons respectively.

5 Discrete Instanton and Anti-Instanton

In further analogy with the continual case consider the discrete SU(2)-connection A. Let A
be the quaternionic 1-form (4.8), where the components of f are given by

K

=—), 51
= T e G-
where x = k1 +koi+ksj+kqek, k; € Z. Putting the last in (4.9) we obtain
Al _ —k2i—k3j—k4k A2 _ k1i—k4j+k3k
k 1+ 7 k T+x2 7
k4i+k1j—k2k 4 —k3i+k2j+k1k
A =22 T T A= 5.2
k 1+ k|2 k 1+ (k|2 5-2)
It is convenient to denote
1
i 1=1,2,3,4. (5.3)

T A+ kDA kB

Recall that the shift operator 7; is given by (3.7). Substituting (5.2) in (4.16) and using (5.3)
we find that

F12 = (My(1+ kS~ k2~ k1) + Ma(1+ k2 — kS — ko)l
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+{M1(ksk1+koks)— Mo(ksks +kak1)}j
+{M1(koks —k1k3)+ Ma(k1ks —kaks)tk
+M1(k1ko + ko) —Ma(kiko + k1),

F% = My (koks —k1ks) + M(k1ks — kok3)li
M1 (1 + k2~ k% — k1) + M3(1+k2 — k2 —k3)}j
+{M1(k1ka +k3ks) — M3(k3ks +k1ko)lk
+Mi(k1k3 +k3)—Ms(kiks +k1),

Fi* = (M1(k1ks +koks) - My(koks +E1ks)H
+{M1(kgks —k1ks) + My(k1ko —k3k4)}j
+{M1(1+E2 k2 — k1) + My(1+£2 — k2 —ky)lk
+Mi(kiks +ka)—Ma(k1ka + k1),

FP3 = {(~Ma(koky +k1ks) + M3(k1ks +kaka)li
+{Mao(kgks —k1ks) + M3(k1ka —k3k4)}j
—{Ma(1+k2 — k% — ko) + M3(1+ k2~ k2 —k3)lk
+Ma(koks +k3) — M3(koks + k2),

F2* = (Ma(koks — kak1) + My(k1ks — koks)li
+{Ma(1+k5 — k2 — ko) + Ma(1+k5 — k3 — ka)lj
—{Mo(kikg +kaks) — My(k3ks+ki1ko)Ik
+ Mo(koky +ka)— Mylkoks + ko),

F3 = —(Ms(1+k%—k2—k3)+ Ma(1+k% k2 - RN
+{M3(~koks —k1ks)+ Ma(k1ky +koks3)}j
+{M3(koky —k1k3) + My(k1ks —kok4)tk
+ Ms(ksks+kq)— My(ksky +Ek3).

Proposition 5.1. The 2-form F with components F,ij above is su(2)-valued if and only if

k1=ko=k3g=Fk4. (5.4)

Proof. From Proposition 4.4 F is su(2)-valued if and only if
Mi(kl‘kj +kj)—Mj(kl'kj +£;)=0

forany k; €7, i,j=1,2,3,4 and i < j. It follows immediately (5.4). O
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Thus, the su(2)-valued discrete curvature 2-form F' can be written in the quaternionic

form as follows

F= Y Mu2-2mie¥,— ek i+ (el + ek j+ ek, — bk, (5.5)
k, ki=p
From (5.2) here we have M, = m. Since k; = y, in (5.5) we can write gélj instead

of e*..
ij

If we consider the 0-form

w=Y M,(1-pat, UEZ (5.6)
Im

and use the following relation (see the proof of Proposition 4.5)
eUe =2{(e12 — €34)i + (€13 + €24)j + (€14 — £23)K},

then F can be written as
F=wuéue. (5.7)

In view of Corollary 4.6 F is anti-self-dual, i.e., F = —T* F'. Thus under condition (5.4) A with
components (5.1) describes an anti-instanton.

In the same manner we can see that the following quaternionic 1-form
A=Im(fue), (5.8)

where f has the components
K

1+ k2’

leads to an instanton solution of (4.24). Indeed, substituting (5.8) and (5.9) in (4.16) we now

fr (5.9)

obtain

FP2 = {-M1(1+k% k% — k1)~ Ma(1+ k2 — k2 — ko)l
+{M1(kyk1—koks3)+ Ma(ksks — kak1)}j
+{M1(~koky—k1k3)+ Ma(k1ks +kaks)k
+Mi(k1kg + ko) — Ma(k1ko + k1),

F{2 = {M1(~koks —k1ks) + Ma(k1ks + koks)i
—{M1(1+ k32— k3 — k1) + M3(1+ k2 — k% —k3)}j
+{M1(k1kg —k3ks) + M3(ksks —k1ko)tk
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+Mi(k1k3 +k3)—Ms(kiks +k1),

Fi* = {My(k1ks — kaks) + Ma(koky — k1k3)hi
+{M1(—kgks —ki1ks)+ Ma(k1ks + k3k4)}j
—M1(1+E2 k2 — k1) + My(1+£2 — k2 —ky)}k
+Mi(k1kys+ka)—Ma(kiks + k1),

F2? = {Mo(~koky +k1ks) + Ms(—k1ks +koka)li
+{Ma(kgky +k1ks) — M3(k1ks +k3k4)}j
—{Ma(1+k2 k% — ko) + M3(1+ k2 — k2 —k3)ik
+Mo(koks +k3)— Ms(kaks +k3),

F2* = (Ma(kaks +kak1) — My(k1ky +kok3)li
+{Ma(1+k2 — k% — ko) + Ma(1+k3 — k2 — ka)lj
+{Mgo(k1kg —k3ks) + My(ksks —k1ko)tk
+Mo(koky +ky)— My(koky +k2),

F3 = —(Ms(1+k5 - k3 —k3)+ Ma(1+k% k2 —RoH
+{Ms(=koks +k1ks) + My(=k1ks +kok3)}j
+{Ms3(koky +k1k3) — My(k1ks +koky)tk
+ Ms(kskg+kq)— My(ksky +k3).

Again, under condition (5.4) we can write F as
F=Y M,@u-2){(eh,+eh )i+ (el —eh, )i+ (el +eho)k),
o
where p € Z. Therefore

F=wueue, (5.10)

where w is given by (5.6). Thus the discrete curvature form (5.10) is self-dual and we can say
that (5.8) describes an instanton.

Now to complete the analogy with the continual case we describe more precisely how
the anti-instanton given by (5.1) behaves as |[k| — co. It is clear that f; is asymptotically
ﬁ =x"1. Then

A~Im(x'ud®x) as |k|— oo. (5.11)

Here x is given by (4.10). By virtue of Proposition 4.3 the discrete curvature F' =0 at infinity.
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Proposition 5.2. The anti-instanton (5.1) has the same form at oo as it has near 0.

Proof. Introduce the quaternionic 0-form
1

y=Y mx®,  where  y,=-—
3 K

and remind « = k1 + koi + ksj + k4k. Clearly, y = x~1. We first compute x U f UeUx !, where f
is given by (5.1). To do this, take (4.10), (4.11) and use the U-product definition. We have

xufuez(;xxk)u(%l+ﬁklzxk)ue

|2

:(§1+|Kl2xk)ue=e—(% 1+1|K|2xk)ue

— JCme _ # k c
=dx (;1+|K|2x)ud x.

From this by (4.5) we get

foUeUx_lz—decx_1+(Z

k c,.—1
L A PP 5.12
=T k2 Judca ¢-12)

Now gauge transform the form f Ue by the gauge transformation g = x 1. We must take the
imaginary part of (4.13). This yields by (5.12)

K
Im(g 'ufueug+g tudig)=Im
g lufueug+g g ((§1+|K|2

= Im((z y—kxk) Udcy).

7 1+ 1ypl?

xk) u dcx_l)

Hence the gauge transformed anti-instanton A has precisely the form (5.11) near y = 0. O

The same conclusion can be drawn for the instanton (5.8).

In the continual theory Proposition 5.2 shows that the anti-instanton (or instanton) ex-
tends to the 4-sphere S%. This follows from the fact that S* can be obtained from R* by adding
the point at infinity, i.e., S* =~ R* U{oo}. To obtain the same result for our discrete model we
need to construct a suitable combinatorial analog of the 4-sphere. It would be interesting to
connect the above constructions with discrete model of S* described in [21]. This connection
must be investigated and we hope to treat its further in future work.
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