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ABSTRACT

The object of the present paper is to study weakly concircular symmetric and weakly

concircular Ricci symmetric trans-Sasakian manifolds.

RESUMEN

El objeto del presente trabajo es el estudio de variedades simétricas débilmente concir-
culares y variedades simétricas trans-Sasakian débilmente concircular de Ricci.
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1 Introduction

The notion of weakly symmetric manifolds was introduced by Taméssy and Binh [9]. A non-flat
Riemannian manifold (M™, g) (n > 2) is called a weakly symmetric manifold if its curvature tensor
R of type (0,4) satisfies the condition

(VxR)(Y,Z,1,V) = A(X)R(Y,Z,U,V)+B(Y)R(X,Z,U,V) (1.1)
+ H(Z)R(Y, X, U, V) + D(UR(Y,Z,X, V)
+ E(V)R(Y,Z, U, X)
for all vector fields X, Y, Z, U, V € x(M"™); x(M) being the Lie algebra of smooth vector fields
of M, where A, B, H, D and E are 1-forms (not simultaneously zero) and V denotes the operator
of covariant differentiation with respect to the Riemannian metric g. The 1-forms are called the
associated 1-forms of the manifold and an n-dimensional manifold of this kind is denoted by
(WS);. In 1999 De and Bandyopadhyay [3] studied a (WS),, and proved that in such a manifold
the associated 1-forms B = H and D = E. Hence (LT)) reduces to the following:
(VxR)(Y,Z,U,V) = A(X)R(Y,Z,U,V)+B(Y)R(X,Z,U,V) (1.2)
+ B(Z)R(Y,X,U,V)+D(U)R(Y,Z,X,V)
+ D(V)R(Y,Z,U,X).
A transformation of an n-dimensional Riemannian manifold M, which transforms every geodesic
circle of M into a geodesic circle, is called a concircular transformation [II]. The interesting in-

variant of a concircular transformation is the concircular curvature tensor C, which is defined by

i ) .

nn-—1)

where 1 is the scalar curvature of the manifold.

[9(Z,Wg(Y,V) — g(Y,W)g(Z, V)], (1.3)

Recently Shaikh and Hui [7] introduced the notion of weakly concircular symmetric manifolds.
A Riemannian manifold (M™, g)(n > 2) is called weakly concircular symmetric manifold if its
concircular curvature tensor C of type (0, 4) is not identically zero and satisfies the condition

(VxO)(Y,Z,1,V) = A(X)C(Y,Z,U,V)+B(Y)C(X,Z,U,V) (1.4)
+ H(Z)C(Y,X,U,V)+D(U)C(Y,Z,X,V)

+ E(WV)CY,Z,U,X)

for all vector fields X, Y, Z, U, V € x(M"), where A, B, H, D and E are 1-forms (not simultaneously
zero) an n-dimensional manifold of this kind is denoted by (WCS),,. Also it is shown that [7], in
a (WCS), the associated 1-forms B = H and D = E, and hence the defining condition (L) of a
(WCS),, reduces to the following form:
(VxO)(Y, Z,1, V) = AX)C(
+ B(Z)C(Y,X,U,V)+D(WC(Y,Z,X,V)
+ D(V)C(Y,Z,u,X),

Y,Z,U,V)+B(Y)C(X,Z,U,V) (1.5)
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where A, B and D are 1-forms (not simultaneously zero).

Again Tamdssy and Binh [I0] introduced the notion of weakly Ricci symmetric manifolds. A
Riemannian manifold (M™, g) (n > 2) is called weakly Ricci symmetric manifold if its Ricci tensor
S of type (0,2) is not identically zero and satisfies the condition

(VxS)Y,Z) = A(X)S(Y, Z) + B(Y)S(X, Z) + D(Z)S(Y, X), (1.6)

where A, B and D are three non-zero 1-forms, called the associated 1-forms of the manifold, and
V denotes the operator of covariant differentiation with respect to the metric tensor g. Such an
n-dimensional manifold is denoted by (WRS);,.

Let {e; : 1 = 1,2,--- ,n} be an orthonormal basis of the tangent space at each point of the
manifold and let N
P, V) =) C(Yeie,V), (1.7)
i=1
then from ([L3]), we get
P(Y,V) :S(Y,V)—%g(Y,V). (1.8)

The tensor P is called the concircular Ricci symmetric tensor [4], which is a symmetric tensor of
type (0, 2). In [4] De and Ghosh introduced the notion of weakly concircular Ricci symmetric
manifolds. A Riemannian manifold (M™, g)(n > 2) is called weakly concircular Ricci symmetric
manifold [4] if its concircular Ricci tensor P of type (0,2) is not identically zero and satisfies the
condition

(VxP)(Y, Z) = A(X)P(Y,Z) + B(Y)P(X, Z) + D(Z)P(Y, X), (1.9)

where A, B and D are three 1-forms (not simultaneously zero).

In [5] Oubina introduced the notion of trans-Sasakian manifolds which contains both the class
of Sasakian and cosympletic structures, and are closely related to the locally conformal Kahler man-
ifolds. A trans-Sasakian manifold of type (0, 0), («,0) and (0, ) are the cosympletic, o-Sasakian
and B-Kenmotsu manifold respectively. In particular, if « = 1,3 = 0; and o« = 0,3 = 1, then a
trans-Sasakian manifold reduces to a Sasakian and Kenmotsu manifold respectively. Thus trans-
Sasakian structures provide a large class of generalized quasi-Sasakian structures. Tamaéssy and
Binh [10] studied weakly symmetric and weakly Ricci symmetric Sasakian manifolds and proved
that in such a manifold the sum of the associated 1-forms vanishes everywhere. Again Ozgiir [6]
studied weakly symmetric and weakly Ricci symmetric Kenmotsu manifolds and proved that in
such a manifold the sum of the associated 1-forms is zero everywhere and hence such a manifold
does not exist unless the sum of the associated 1-forms is everywhere zero.

The object of the present paper is to study weakly concircular symmetric and weakly concircu-
lar Ricci symmetric trans-Sasakian manifolds. Section 2 deals with preliminaries of trans-Sasakian
manifolds. Recently Shaikh and Hui [§] studied weakly symmetric and weakly Ricci symmetric
trans-Sasakian manifolds and proved that the sum of the associated 1-forms of a weakly symmetric
and also of a weakly Ricci symmetric trans-Sasakian manifold of non-vanishing &-sectional curva-
ture are non-zero everywhere and hence such two structure exists, provided that the manifold is
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of non-vanishing &-sectional curvature. However, in section 3 of the paper we have obtained all

the 1-forms of a weakly concircular symmetric trans-Sasakian manifold and hence such a structure
exist always. Again in section 4 we study weakly concircular Ricci symmetric trans-Sasakian mani-
folds and obtained all the 1-forms of a weakly concircular Ricci symmetric trans-Sasakian manifold
and consequently such a structure is always exist. Also it is proved that the sum of the associ-
ated 1-forms of a weakly concircular Ricci symmetric trans-Sasakian manifold is non-vanishing
everywhere.

2 Trans-Sasakian manifolds

A (2n + 1)-dimensional smooth manifold M is said to be an almost contact metric manifold [I] if
it admits an (1, 1) tensor field ¢, a vector field &, an 1-form 1 and a Riemannian metric g, which

satisfy
g(dX, dY) = g(X,¥) —n(X)n(Y) (2.3)

for all vector fields X,Y on M.

An almost contact metric manifold M2"*1 (¢, &1, g) is said to be trans-Sasakian manifold [5]
if (M xR, ], G) belongs to the class Wy of the Hermitian manifolds, where ] is the almost complex
structure on M x R defined by

d d
]<Z’fdt) = ((bZ—fE,n(ZJdt)

for any vector field Z on M and smooth function f on M x R and G is the product metric on
M x R. This may be stated by the condition [2]

(Vxd)(Y) = edg(X, Y)E =n(Y)X} + B{g(dX, Y)E —n(Y)dX], (2.4)

where «, 3 are smooth functions on M and such a structure is said to be the trans-Sasakian
structure of type («, ). From (24) it follows that

Vx& = —apX + B{X—n(X)E}, (2.5)
(Vxn)(Y) = —ag(dX,Y) + Bg(dX, $Y). (2.6)
In a trans-Sasakian manifold M2+ (¢, & 1, g), the following relations hold:

RIX,VE = (o —BHMY)X —1(X)Y] — (Xe)dY — (XB)b2(Y) (2.7)
+ 20BM(Y)PX —n(X)dY] + (Ya)bX + (YB)d?(X),
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nRX,Y)Z) = (o —B?)[g(Y, Zn(X) — g(X,ZM(Y)] (2.8)
— 2aBlg(dX, Z)n(Y) — g(dY, Z)n(X)]
—  (Ya)g(dX, Z) — (XBHa(Y,Z) —n(Y)n(Z)}
+  (Xa)g(dY, Z) + (YB)}a(X,Z) —n(Zm(X)},
S(X,&) = 2n(o? — B%) — (ER)M(X) — ((dX) o) — (2n — T)(XB), (2.9)
R(E,X)E = (o — B? — EB)M(X)E — X], (2.10)
S(&,&) = 2n(o? — B* — &), (2.11)
(o) +2ap =0, (2.12)
Q& = 2n(o? — B?) — (EB)IE + d(grada) — (2n— 1)(gradp), (2.13)

where R is the curvature tensor of type (1, 3) of the manifold and Q is the symmetric endomorphism
of the tangent space at each point of the manifold corresponding to the Ricci tensor S, that is,
g(QX,Y) = S(X,Y) for any vector fields X, Y on M.

3 Weakly concircular symmetric trans-sasakian manifolds

Definition 3.1. A trans-Sasakian manifold (M2 g)(n > 1) is said to be weakly concircular
symmetric if its concircular curvature tensor C of type (0, 4) satistfies (I.5).

Setting Y =V = e; in (1) and taking summation over i, 1 <1< 2n+ 1, we get

(VxS)(Z,U) —

dr(X)
I CAY (3.1)

— A(X) [S(Z, u) — %g(Z, u)] +B(2) [S(X, u) — %g(X, u)}

+D(U) [S(X, 7)— %g(X, Z)} +B(R(X, Z)U) + D(R(X,U)Z)

———— [(B(X) + D(X)}9(Z, 1) — B(Z)g(X, L) — D(W)g(Z,X)].
nn-—1)

Plugging X =Z =U = & in @I and then using (27)) and 2TT]), we obtain

2 —_— p— J—
Ale) + B(e) + D(g) = 2 PO S ORI = ), (32

This leads to the following:

Theorem 3.1. In a weakly concircular symmetric trans-Sasakian manifold (M?"*+1 g) (n > 1),
the relation (32) holds.
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Next, substituting X and Z by & in (BI) and then using (7)) and (ZI2]) we obtain

(ves)ie,w) —

= [A(&) +B(8)] [S(LL,&) = n(W)] + D) [(2n — o — (£B)

n(u)

2, n-—2 2 a2 T
B 1 |~ (68— 87—

— [nwp(e).

From (29), we have

(VeS)EU) = VeS(E,U) = S(VeE U) —S(E, Vel
= V&S(E,U) —S(E,VeU)
= [2n{2a(&a) —2B(ER)} — (E(ER))I(U)
—(2n =1 (U(ER)) — (dU(Ex)).

By virtue of 83) and (34) we obtain from (3.2 that

2n{2a(&a) — 2B(EB)) — (E(8R)) — L& ()
(2n—1)le2 — (£B) — B2 — P2y
(2n — 1) (U(ER)) + (dU(Ex))
(2n—1)[a2 — (EB) — B2] — nnnzl)T
(2n = 1){(e? — B2)n(U) — (UB)} — ((PU)ar) — R=2m(U)
D(é)[ —2 }
(2n —1){o — (EB) — B2} — iy
~ n{20(Ex) — 2B(EB) — (E(ER))) — 4HEL
2n{o2 — (£B) — B2} — L1[(2n — 1)o@ — (£B) — 82— =21

[2n(o® = B7) = (£B) — —In(W) — (2n = (UB) — ((U)e)|.

D(U)

Next, setting X = U = & in (B and proceeding in a similar manner as above, we get

C[2n{2a(Ee) — 2B(ER)) — (E(EB)) — TEIn(Z)

B(Z) - n—2
(2n —1)[o? — (EB) — B2 T nm=n’

(2n —1)(Z(EB)) + (dZ(Ex))

(2n—1)le2 — (£B) — B2 — 2

E)[(Zn—n{(o&—sﬂ n(z) — (zrs)}—((cbzm—ngﬁ)m(zw
(2n —1){o — (£B) — B2} — 72T

{2a(Ex) — zrs(ars) (E(ER))} — L&)
2nfo — (£B) — B2} — Z1[(2n — 1){o2 — (£B) — B2} — Pyl

[{Zn(ocz—fsz)—(am—ﬁ}n( )= (2n—1)(ZB) — (($Z))].

(3.3)
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Again, setting Z = U = & in B1]), we get

(wxs)(&, &)~ L = A [s(e,8) — 1] + (B(&) + DIEISIX, &) (3.7)
~ M2 01+ BRX, £)E)
nn-—1)
+ D(R(X,£)E) — ——[B(X) + D(X)]

nn-—1)
T

= 2n{a? —(§B) — B2} — —JA(X) + [B(&)

n

N2 2 (8B) - BNX)]

nn-—1)

+ BX)+DX)I[o? — (£p) — B2 — ———].
nn-—1)

+ D()I[SX &) —{

Now we have

(VXS)(E) E‘) = VXS(E‘) Ev) - ZS(VXE,, Ev))

which yields by using (28] and (23] that

(VxS)(E,&) = In[2x(Xe) —2B(XB) — (X(ER))] (3.8)
+  2u[(Xo) =n(X)(Ex) — (2n — 1) (($X)B)]
+  2B[((¢X)ax) + (Zn — D{(XB) — (EBIN(X)].

In view of [B.8)), (1) yields

[2nfo — (£6) — B = LJACO + [o — (£8) — B = ]
= 2n[2a(Xa) — 2B(XB) — (X(£B))] + 2e[(Xa) —n(X)(Ex)

(2= 1)((6X)B)] + 28[((6X)a) + (20— 1Y(XB) — (X))
4 (B(e) + Dl@fin - 1)(2 ~ B

n—2
nm-—1)

B(X) +D(X)] (3.9)

m(X) — (¢X)a) — (2n — 1) (XB)].
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Using B8] and (&0) in (39), we obtain

2n{o® - (£B) — B%) — ZIAIX) (3.10)
=2n[20¢(X06)—2l3(XB) (X(ERN] + 2ex[(Xex) —m(X) (Exx)
(2= 1)((@X)B)] + 2B(X)c) + (20— THI(XB) — (EBI(X])] — L0

 2n{2a(Ea) — 2B(EB) — (E(&B))} — 48
(2n— 1){a? — (£B) — B2} — 2T

[(2n 1)

~B2) — T rn(X) = ((6X)) — (20— 1)X)]
;i - (£8) B -1, :

+A(E) (Zn_”{az_(am_ﬁz}_n(nnzm[l(Zn1)((x

~B2) — (K] = ((6X)) — (20— 1)(X)]

2{0(2_(516) [32 T T )}
- (2n — 1){0‘2 —(&B) — 62} - n(n—21)1‘ {zn{za(aa)

~2p(eB)) — (&(eB)) — i)

.\ 2o? — (£B) — B? — )
(2n—T1){o? — (EB) — B2} — i2y
2o — (EB) = B? — 7Ty }Zn{Zoc(acx) 2B(EB) — (E(ER))} — 11E)

[2n{o? — (£B) — B2} — nmzn—n{o@ (EB) — B2} — i)

{2n(o® — %) — (£B) — *}n(X) — (2n = 1)(XB) — (($X) )]

— [(2n = DX(ER)) + ($X(Ew))]
T

This leads to the following;:

Theorem 3.2. In a weakly concircular symmetric trans-Sasakian manifold (M?™+1 g) (n > 1),
the associated 1-forms D, B and A are given by ([3.3), (3:8) and (B3I0) respectively.

4 Weakly concircular Ricci symmetric trans-Sasakian man-
ifolds

Definition 4.1. A trans-Sasakian manifold (M2 g)(n > 1) is said to be weakly concircular
Ricci symmetric if its concircular Ricci tensor P of type (0, 2) satisfies (L.9).
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In view of (L8)), (LA) yields

wxsi%2) - T, 2) = A0 [s0%,2) - Lo, 2) (a.1)
+ B(Y)[S(X,2) - ~g(X,2)]
+ DIZ) [S(XY) = Zg(X,Y)].

Setting X =Y = Z =& in (@), we get the relation ([B.:2]) and hence we can state the following:

Theorem 4.1. In a weakly concircular Ricci symmetric trans-Sasakian manifold (M?™1 g) (n >
1), the relation (32) holds.

Next, substituting X and Y by & in ([@J]), we obtain

dr(&)
n

(VeS)(E, Z) — n(Z) = [A(&) +B(EI[S(E 2) (4.2)

~ In(2)]+D(2)[S(5&) — -].

n

Using (32)) and (34) in ([E2]), we get

[2nf2a(0) — 2B(2B)) — (£(EB)) — 452 |n(2)
Di2) = Inlo? — (£p) — pI— I (4.3)
(2n—1)(Z(£p)) + (PZ(£a)
2nla? - (26) - B2 - L
[2nllec — %)~ (£8) — 5n(2) —(162)e) — (2n ~ 28]
2n{o? — (£8) — B2 — %

_ _ _ Ay
_ n{2a(Ea) — 2B(EP) (a(aﬁs)i}]z i [2n(a? - )

+ D(§&)

[2n{a® — () — B2}
— (EB)— —In(Z) — (2n—1)(ZB) — ((¢Z)a)] for all Z.

Again putting X = Z = & in (1)) and proceeding in a similar manner as above we get

|2n{2a(ze) — 2B(£B)) — (E(£B)) — 4 (V)
) = Inia? —(2B)— B7— & 4
)

(2n — 1)(Y(ER)) + (Y (Ea)

nfa? — (EB) — B2l — &

2nl(oc — B2) — (EB) — Zn(Y) — (6¥)er) — 2= vy
e~ £6) %)=

2n{2a(Ex) — 2B(EB) — (E(EB))} — L R

- 2n{a? — (£) — B2} — 112 [{2“(“ — A7)

— (£B)— —n(Y) = (2n—1)(YB) = ((¢Y)a)| for all Y

+ B
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Again, setting Y =Z = & in (1) and using (29) and 2II]), we get
dr(X)
n

(VxS)(&,€) - 2nfoc — (£B) — B2 = ~] A(X) (45)

[B(&) + D(&)][{2n(a® — B2) — (EB)M(X)
— ((pX)x) — (2n—1)(XB)].

Using B2) and B8] in (@I), we get
_ 2n2o(Xa) —2B(XB) — (X(ER))]
AR = T R - B2 0
2af(Xo) —m(X) (&) — (2n — 1) (($X)B)]
2nfo? — (EB) — B2} —
2B[((¢X)ax) + (2n — T{(XB) — (EBIN(X)]]

+

* Infa? — (£p) — B2 — T
(2n(a? — B2) — (£8) — ZIn(X) — ((6X)) — (2n — 1)(XB)
+AE)] il — () B2 - T

M{2a(Ex) — 2B(ER) — (E(ER))} — L8
) e R e L
— (€8) = ZInX) — (2n = 1)(XB) — ((¢X)a0)| ~for all X.

This leads to the following:

Theorem 4.2. In a weakly concircular Ricci symmetric trans-Sasakian manifold (M?™+1 g) (n >
1), the associated 1-forms D, B and A are given by (43), (@4) and ([4.8) respectively.

Adding [@3)), E4) and (6] and using B2), we get
A(X) + B(X) + D(X) (4.7)
_ 2nl2a(Xa) — 2B(XB) — (X(£B))]
T (&R - BT
| 26d(Xe) —n(X)(Ea) — (2n = 1)((¢X)B)]
2nfo? — (£B) — B2~ &
L 2BI(@X)a0) + (2n — D(XB) — (EBIn(X)]]
2nfo? — (€B) — B — £
2[2n(2ax) — 2B ()} — (&(£B)) — 25 |n(X)
2nfo? — (€B) — B7)— %
(20— 1)(X(£B)) + (PX(£x))
n{o? — (£B) — B} — 2
2[2n{2a(Ee) — 2B(£B) — (£(£B))) — <2 |
a [2n{a? — (£B) — B2} — L2
—(£8) — ZIn(X) = (2n = N(XB) - (($X)a0) |

[(2n(e? - %)
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for any vector field X. This leads to the following:

Theorem 4.3. In a weakly concircular Ricci symmetric trans-Sasakian manifold (M1 g) (n >
1), the sum of the associated 1-forms is given by (€1).

In particular, if ¢(grad o) = grad B, then (§B) = 0 and hence the relation (7)) reduces to
the following form

A(X) + B(X) + D(X)

_ n2a(Xa) —2B(XB)] | 2o (Xex) —n(X)(Eex) — (2n — 1) (($X)B)}

- (a2 —B2) 1L

+2B{((¢X)<X) + (20— 1)(XB)} + 2{dna(Ea) — 4UE In(X) — 2($pX(£ax))
2n(o2 — p2) —

(4.8)

204 — LrlE)
e o (e — §%) = Lm0 — (X)) — (20— 1)X)]

n

for any vector field X. This leads to the following:

Corollary 4.1. If a weakly concircular Ricci symmetric trans-Sasakian manifold (M?™+1 g) (n >
1) satisfies the condition ¢(grad o) = grad p, then the sum of the associated 1-forms is given by

&3

If f =0 and o =1, then [@T) yields A(X)+B(X)+ D(X) = 0 for all X and hence we can state
the following:

Corollary 4.2. There is no weakly concircular Ricci symmetric Sasakian manifold M1 (n > 1),

unless the sum of the 1-forms is everywhere zero.

Corollary 4.3. If an x-Sasakian manifold is weakly concircular Ricci symmetric, then the sum of
the 1-forms, i.e., A+ B + D is given by

AX) £ B(X) 4 D(X) — 2a[(2n+1)(Xa)2;2£><J(ia)]—2(d>X(£oc))
2[Ana(Eax) — LET((9X) )

(2na? — L)? '

Again, if « =0 and B =1, then {7 yields A(X) + B(X) + D(X) = 0 for all X. This leads to
the following:

Corollary 4.4. There is no weakly concircular Ricci symmetric Kenmotsu manifold M?™+1 (n >
1), unless the sum of the 1-forms is everywhere zero.

Corollary 4.5. If a 3-Kenmotsu manifold is weakly concircular Ricci symmetric, then the sum of
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the 1-forms, i.e., A+ B + D is given by

A(X) 4+ B(X) + D(X)
_ 2n2B(XB) + (X(&R))) — 2(2n — T)B{(XB) — (EBIn(X)]
n{(gp) + B2+
+2[{4n(5(£f3) + (E(EB) + T (X) + (2n — 1) (X(£B))]
n{(EB) + B2H+
| 212n{2(£B) + (E(£B))) + LB [2nB% + (£B) + Ln(X) + (2n — 1)(XB)]
[2n{(£B) + B2} + 712
Received: April 2010. Revised: September 2010.
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