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ABSTRACT

A Beurling-Hérmander theorem’s is proved for the Fourier transform connected with the
Riemann-Liouville operator. Nextly, Gelfand-Shilov and Cowling-Price type theorems
are established.

RESUMEN

Se demuestra el teorema de Beurling-H6rmander por la transformada de Fourier conec-
tada con el operador de Riemann-Liouville. Ademds, se establecen teoremas tipo de
Gelfand-Shilov y Cowling-Price.
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1 Introduction

The uncertainty principles play an important role in harmonic analysis and have been studied by
many authors, and from many points of view [12, [I5]. These principles state that a function f and
its Fourier transform f cannot be simultaneously sharply localized. Theorems of Hardy, Morgan,
Gelfand-Shilov, or Cowlong-Price,... are established for several Fourier transforms [8} 14}, 19}, 20} 21],
the most recent being the well known Beurling-Hormander theorem’s which has been proved by
Hormander [I6], who took an idea of Beurling [4]. This theorem states that if f is an integrable
function on R with respect to the Lebesgue measure, and if

ﬂ I£00)Flw)le™¥! dx dy < +oo,
RZ

then f = 0 almost everywhere.

Later, Bonami, Demange and Jaming [5] have generalized the above theorem and have established
a strong multidimensional version of this uncertainty principle [I5], by showing the following result
if f is a square integrable function on R™ with respect to the Lebesgue measure, then

~

LICIILIS ) Ty
_ I e x dXd < +OO,
JRJ n (T4 X+ D ’

if and only if f may be written as
f(x) = P(x)e (A¥/x)

where A is a real positive definite symmetric matrix and P is a polynomial with degree(P) < d;in
In particular for d < n, f is identically zero.

The Beurling-Hormander uncertainty principle in its weak and strong forms has been studied by
many authors, and for various Fourier transforms. In particular, Bouattour and Trimeche [6]
have showed this theorem for the hypergroup of Chébli-Trimeche, Kamoun and Trimeéche [17] have
proved an analogue of the Beurling-Hormander theorem for some singular partial differential op-
erators, Trimeche [22] has showed this uncertainty principle for the Dunkl transform, we cite also
Yakubovich [26], who has established the same result for the Kontorovich-Lebedev transform.
The Beurling-Hormander uncertainty principle implies many other known quantitative uncertainty
principles as those of Gelfand-Shilov [13], Cowling-Price [8], Morgan [3, [19] or also the one of

Hardy [14].

In [2], the third author with the others have considered the singular partial differential oper-
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ators defined by

0
Sy
92  2x+103 92
Ay = f+$7——‘ (r,x) €]0,+00[xR ; o >0,

or? T or 9x%’

and they associated to A; and A; the following integral transform, called the Riemann-Liouville
operator which is defined on %, (R?) (The space of continuous functions on R?, even with respect
to he first Variable) by

1
EJ J frsy/T— 2, x +rt)(1 = t1)* 2 (1 — s%)* " dtds, if « >0,
—1)

Tt

1
lJ f(T\/l—tz,x—l—Tt)idt ; if «=0.
-1

T (1—1t2)

Ro(f)(r,x) =

The Fourier transform connected with the operator Z is defined by
+oo
ZalOl A = | | A x)0ualrxldva(r),
o Jr

where

Pun(r,x) = Zacos(p)e™ ™) (r,x).

dv is the measure defined on [0, +oo[xR by,

r2m+1
dvy(r,x) = ——dr ® dx.
(7)) 2%T (o + 1)V 27

Many harmonic analysis results are established for the Fourier transform %, (Inversion formula,
Plancherel’s formula, Paley-Winer and Plancherel’s theorems...).

The aim of this work is to establish the Beurling-Hormander theorem for the fourier transform
Z« and to deduce the analogues of the Gelfand-Shilov and the Cowling-Price theorems for this

transform.

More precisely, in the second section, we give some basic harmonic analysis results related to
the Fourier transform .#,. The third section is devoted to establish the main result of this paper,

that is the the Beurling-Hormander theorem
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. Let f be a square integrable function on [0, +oo[xR with respect to the measure dvy. Let
d be a real number, d > 0. If

oo F(r, ) F o (A0 ~
.”n L JR AHImal+ Bmanas o dval(nx) d¥almA) < oo,

Then
i) Ford<2,f=0.
i1) For d > 2, there exist a positive constant a and a polynomial P on R? even with respect to the
first variable, such that
f(r,x) = P(r,x)e" ¢l ),

with degree(P) < % -1,
where
I =10, +oo[xR U {(it,x) | (t,x) € [0,4oo[xR , t < |x[}.

0 is the function defined on the set I'; by
0(1,A) = (v u? +A2,A).

dy« the measure defined on the set I'y by

J]. ot avetun = LT st 20+ awan

+ JR LM (i, NN — 1) ¥ pdua ).

The last section of this paper contains the following results that are respectively the Gelfand-Shilov
and the Cowling-Price theorems for .7

. Let p, g be two conjugate exponents, p, q €]1,+oo[. Let d, £,1 be non negative real numbers
such that &n > 1. Let f be a measurable function on R?, even with respect to the first variable,
such that f € L?(dvy). If

oo If(r, x)le
Jo J]R (14 |(r,x)))¢ dve(r,x) < +oo0,
" qd1e ()9
Fo (A ) e @
Un (1+10(w,A)P4 dyu(p,A) < oo,
then

i) Ford <1, f=0.
2i) For d > 1, we have
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a) f=0for &n > 1.

b)f=0for &n =1, and p # 2.

¢) f(r,x) = P(r,x)e~ ") for fn =1, and p = q = 2,
where a > 0, and P is a polynomial on R? even with respect to the first variable, with degree(P) <
d—1.

1
. Let &,m, w7, w2z be non negative real numbers such that &n > 1 Let p, g be two exponents,

P,q € [1,+00], and let f be a measurable function on R?, even with respect to the first variable
such that f € L?(dvy). If

RAONIE
H A1 0@ pr,w < too,
and
el
Hu+m@mwujﬂﬂkﬁ“<+w’
then

1
i)For£n>Z,f:O.

1
il) For &n = —, there exist a positive constant a and a polynomial P on R?, even with respect to
the first variable, such that

f(r,x) = P(r,x)e T +x7),

2 The Fourier transform associated with the Riemann-Liouville
operator

It’s well known [2] that for all (i, A) € C2, the system

Aqu(r,x) = —iAu(r, x),
AZU(T',X) = *LLZLL(T', X))
ou
U.(0,0) :1 y a(o,x) :0 s VXG R,

admits a unique solution @, », given by

V(r,x) € RZ, @ualr,x) =ja(rv/u2 +A2)e N

where

CeT(akn), y
= ale) =Tl 1) Y (3

n=0

jo(2) 2" zeC, (2.1)

ZCX
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and J 4 is the Bessel function of the first kind and index o [0} 10, 18] [25].
The modified Bessel function j, has the following integral representation [I8 25], for all z € C, we

have

1
i (2) \MJ (1 —tz)“*% cos(zt)dt, ifcx>—%; (2.2)
Ja\Z) = milx—-+5)Jo .
cos(z), ifoc:—%.

From the relation ([22]), we deduce that for all z € C, we have

jual(z)] < MM (2.3)

From the properties of the modified Bessel function j,, we deduce that the eigenfunction @
satisfies the following properties

sup ‘(pu,?\(r)xﬂ = ]) (24)
(r,x)€R2

if and only if (i, A) belongs to the set
F=R*U{(it,x) | (t,x) € R*, [t| < [x]}.

The eigenfunction @ ) has the following Mehler integral representation

1A
%J Jcos(ursxﬂ — 2)e Ot (q —tz)""%ﬂ —s2)* Tdtds; if « >0,
—1J1

1
:—T J_1cos(ru\/ 1 —12)e x+mY \/%; if « =0.

This integral representation allows to define the so-called Riemann-Liouville operator associated
with Ay, Ay by

(TN (T) X) =

Tt

1
:—TJ f(r\/l—tz,x—l—rt)L; if «=0.
-1

(1—1t2)

1
5‘[ J f(rsx/]ftz,x—i—rt)ﬂftz)“*%ﬂfsz)“*] dtds; if >0,
K (f)(r,x) = T

where f is a continuous function on R?, even with respect to the first variable.
The transform Z generalizes the ”mean operator” defined by

-I 27
Ro(f)(r,%x) :EJ f(rsin®,x + rcos0) do.
0

In the following, we denote by
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dm,, 1 the measure defined on [0, +oo[xR™ by,

2 1
dmn+1 (r,x) = \/;Wdr ® dx.

LP(dmn,1) the space of measurable functions f on [0, +oco[xR™, such that

1

+o0 1
Mmoo = (][ 007 dmaa 700 < oo, it € 1, +ocl,

Iflloo, my,, = eSS SUD (1 x)€[0,+oo [xRn (T, X)| < +00, if p = +o00.

dv, the measure defined on [0, +00[xR, by

.r20c+1
dve(rx) = ————dr® dx.
(7] 20T (o + 1)V2m

LP(dvy) the space of measurable functions f on [0, +00[xR such that ||f||,~, < +o0.
My =[0,+oo[xR U {(it,x) | (t,x) € [0, +oo[xR , t < [x|}.

Pr, the o-algebra defined on I'y by
%r. ={07(B), B € 2(0,+oo[xR)},

+

where 0 is the bijective function defined on the set I'y by
(i, A) = (V2 + A2 N).

dy« the measure defined on %r, by

VAERBr,; valA) =va(8(A)).

LP(dy«) the space of measurable functions f on I'y, such that ||f]|, ., < +oo.

dY« the measure defined on Br, by

22T (o + 1)
NG _|_)\2)<x+%

dyo(m,A) = dyo(m,A).

S..(R?) the Shwartz’s space formed by the infinitely differentiable functions on R?, rapidly decreas-
ing together with all their derivatives, and even with respect to the first variable.

Then we have the following properties.
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Proposition 2.1. 1) For all non negative measurable function g on 'y, we have

1
29T (a4 1)V27

+ JRJ: g, NN — 1) dpdr).

(FOOJR g(, A) (n? +A%) ¥ dp dA

”m 9, A) dyalp,A) ;

1) For all measurable function f on [0,40o[XR, the function 00 is measurable on 'y . Furthermore
if T is non negative or integrable function on [0,4+0o[xR with respect to the measure dvy, then we

have
+o0

Um(fo 0)(11,M) dya (i, A) :J

J flr,x) dvy(r, x).

o Jr

i) For all non negative measurable function f, respectively integrable on [0, +oco[xR with respect
to the measure dm;, we have

+oo

ij(foe)(u,?\) dYo(p,A) =J JRf(r,x) dma (T, x). (2.5)

0

In the following we shall define the Fourier transform .%, associated with the operator %, and
we shall give some properties that we use in the sequel.

Definition 2.1. The Fourier transform %, associated with the Riemann-Liouville operator %
is defined on L' (dvy) by

+o00
V(LA) €5 Falf)(iA) = L ij(r,xm,A(r,x) v (1, ).

Then, for all (u,A) €T,

ZalH)(1,A) = Fo () 08(1,A), (2.6)
where for all (1, A) € [0, +oo[xR,
o~ +OO .
FulHA) :J J ) (T dvae(r, x). (2.7)
0 R

Moreover, the relation (Z4) implies that the Fourier transform %, is a bounded linear operator
from L'(dvy) into L®(dy), and that for all
feL'(dvy), we have

[F o (oo ye < Tl1va- (2.8)

Theorem 2.1 (Inversion formula). Let f € L'(dvy) such that
Fo(f) € L' (dyy), then for almost every (v,x) € [0, +00[xR, we have

flr,x) = ”r Fal£) (1 NP (1) dyec (1, A)

—+o00 . .
- J LR Fal£) (1 A (r1)e™ dves(1, A).
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Lemma 2.2. Let Ry be the mapping defined for all non megative measurable function g on
[0, +0o[xR by

M(a+1) ! Iy 1
Ro X)) = ———— 1— *—3z ,x)d
(o) = 2t L( s2)% ¥ g(rs, x) ds
C (A DT e
= —ﬁr(a+ %) L(r s7) f(s,x)ds, 1 >0. (2.9)

Then for all non negative measurable functions f,g on [0, +oo[xR, we have

+oo

J+mJR f(r,%)Re(g) (T, %) dv(r,x) = J'

J WD), 09 x) dma(rx),  (2.10)
0 0 R

where Wy is the classical Weyl transform defined for all non negative measurable function on
[0, +0o[xR by

1 +o00 1
th(f) (T,X) = ijr (tz —Tz) 2f(t,x)2t dt. (211)

Proposition 2.2. For all f € L'(dvy), the function #y(f) belongs to L' (dm;), and we have
1P o)1, my <l v (2.12)

Moreover, for all (1, A) € [0,+00[xR, we have

F o) (1, A) = (A2 0 #a) () (1, A), (2.13)

where Ay is the usual Fourier transform defined on L' (dm,) by

+o00

Az(g)(1,\) =J

J g(r,x) cos(rp)e M dm, (r, x).
o Jr

Remark 2.1. Tt’s well known [23] [24] that the transforms % and A, are topological isomorphisms
from S, (R?) onto itself. Then by the relation (213, we deduce that the classical Weyl transform
W, is also a topological isomorphism from S, (R?) onto itself.

Proposition 2.3. For all f € S,(R?), we have

_ ot l 0 \T+[at1]
W) = (DR a ((5) ), (2.14)

where
_1of

0
(52)D(tx) = 5 (6.

Proof. For 0 € R, 0 > 0, let us define the so-called fractional transform %%, defined on S, (R?) by

S () (r,x) = ﬁw) roo (t2 —r2)° T f(t,x)2t dt = #,_ 1 (f)(7,x).

Z
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From the remark 211 it follows that for all real number ¢ > 0, the mapping % is a topological

isomorphism from S, (R?) onto itself.
Moreover, we have the following properties
For all 0,6 € R; 0,5 > 0 and for every f € S, (R?), we have

(Ao 0 H5)(f) = Hors ().

For all 0 € R, o >0, and for every integer k, we have

0 \k
%a(f) = (_1)k%+k((w) (f)) (2~15)
0 . . . 2
where 32 is the linear continuous operator defined on S, (R<) by
0 10f
@(f)(t,x) = ;a(tx)-
The relation (ZTIH]) allows us to extend the mapping %5 on R, by setting
0 \k
A (B1,x) = () H((505) (),

where k is any integer such that o0 +k >0, o € R.
The extension %%, o € R satisfies

(%O‘O%)(f):%+5(f)) U,éER, fES*(RZ))

and J%(f) = f, for all f € S, (R?).
In particular, for all o € R, the transform .7, is a topological isomorphism from S, (R?) onto itself,
and the isomorphism inverse is given by

KV =

Thus, for all real number o, we have
. 0 \1+lol
A (1) = (D) TAoo((52) T (D)

In particular
0

1
aiz) ).

WA = A () = DA ((

3 The Beurling-Hormander theorem for the Riemann-Liouville
operator

In this section, we shall establish the main result of this paper, that is the Beurling-Hormander
theorem for the Fourier transform .%.
We recall firstly the following result that has been established by Bonami, Demange and Jaming [5].



SEEB Uncertainty principle for the Riemann-Liouville operator 101

Theorem 3.1. Let f be a measurable function on R x R™, even with respect to the first variable
such that f € L?(dmuny1), and let d be a real number, d > 0. If

e oo If(r, ) A1 (F) (s, 9)l v
Jo JnJo J]Rﬂ (1+‘(T,X)|+|(S,U)|)de

(sl dmn+1 (T,X) dmn+1 (S,y) < +OO,

then there exist a positive constant a and a polynomial P on R x R™, even with respect to the first

vartable, such that
f(r,x) = P(r,x)e "2 HIxI*),

d—(n+1)

with degree(P) < >

In the following, we will establish some intermediary results that we use nextly.

Lemma 3.2. Let f € L?(dvy) such that

oo ‘f(T;X)Hﬂa(f)(H))\” \(T‘,X)HG( Al —
JJD L JR (1+(r,x)| + \e(u,)\mde BT AV (1, %) dY (1, A) < 400, (3.1)

then the function f belongs to the space L' (dvy).
Proof. From the hypothesis, and the relations (2.5) and 2.6), we have

e () Fo () A o) ~
o Lo L e ™ dvalr ) a7t

+oo +o0o T
[T e s ot <

We assume of course that f # 0. Then, there exists (1o, Ao) € [0, +00[xR, such that (po,Ao) #
(0,0), Fu«(f)(po,Ao) # 0, and

el (r X110 o)

(T»X)‘ + |(H0»7\0)U

. +o0
%(f)(uo,xo)\L jR 0 — dva(r,x) < +oo,

hence

+oo ) el (X110, 20| )
T, X dvy(r,x) < 4o00.
Jo J]R (14 1(r, %)+ (o, Ao))d

Let h be the function defined on [0, +oo[ by
es!(1o,Ao)l

M) = s T T, Aol

then the function h admits a minimum attained at
d d
—— — 1 = (1o, Ao)l, if ——— > 1+ (1o, Ao)l;
_ ) 1o, o)l Ho 2o lb B g, Aol Ho» o

d
0, it <14 (1o, Ao)l.
G0, Aol (o, A0)

So
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Consequently,

1 oo f [(r %) (10,20
J J [f(r,x)e dvg(r,x)
R

h(so) (1 +10ry %)+ (1o, Ao) )@
< 400.

rm LR (7, )| dva (1, x) <

0 0

Lemma 3.3. Let f € L?(dvy) such that

oo ) Za (O (A e ~
J,[m L JR(1+|(r,x)|+|e(u,mde " @Valrx) dYa(in ) < oo

Then, there exists a > 0 such that the function %(f) s analytic on the set

Bo = {(1,A) € C* | |[Im(w)| < a, [Im(N)] < a}.

Proof. From the proof of the lemma [3.2] there exists (uo,Ao) # (0,0), such that

+oo [(r,%)[[(1o,A0)l
.f
J J ( [f(r,x)le 3 dvy(r,x) < +oo.
R

0 T+ (%) + (10, Ao)l)
Let a > 0, such that 0 < 2a < |(1o,Ao)|. Then we have

J'+ooJ |f(r)x)‘e\(nxm(uo Aol
R

dvy(r,x)

0 T 1(r, %)+ (1o, o))

J+°0J il ) 2al(r)| el (mx)1(I(1ro,A0)|—2a) ( )
= T,x)[e” T dvy(r,x) < 400.
o Jr (T+1(r, )]+ [(po, Ao))d %

Let g be the function defined on [0, +oo[ by

es(l(1o,A0)l—2a)
(1+ s+ (po,A0))d’

g(s) =

then g admits a minimum attained at

d d
—————— — 1 —|(Mo,Ao)|, if ——————>14|(1o,No)l;
o = Tmoro—2a (1o, Ao) \(uo,?\%)\ P (1o, Ao)
0, if —————— <1+ (Ko, o)l
(10, Ao) — 2a Ho» o
Consequently,

+oo
[, ] ez a0
R

0
1 +oo [f(r,x)|el (mxl (1o, Ao)l
g )
9(so) L JR (T +1(r, )] + (1o, Ao)l) ¢
< +oo0. (3.2)

dvy(r,x)
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On the other hand, from the relation (2 we deduce that for all (r,x) € [0, +oo[xR, the function

(I,A) — o (rp)e A
is analytic on C? [7], even with respect to the first variable, and by the relation ([2.3)) we have
o (ri)e %] < el (rol(Im () +ImA))) (3.3)

From the relations 271), 82), and B3), it follows that the function F(f) is analytic on Bg, even
with respect to the first variable. O

Corollary 3.1. Let f € L2(dvy); f # 0; and let d be a real number, d > 0. If

JJ J+MJ [f(r, %) Fo () (1, A)] el(r‘x)“e(”’}‘”dva(r X) @Va (1, A) < +00.
ry R ( ’ ’

0 T+ [(r,x)[ 418w, A))¢

then for all real number a; a > 0, we have

v“({(r,x)eRz\%(f)(r,x);éO and |(r,x)|>a})>o.

Proof. From lemma [3.2] the function f belongs to L' (dvy), and consequently the function %(f)
is continuous on R?, even with respect to the first variable.
Then for all a > 0, the set

{(nx) e R | Zaf)rx) #0 and [(r,%)] > a},

is on open subset of R2.
Assume that

v“<{(r,x)eR2\%(f)(r,x)7&o and |(r,x)|>a}):0,

then for all (r,x) € R%; [(r,x)| > a, we have F(f)(r,x) = 0.
Applying lemma and analytic continuation, we deduce that .Z(f) vanishes on R?, and by
theorem 2.1 it follows that f = 0. O

Lemma 3.4. Let f € L?(dvy) and let d be a real number d > 0. If

oo If(r, ) Fa (O (A o) ~
”n L JR T+ 1)+ 100 A e dyalinA) < oo,

then the function Wy (f), belongs to 12(dm,), where Wy is the mapping defined by the relation

EZ1D).

Proof. From the hypothesis and the relations (23] and (24), we have

” J*"OJ [T, %)l F o () (1, A)]
rodo Jr (T4 x)[+10(1, A)

el IO M gy (1) x) Ao (18, A)

4
+00 +00 Z
S
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By the same way as inequality (32 of the lemma B3] there exists b € R, b > 0, such that

J:oojR | F () (1, M) ) dms (11, A) < oo, (3.4)

Consequently, the function %(f) lies in L' (dvy) and by theorem 1] we get

+o00 N .
f(r,x):L JR%X(f)(u,A)ia(m)e”‘xd\/a(u,%); s

In particular the function f is bounded and
1flloo vee < 1)1 v, (35)

Now, we have
1
< ]—-I
25T (o + 3)
B TZ‘X_H J'+oo
- 2%FaT(a+ 1)

“+o0 .
W () (7, %) J (t2 — 1) 2|f(t, x)[2tdt

T

(u? — 1)""%|f(ru,x)\2udu.
1
Using Minkowski’s inequality for integrals [I1], we get

1

(J MJR Wa)(r,x) dma(r,x))*

0

! e T i1y 2 1 2 b
< : >t (s — D 2| f(ru, x)2udu)” dm;y (1, x)
20T 2T (o + 5) (Jo J-R (J1 ) ? )
1 e, A Rl 2 z
(uw—1)%2 J J T (ru, x)|° dma (1, x) ) T 2udu
z“+5r(a+;)L ( o Jr I dmatr, )
__ Mt i (rm(uzm%ulaldu)(rmj £, )25 vt x))%
2%7%7T]7r(0(+%) 1 o Jr o
Mot 12 J‘ 1e J*‘”J 22041 z
=— 1—s)* 2s7ds [f(t, x)|7t** T dvq (t,x
27*?7‘[%F(o¢—|— ;)( O( ) )( 0 R ( ) ( )>
+o00

N|=

—ca( || treRe tavai )
o Jr
and by the relations (3.2)) and (B3A]), we get

(J':OOJR W () (7, x)|? dmz(r,x)> ¥ < Moc”f”o%o,va (J':OOJR ‘f(t’x)‘eZa\(t,x)ld,va(t)X)>

N|=

< +00.

O

Remark 3.1. Let f be a function satisfying the hypothesis ([B0]), then from the relations ([B.2])
and (34), we can prove that the function f belongs to the Schwartz’s space S.(R?). Since the
Weyl transform #4 is an isomorphism from S, (R?) onto itself, then the function #4 (f) belongs to
S.(R?), in particular #4(f) € L*(dm,).
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Remark 3.2. Let o be a positive real number such that
0+ 02 > d > 0. Then, the function
eat
t - @
T Htrod
is increasing on [0, +ool.
Theorem 3.5. Let f € L?(dvy), and let d be a real number, d > 0. If
oo If (1, %) [|-F () (1, A [(7,%)]10 (1t,A ~
’ el IO A gy (1 %) dY o (1, A) < +oo,
”n J.o J']R (1T +10r, %)+ 18(p, A))) 4 * *
then N
oL ol (WD) ) F () (1A
) (A
e dmy(r,x)dma(n,A) < +oo.
L JRL JR (10, + 10, AN ? 2
Proof. From the hypothesis and the relations [Z35]) and (Z6]), we have
Sl I Rl B 1 G (T [T TN
- 4 el (XA gy (v x)dma (1, A) < 400. 3.6
L L L o «(nxjdm 36)
i) If d = 0, then by Fubini’s theorem we have
+o00 +o00 .
[ L] |t A dima ) a0
o JrlJo Jr
+o00 _ 400
<| L Eanunn(] [ el dma i x) ) dma (1,0
o Jr o Jr
+o0 __ +o00
<| [ F @[ ] At A a0 amafu . (39
o Jr o Jr
Using the relation (2I0), we deduce that
+00 +o00
[, [ atmmd R0 amatrg = | s (el 10 0 dvi (), (39)
o Jr 0
but for all (r,x) € [0, +oo[xR
%m(el('*')”(“')‘”)(r,x) < el (r)H (A (3.9)

Combining the relations B.0), B7), (3.8)), and B9), we get

LT,

+o0 .
JO JRV/OL(]C)(T» X[ Fa(F) (1, e TN dm (v, x)dma (1, N)

S J: OOJR |§a(f)(u,7\)|d: OOJR [, 31l ) v 1, %) ) dma (,A)

< +o00.
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i) If d > 0, let

Bg = {(u,v) € [0, +oo[xR | |(u,v)| < d}.

. By Fubini’s theorem, we have

I

dmy (r,x)dma (p,A)

FOOJ [ Za(F) (i M (D] e o
= (411 A

I.

X dmz(r,x))dmz(u,x)»

0

a
el ()11 (A

(T 1, )+ [(w, M) e

N

Znni(] [ i

and by the relation [2I0), we get

J'J'Bf1 0
o0 el (ol

gﬂgg Za®nI(] ] e ()

x dv‘x(r,x)> dma (1, ). (3.10)

Jhdm; (v, x)dma (1, A)

JWJ ZaE) s M) (1,0 e i
g (141, + (A9

However, by the relation (2.9) and remark B2, we have
for all (p,A) € B

el )|

(P10 )+ 1, A

el (X))
(T4 10, )+ 1, M)

9%“( md)(r,x) < (3.11)

Combining the relations 3I0) and BII]), we obtain

I dm, (r, x)dma (1, A)

ﬂ J*‘”J [ Za () M) (1,00 e i
o Je (TH1+ (A4

< UB; %(f)(u,x)(fmjk 9l f'r(;':))f’;ix)”d) e () ) dma(j, A
F“’J J“’T | Z o) (1, NI (1, )|
R R

<
0 o Jr (TH1mx)[+1(1,A)D4

el (A gy (v, %) dma (1, A) < +o00.

” ” l%(ﬂ(r,x)u%(ﬂ(u,A)|eur,xm<u,mdmz(r,x)dmz(u,m
Ba JJBS

(T + ()] + [(w, AN

3 el ()12
<U8d%(f)(u,m(Hga%uw,x)“ Tl T aya dmalr0)dma(u ).



SEEB Uncertainty principle for the Riemann-Liouville operator 107

But for (u,A) € By,

v (¢ el (mx)1(,A)] 4
[l #0000 S e At

c
d

oo RIENIIIETHN]
:L L'“”‘”m“<u+|(.,.)\+|(u,m|)d1‘33)(”‘) dve(r,x)

)y frx)
< T, X ValT, X).
ﬂBg (14 1(r,x)| 4+ d)¢

Hence,

|e\(r,X)\|(Hv7‘)| dma(r,x)dma(p, A)

” H W (£) (7, X) |- F o (F) (11, A)
pa Joe (T 0+ (i, A)D4
edl(rx)]

< ([, 7ot amatun) (] tr 0oy dvalrn)

In virtue of the relation ([Z8]), we have

LI M g (7 x) dma (1 A)

H H W (£) ()| F o (F) (11, )
Badpe (141(r, %)+ (1, A4

edl(r,x)]

(T+[(r,x)[+ d)¢

< ||f||1,wmz(8d)(ﬁw (1, ) o)) (3.12)

On he other hand, from corollary B.Tland the relation (3.0)), there exists (1o, Ao) € [0, +oo[XR, |(wo,Ao)| >
d, Z«(f)(po,Ao) # 0, and

H " | el (1o, o) l1(r,x)] dve ) (3 13)
X ValT,x) < 400, .
< (1[0, %)+ [(no, Ao)) @

so, by remark [3.2]

T+[(rx)[+d)¢

" ) el(ro,Ao)ll(r,x)] v )
< T, X Ve T, %
JL (1 +1(r, %) + [(ro, Aol 4

< +o00. (3.14)

edl(r.x)|
ﬂ £, x)| dve(r,x)
BS (

c
d

The relations (312), 313), and (314) imply that

| ro0lIM dan (1 %) dma (11, A) < +00.

” H W o (F) (1, %) 1 F o (F) (11, A)
5, e (T 10m )+ (1, A9

c
da
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Finally

LI N g (1 x) dma (1, A)

” ” W (£) (1, ) F o (F) (11, )
Ve, e, O+ +[(w,A))4

< (|| 1Zantmnmatn A (]| a0 dmatn )
Ba Ba
< e ma(Ba) | Za (oo v | #a(F)ll1,m
and therefore by the relations (2.8)) and (21I2)), we deduce that

” ” W (£) (7, X) - F o (F) (11, A)
s e, 1)+ (A4
< edzmz(Bd)HfH%,va

< 400,

| e\(r,X)H(M)\)‘dmz(‘r, x)dmz(u» )\)

and the proof of theorem is complete. O

Theorem 3.6 (Beurling-Hérmander for Zy). Let f € 1?(dvy), and let d be a real number, d > 0.
If

oo I, ) Za (O (LA e ~
,”m L JR(1+|(r,x)|+|e(u,mde " @Valr ) dYalin ) < oo

Then
i) Ford <2, f=0.
i1) For d > 2, there exist a positive constant a and a polynomial P, even with respect to the first

variable, such that
f(r,x) = P(r,x)e ("),

d—1.

with degree(P) < 5

Proof. Let f € L?(dvy), satisfying the hypothesis.
From proposition 2.2 lemma 3.2, and lemma 3.4, we deduce that the function #,(f) belongs to
the space L'(dm,) N L2(dm;) and that

Folf) = Az o #alf).
Thus from theorem [35] we get

J*“J’ J*""J [ W () (r, %) [ A2 (Fa () (i, A) ! 1A
R R (T+1(r, )+ [(m, A4

Applying theorem Bl when f is replaced by #4(f), we deduce that

dm;(r,x)dm;(u,A) < +oo.

0 0

If d < 2, #,(f) =0, and by remark 2.1] f = 0.
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If d > 2, then there exist a > 0 and a polynomial Q even with respect to the first variable such
that

Wa()(1,%) = Q(r,x)e a7 ") = Z ap)qrszqe’“(rzﬂz].
2p+q<m

In particular, the function # (f) belongs to the space S, (R?). From remark [} the function
f belongs to S.(R?) and from the relation (ZI4)), we get

f(r,x) = oy (QUt, e ) (ryx)
& 1 a [“+l}+1 —a 2 2
= N A gy (GG) T Pl ) )

1 0 [ 1141 _ 2 2
Z ap,q(_1)[“+;]+1<%p[“+%},a+% ((7> o+ ]+ (thyqe a(t 4y )))(T‘,X). (3'15)

ot2
2p+q<m

However, for all k € N,

0 k(,2 _ 2 2 L 5 ij! k—i2(p—i _ 2 2
(W) (t Pyde a(t*+y )) :< ; CLH(_ZQ) ig2(p ”)yqe a(t?+y )’ (3.16)
J:
and for all 0 € R, 0 > 0,

(42442 G+p j) Ca(r?4x2?
S (PPyTe T (1 x) Z‘TF (Z R zl)xqe (47 (3.17)

Combining the relations BI3]), (316) and BI7), we deduce that
f(r,x) = P(r,x)e” @7,

Where P is a polynomial, even with respect to the first variable and degree(P) = degree(Q). O
4 Applications of Beurling-Hormander theorem

In this section, we shall deduce from the precedent Beurling-Hormander theorem two most im-
portant uncertainty principles for the Fourier transform %, that are the Gelfand-Shilov and the
Cowling-Price theorems.

Lemma 4.1. Let P be a polynomial on R?, P # 0, with degree(P) = m. Then there exist two

positive constants A and C such that

27t
Vt> A, pt) :J ‘P(tcos(e),tsin(e)‘de > Ct™.
0
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Proof. Let P be a polynomial on R?, P # 0 and with degree(P) = m. We have

2 M
p(t) :J | > a;(0)t]de,
j=0

0

where the functions aj, 0 < j < m, are continuous on [0,27]. It’s clear that the function p is
continuous on [0, +oo[, and by dominate convergence theorem’s, we have

p(t) ~ Ct™  (t — +o0), (4.1)
27
where C,,, :J lam(0)]d0 > 0.
0
Now the relation ([I]) involves that there exists A > 0 such that

C
Vt> A, p(t) > Tmt‘“.

Theorem 4.2 (Gelfand-Shilov for Zy). Let p,q be two conjugate exponents, p,q €]1,+ool. Let
&,m be non negative real numbers such that En > 1. Let f be a measurable function on R?, even
with respect to the first variable, such that f € L?(dvy).

If
Jo J]R ‘f(a)—(l-nlir,xj\)d dvy(r,x) < 400,
and
Falf)l Nl 5 |
”ﬂ (1410(,A)))d Yol i, A) < 4005 d=>0.
Then

i) Ford <1, f=0.
i1) For d > 1, we have
a)f=0 for&n > 1.
b)f=0for&n=1, and p # 2.
¢) f(r,x) = P(r,x)e= 2" +<*) for tn =1 andp = q = 2,
where a > 0 and P is a polynomial on R? even with respect to the first variable, with degree(P) <
d—1.

Proof. Let f be a function satisfying the hypothesis. Since &n > 1, and by a convexity argument,
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we have

toor g T () (11, A . _
1o T s ot et et

< H f‘” [£(r, %) P (F) (1, M)
ry

Enl(r,x)10(wm,A)] vt

e dvy(r,x)d JA

o ) T 1maDa0 + 8l Ae a(1,x) a1, A)
(

| Fo(f) (W A)] nSiewans
s q r, aremapis  ° chx(H,?\))
Il e
g ( 0 J']R Otimxpes 7’ d\/‘x(r,x))
< +00. (4.2)

Then from the Beurling-Hérmander theorem, we deduce that

i) Ford<1,f=0.

il) For d > 1, there exist a positive constant a, and a polynomial P on R?, even with respect to
the first variable such that

f(r,x) = P(r,x)e @7 ") (4.3)
with degree(P) < d — 1, and by a standard calculus, we obtain
Falf)(,A) = Q(u,Ne7a WA (44)

where Q is a polynomial on R?, even with respect to the first variable, with degree(P) = degree(Q).

On the other hand, from the relations (2.3, (2.6]), (£2), (@3] and (£4), we get

Hoor oo [P(r,%)[1Q (w1, A)] Enl(rx) Il (wA) |—a(r? +x2)
Jo JRL J]Ru+|(r,xmd(1+|(u,mnden " :

x e~ 7a (WA gy (,x)dpdA < +oo,

SO

400 ptoo

o) (p) IS

JO JO (1+t)d (1+p)de£ntpe e 7aqP tZ +Zpdtdp<—|—oo, (4.5)

where ,
(P(t)ZJ ‘P(tcos(G),tsin(G))Hcos(G)’zcdee,
0

and

27
9(p) = | [Q(peos(e), psin(e))|de.

0
. Suppose that &n > 1. If f £ 0, then each of the polynomials P and Q is not identically zero, let
m = degree(P) = degree(Q).
From lemma [£.]] there exist two positive constants A and C such that

Vt> A, o(t) > Ct™,
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and

Then, the inequality ([£3]) leads to

+oo p+4oo e&ntp Cat? ,Lpz
JA JA me e 4a dtdp < +o00. (46)

Let € > 0, such that &n — e = 0 > 1. The relation (£0) implies that

+oo ptoo eetp o —at? L2
Jo |, o g e ado < e (4.7)

d
However, for all t > A > . and p > A, we have

ecot eeAz
>
(1+t)d(1+p)d 7 (1+A)2

and by the relation (@7 it follows that

+oo Foo 2 1 2
J J e?tPe e 7aP dtdp < +oo. (4.8)
A Ja
+oo vot_ 1 o2 )
Let F(t) = e®P*~7aP dp, then F can be written
A

adztz oo —1p? 7A—2 t
F(t)=e ( e 7aP dp+ 2ace” 4a

2.2
eAGs ac”s dS),
A 0

in particular

“+o00
F(t) > eeo’t’ J e 7P dp.
A
Thus

+o0 p+oo N 1 +o0 5
J J etPe M e aaP  dtdp :J e *UF(t)dt
A Ja A

+o0 o +o0 5 N
>J' e 7aP dpJ' e =Dt gt = 400,
A A

because ¢ > 1. This contradics the relation (8) and shows that f = 0.

. Suppose that &n =1 and p # 2. In this case we have p > 2 or q > 2. Suppose that q > 2, then
from the second hypothesis and the relation (£4]), we have

oo _p2 99
Y(ple Tae
J, Forp o< hoe 9

If f # 0, then the polynomial Q is not identically zero, and by lemma [Tl and the relation (£3)), it
follows that

2 nd,a

T o—dae
p
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which is impossible because q > 2.
The proof of theorem is complete.

O

Theorem 4.3 (Cowling-Price for %Zy). Let &1, w1, w, be non negative real numbers such that
&n > 1 Letp, q be two exponents, p,q € [1,+00], and let f be a measurable function on R?, even
with respect to the first variable such that f € L?(dvy).

It
el (12 ;
, 4.10
H(m(.,.mw I (4.10)
and
oIt . .
— < , 1
I ey 20,5, <o (411)
then :
i) For &n > —, f =0.

4
1
il) For &n = —, there exist a positive constant a and a polynomial P on R?, even with respect to
the first variable, such that
f(r,x) = P(r,x)e a7,

Proof. Let p’ and q’ be the conjugate exponents of p respectively q. Let us pick di,d; € R,

such that d; > 2a + 3 and d; > 2. Finally, let d be a positive real number such that d >

d d
max(w; + —1,,(1)2 + —2/,1).
P q

From Holder’s inequality and the relations (£I0) and (II), we deduce that

J*m J [f(r, x)e=/(m¥)1"
R (14(r,x))* 5

d’VLX(T) X) < +OO,
0

and

nl6 ()2
” [ Falf) (1, Ale V(1 A) < +oo.
re

d
(1+10(, A2+ a"

Consequently we have

dve(r,x) < +o0,

r“’ J [£(r,x)eElml”
R

0 (I x)he
and .
£, A)eON
d A )
”D (1410(m,A))¢ Yealr,A) < +o0
Then, the desired result follows from theorem -

Remark 4.1. The Hardy’s theorem is a special case of theorem [£3] when p = q = +o0.
Received: July 2010. Revised: August 2010.
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