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ABSTRACT

Consider the mixed problem with Dirichelet condition associated to the wave equation
d2u — divy(a(t,x)Vxu) = 0, where the scalar metric a(t,x) is T-periodic in t and
uniformly equal to 1 outside a compact set in x, on a T-periodic domain. Let U(t,0)
be the associated propagator. Assuming that the perturbations are non-trapping, we
prove the meromorphic continuation of the cut-off resolvent of the Floquet operator
U(T,0) and we establish sufficient conditions for local energy decay.

RESUMEN

Considere el problema mixto con condiciones de Dirichlet asociadas a la ecuacién de
onda 9%u — divy(a(t,x)Vyu) = 0, donde la métrica escalar a(t;x) es T-periédica en
t y uniformemente igual a 1 fuera de un conjunto compacto en x, sobre un dominio
T-periédico. Sea U(t,0) el propagador asociado. Asumiendo que las perturbaciones
son non-trapping, probamos la continuacién meromorfa de la resolvente de corte del
operador de Floquet U(T,0) y establecemos condiciones suficientes para la decadencia

local de energia.
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1 Introduction

Let Q be an open domain in R'™™, n > 3 with C* boundary 9Q. Introduce the sets
Qt)={xeR™ : (t,x) € Q}, O(t) =R"\Q(t), teR.
We assume that there exists p; > 0 such that for all t € R
Ot) c{x : X <p1} (1.1)
Moreover there exists T > 0 such that
Ot+T)=0(t), teR. (1.2)

For each (t,x) € 0Q), let v(t,x) = (v¢(t,x),vx(t,x)) be the exterior unit normal vector to 9Q at
(t,x) € 0Q pointing into Q. Then, we assume that there exists 0 < ¢ < 1 such that

Vel < clvl. (1.3)

Consider the following mixed problem
Uy — divy(a(t,x)Vyu) =0, (t,x) € Q,
oo =0 (1.4)
(w,ue)(s,x) = (f1(x), f2(x)) = f(x), x € Q(s),

where the perturbation a(t,x) € C>°(R™*1) is a scalar function which satisfies the conditions:

(i) C>alt,x) > ¢ >0, (t,x) € RM
(i1) there exists p > p7 such that a(t,x) =1 for x| > p, (1.5)
(iii) there exists T > 0 such that a(t + T,x) = a(t,x), (t,x) € R+,

Throughout this paper we assume n > 3. Consider the set H(t) which is the closure of the space
C(Q(t)) x CL(Q(t)) with respect to the norm

2

il = J(|vxf1|2+|fz|2)dx , f=(f1,f2) € C(Q(H)) x CF(Q(1)).
Qf

t)

Let us introduce some general properties of solutions of (L4]). We show, in Section 1, that for
f € H(s) there exists a unique solution of (L4 and we introduce the propagator

U(tys): H(s) 3 (f1,f2) == UL, s)T = (u,u)(t,x) € H(L) (1.6)

with u the solution of (I4]). Moreover, we prove that (t, s) is a bounded operator satisfying the
following estimate
Alt—
240ty $)l 2 11s),1(0)) < Be el (L.7)
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The goal of this paper is to establish sufficient conditions for a local energy decay taking the

form
XUty )Xl z(His),H)) < Cxp(t—s), t>s, (1.8)
with p(t) € L'(R*) and x € C(Ix| < p + 1).

We study problem (I4]) under a non-trapping condition. More precisely, let U(t, s, x,x0) be
the kernel of the propagator U(t,s) and consider the following

(H1) For all r > 0, there exists Ty(r) > 0 such that

Z/[(t,S,X,Xo) eC™ ({(t,S,X,Xo) : |X| <, |XO| <, |t—S| > T] (T)}) .

From [15], we know that singularities propagate along null-bicharacteristics (with consideration of
their reflections from 9Q). Thus, one can show that condition (H1) is equivalent to the requirement
that all null-bicharacteristics of (IL4]) with consideration of reflections from 0Q go out to infinity
as [t —s| — +o0o. Let us recall that the non-trapping condition (H1) is necessary for (L8] since
for some trapping perturbations we may have solutions with exponentially increasing energy (see
[7] for Q = R'*™ and [22] for a(t,x) = 1). On the other hand, even for non-trapping periodic per-
turbations some parametric resonances could lead to solutions with exponentially growing energy
(see [6] for time-periodic potentials). To exclude the existence of such solutions we must consider

a second assumption.

Many authors have investigated the local energy decay of wave equations. The main
hypothesis is that the perturbations are non-trapping. For a(t,x) = ao(x) independent of
time and fixed obstacles, the meromorphic continuation and estimates of the cut-off resolvent
X (—divx(ao(x)vx.) — )\2)_] X, where x € C§°(R™) and A € C, are the main arguments for estimate
(C3) (see [24], [25], [27] and [28]). From these results, by considering the connection between the
Fourier transform in time of the solutions and the stationary operator —divy(ag(x)Vy.) —AZ, one
can deduce (L8). For time dependent metric a(t,x) or moving obstacle, since the domain or the
Hamiltonian —divy(a(t,x)Vy.) are time-dependent, we cannot apply these arguments. However,
the analysis of the Floquet operator U(T,0) makes it possible to obtain (L&) with T-periodic
perturbations and moving obstacle. In [8] the authors have extended the Lax-Phillips theory to
problem ([4) with a(t,x) =1 and they have established a local energy decay (L8). By using the
compactness of the local evolution operator, deduced from a propagation of singularities, and the
RAGE theorem of Georgiev and Petkov (see [9]), Bachelot and Petkov have shown in [I] that in
the case of odd dimensions, the decay of the local energy associated to the wave equation with
time periodic potential is exponential for initial data with compact support included in a subspace
of finite codimension. Petkov has extended this result to even dimensions (see [21I]), by using
the meromorphic continuation of the cut-off resolvent of the Floquet operator associated to this
problem.

Let us introduce the cut-off resolvent, associated to the Floquet operator U(T,0), defined by

Ry w2 (0) =1 (U(T,0) —e ) ha: H(0) = H(0), 1,02 € CP(R™).
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According to (7)), Ry, vy, (0) is a family of bounded operators analytic with respect to 8 on
{8 eC : 3(06) > AT}. Applying some arguments of [26], in Section 2, we show the meromorphic
continuation of Ry, v, (0) to C for n odd and to {6 € C : 8 ¢ 2nZ+iR™} for n even. Let us recall
that the meromorphic continuation of Ry, v, (8) is closely related to the asymptotic expansion of
XU(t,0)x, X € CP(R™), as t — 400 (see Section 2 and the main theorem in [26]). Consequently, it
seems natural to consider the meromorphic continuations of Ry, y, (0) that imply (L8). Consider
the following assumption.

(H2) There exist ¢1,d2 € CP(R™), satisfying ¢i1(x) = ¢a(x) =1 for |x| < p+ T + 2, such that
the operator Rg, 4, (0) admits an analytic continuation from {6 € C : Im(6) > A > 0}
to {0 € C : Im(6) > 0}, for n > 3, odd, and to {6 € C : Im(0) > 0} for n > 4, even.
Moreover, for n even, Ry, ¢, (0) admits a continuous continuation from {6 € C : Im(6) > 0}
to{0 € C : Im(0) > 0,0 # 2km, k € Z} and we have

limsup [|R¢,, ¢, (A)]] < oo.
A—0
Im(A)>0

Assuming (H1) and (H2) fulfilled, we obtain the following.

Theorem 1. Assume (1)), (T2), (C3), (CI), (H1) and (H2) fulfilled. Then, estimate (L8] is

fulfilled with
p(t) =e % for n > 3 odd,

1 (1.9)
5 for n > 4 even.
(t+ 1) In“(t+e)

p(t) =

Let us remark that, assuming (H1) fulfilled, (H2) is a necessary and sufficient condition for
estimate (L8) with p(t) satisfying (L9). Moreover, if (H2) is not fulfilled, even the uniform estimate
in time of the local energy ||xU(t, 0)X|l £ (11(0) 1 (1)) maY not hold. For example, if Ry, ¢, () has a
pole 8y € C with J(0p) > 0, one can establish the estimate

3(89)

XU, 00Xl £ 1oy Hey) = Ce™ T ¢

and deduce existence of a solution with compactly supported initial data and exponentially growing
local energy. It has been established in [6] that these phenomenon can occur even with a non-
trapping condition. The goal of (H2) is to avoid existence of such solutions.

Remark 1. Let the metric (aij(t,x))1<i,j<n be such that for all i,j =1---n we have

(i) there exists p > 0 such that aij(t,x) = 835, for [x| > p, with 855 =0 for i #j and & =1,
(i1) there exists T > 0 such that ay;(t+ T,x) = ay;(t,x), V(t,x) € R™T
(lll)al] (t)X) = aji(tyx))v(t) X) € Rn+])

n
(iv) there exist C > ¢ > 0 such that C|&)* > Z aij(t,x)&i& > cl&?, V(t,x) e R £ € R™,
i,j=1
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If we replace a(t,x) in (L4) we get the following mixed problem

n

0 0
Ugp — 'jZ1 % (aij (t’x)a_xju) =0, (t,x)eq,
b= (1.10)
Upo = 0,

(wyue)(s,x) = (f1(x), f2(x)) = f(x), x € Q(s).

All the results of this paper remain valid for the mixed problem (I0) and their proofs follow from
the same arguments.

Notice that the estimate

Cyy
U(NT,0 < L NeN, L
[[bad( N2l 2o (N+1)In2(N + ¢) (110

implies (L§)). On the other hand, if (LI]) is valid, the assumption (H2) for n even is fulfilled.
Indeed, for large A >> 1 and Im(0) > AT we have

Ry, (8) = =€ >~ U (NT, 0)peN°
N=0

and applying (L.11]), we conclude that Ry, v, (0) admits an analytic continuation from

{8cC : Im(6) >A >0} to {0 € C : Im(6) > 0}. Moreover, Ry, ,(0) is bounded for 6 € R. In
Section 4, we give some examples of metrics a(t,x) and moving obstacle O(t) such that (LI is
fulfilled.

2 General properties

The purpose of this section is to establish some general properties of solutions of problem (L4).
We will study the global well posedness of (4] and we will prove estimate (I7). We start by
fixing the notion of solutions of (I4I).

Definition 2.1. A distribution u(t,x) € D’(Q) is called a solution of (I4)) if the following conditions
hold:

(1) (u(ty.),u(t,.)) € H(t) for each t € R; extended inside O(t) by setting u(t,x) = 0, the
functions

t— Vyu(t,.), tr— u(t,.)

are continuous with values in L?(R™),
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(11) (U.(S, ~)sut(ss )) = (fhfZ) =f

(iii) 92w — divy(a(t,x)V,u) =0 in Q in the sense of distributions.

In the next result we obtain the existence and uniqueness of solutions of (I4]).

Theorem 2. Assume (LT)), (L2), (L3) and (L) fulfilled. Then, for each f € H(s) there exists a
unique solution u(t,.) of (I4) with the property that for each t > 0

sup ”(u(t)-))ut(t)'JJHH(t) <Cpb ||fHH(s) (2.1)
[t—s|<D
|s|<2D

Proof. First we treat the existence and uniqueness of the solution for small [t — s|. Given z € Q(s),
consider the cone
Cz,s :{(t,X) € R1+n : |X_Z| < |t_ S|}

For |t — s| small enough and for z outside a small neighborhood of 9Q(s) we obtain C, s C Q.
Consequently, for (t,x) € C. s the solution u(t,x) of the mixed problem coincides with the solution
of the Cauchy problem

(2.2)

e — divy (a(t,x)Vyu) =0, (t,x) € R x R™,
(w,ue)(s,x) = (f1(x), f2(x)) = f(x), x € R",

with f extended by 0 for x € O(s). Thus, for |t — s| < € and e sufficiently small, we will determine
u(t, x) in some small neighborhood of 0Q N{|t — s| < e}. Given (s,z) with z € 9Q(s), we establish
the existence and uniqueness of u(t,x) in some space-time neighborhood of (s,z). Covering the
compact set {s} x 0Q(s) by a finite number of such neighborhoods and using the local uniqueness
result for the points where these neighborhoods overlap, we deduce the existence and uniqueness
for small |t —s|. Introduce in a neighborhood of (s,z), z € 9Q(s), local coordinates (t,y), y’ =
(Y1y.-+-yYn—1), so that (s,z) is transformed into (0,0), while the boundary 0Q is given by yn =

g(t,y’) with g a C* function such that Vy-g(0,0) = 0. Since
1

) = 5 5

V1419t )12 + 9y g(t, )]

statement (3) implies that

(—g¢(t,y"), —Vy-glt,y’), 1),

vty g(t,y’

lge(t,y")| < c([Vyrglt,y )| +1).

Thus, we have |g¢(0,0)| < c. If we choose a sufficiently small neighborhood of (0,0) we can assume
that |g¢(t,y’)| < c. Changing variables

Xj = Yj, j:])-'-)n_]) Xn:yﬂ_g(t)yl)

we transform
37 — divy(a(t, x) V')



CU(BO) Local energy decay for the wave equation with a time-periodic ... 159
14, 2 (2012

into the operator P(t,x, d¢, dx) with principal symbol

G(P(tv Xy at» ax)) - TZ + zgtTEvn - zanb(tsx)al : vx’g + b(t) X) |£/|2
+ (b(6,x) [Varg* — g2 +b(t,x)) &,

where b(t,x) = a(t,y). Here (T,&’,&n) are the variable dual to (t,x’,xn). Statement (3] and
property (L) imply that

b(t,x) [V gl* — g2 + b(t,x) > 0. (2.3)
Consider the problem

P(t,x,dt, 0x)u=0 in R x RY, T xR |
u(t,x’,0) =0 in Ry x R, (2.4)
(w(0,x), 1t (0,x)) = f(x).

We suitably extend the coefficients of P(t,x, d¢, dx) to R'*™ preserving the strict hyperbolicity of
P(t,x, 0¢, 0x) with respect to t. For the mixed problem (24]) we can apply the results of Miyatake
[18] and Hoérmander [I0], Chapter XXIV. Notice that the inequality ([Z3]) guarantees that the
boundary x, = 0 is timelike in the sense of Hormander [10]. The result of Miyatake [I8] says that
if Vifq, £, € L2 (R;‘TI X R—QH) with f; = f, for x, = 0, then for [t| < § there exists a unique

loc

solution u(t,x) € H; (R;‘T] X R;fn) of ([Z4) satisfying the estimate

loc

j+(BI

d1aPu(t, x)‘

L2, (R TXET) =G 1‘+ZB| ‘ a{asu(o’x)‘ 12, (R T XRY,)
with a constant Cs depending on . Notice that (L)) implies that the boundary x, = 0 is non-
characteristic for P(t,x, 0¢,0x). So u(t,x) € C*® (R—f{“, D’(]R“)) (see Theorem B.2.9 in Hérmander
[10]) and the trace wx,—o is meaningful. The same argument shows that V,u(t,.) and u(t,.)
depend continuously on t. Thus we obtain the existence and uniqueness of the solution of (4] in
QN{|t —s| < e}. We can determine e > 0 uniformly with respect to s, provided |s| < 2D. Making
a construction by steps of length €, we cover the interval [t — s| < D and the proof is complete. [

Following Theorem 2, we can introduce the propagator U(t,s) defined by (6. Combining
the results of Theorem 2 and the periodicity of O(t) and a(t,x), we deduce the following.

Proposition 1. Assume (1)), (L2), (I3) and ([LH) fulfilled. Then, we have
Ut+T s+ T) =Ut,s), (2.5)
14 (ty )| 2 gy gy < BeMoL (2.6)
Proof. The proof of (2.3]) is trivial. Let us show estimate (2.6). Applying (2], we obtain

sup HU(t,s)HL(H(S)YH(t” =C < oo.
[s|,[t|I<T
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Let t,s € Rand let 0 < t’;s’ < T be such that t =1T +t’ and s = kT + s’ with k,1 € Z. Then,
applying (235]), we obtain

Ultys) =U,00U((k—DT,00U(s’,0) =U(t’,00U(T,0)'U(s’,0).
It follows that
”u(t’s)Hﬁ(H(s),H(t)) < Cz(] + C)|k7u < C2en(1+C) k1] < C2eln(1+C)t—s|

and we obtain (2.6]) with A =1n(1+ C). O

Notice that, combing the arguments used in the proof of Theorem 2 with estimate (Z8]), we
can show that the Duhamel’s principal holds. Let Py and P, be the projectors of C? defined by

Pi(h) =hi, Pa(h)=hz, h=(h,hy)eC?
and let P!, P2 € £(C,C?) be defined by
P'(h) = (h,0), P?(h)=(0,h), heC.
Denote by V(t,s): L2(Q(s)) — H'(Q(t)) the operator defined by
V(t,s) = PiU(t, s)P2.
Notice that for h € L?(Q(s)), w = V(t, s)h is the solution of
af(w) —divx(a(t,x)Vw) =0,

Wi =0,
(Ws atw)\t:s = (Os h)
Let g(t,x) be a function defined on Q such that, for Ay > A (with A the constant of (2.0])),
e Mtg(t,x) € L?(Q) and g(t,x) = 0 for [x| > b with b > p+ 1. Then there exists a unique
solution v of
af(\)) - diVx(a(t)X)vaJ = g(t,X),
Viaa =0,
(V) atV)It:s = (O)O)

Moreover, this solution can be written in the following way

v(t,.) = Jt V(t,1)g(T,.)dT. (2.7)

s
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3 The meromorphic continuation of the cut-off resolvent
Ro1,(0)

The goal of this section is to prove the meromorphic continuation of Ry, v, (0), assuming (H1)
fulfilled. The main result of this section is the following.

Theorem 3. Assume (H1), (II), (I2), (L3) and (L) fulfilled. Let ¥, P2 € CF(R™). Then,
Ry, v, (0) admits a meromorphic continuation from {6 € C : J(8) > AT} to C for n > 3 odd and
toC'={0e€C : 0¢2nZ+ iR} for n > 4 even. Moreover, for n > 4 even, there exists €9 > 0
such that, for 8] < €p, we have

Rll,ml,z(e): Z Z Rkjek(logﬂ)’j. (31)

k>—mj>—my
Here Ry j € L(H(0)) and, for k < 0 or j > 0, Ry j is a finite rank operator.
To prove Theorem 4, we will use some results of [26] and [I3]. For this purpose, we introduce
some tools and definitions of [20].

Let v € C*°(R) be such that y(t) =1 for t > —%T — % and y(t) =0 for t < —Z?T — %. Set

Vilt,s) =v(t—s)V(t,s).

We recall that the Fourier-Bloch-Gelfand transform F is defined by

+o0o

F(G)(4,0) = Y  (d(t+kT)e™0), ¢ eC(R xR

k=—o00

Applying (2.6), for J(8) > AT, with A > 0 the constant of (28], we can define

+oo

F(x1Va(t,s)x2)(t,0) = Z (1 Vi(t+kTs)x2e™), x1, x2 € C&°(R™)

k=—o0

and
F/(x1Va (t, s)x2) (£, 0) = ' T F(x1 Vi (t, s)x2)(£,0), X1, X2 € C(R™).

We will use the following definition of meromorphic continuation of a family of bounded operators.

Definition 1. Let Hy and Hy be Hilbert spaces. A family of bounded operators Q(t,s,0): H; — H;
s said to be meromorphic with respect to © in a domain D C C, if Q(t,s,0) is meromorphically
dependent on © for 8 € D and for any pole © = 8¢ the coefficients of the negative powers of 8 — 8¢

in the appropriate Laurent extension are finite-rank operators.

Denote C' ={z € C : z # 2km—iy, k € Z, p > 0} and consider the following meromorphic

continuation.
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Definition 2. We say that the family of operators Q(t,s,0), which are C* with respect to t and
s, forte R and 0 <s < 2%, and T-periodic with respect to t, has the property (S’) if: 1) for odd
n the operators Q(t,s,0), 0 € C, and its derivatives with respect to t form a finitely-meromorphic
family; 2) For even n the operators Q(t,s,0) and its derivatives with respect to t form a finitely-
meromorphic family for ® € C’' . Moreover, in a neighborhood of © = 0 in C’, Q(t,s,0) has the
form ‘
j
Q(t,s,0)=0"™ g <@> Pj,t,s(log®) + C(t,s,0), (3.2)
j>0
where C(t,s,0) is analytic with respect to 0, Ry s is a polynomial, the P; ¢ s are polynomials of order
at most | and log is the logarithm defined on C\iR™. Moreover, C(t,s,0) and the coefficients of
the polynomials Ry s and Pj s are C* and T-periodic with respect to t and C* with respect to s
for0<s < 2%

Remark 2. Notice that if Q(t,s,0) satisfies (S’) then 0:Q(t,s, 0) satisfies also (S').

In [26] Vainberg proposed a general approach to problems with time-periodic perturbations
including potentials, moving obstacles and high order operators, provided that the perturbations
are non-trapping. One of the main results of [26] is the following.

Theorem 4. (Theorem 10, [26]) Assume that the mixed problem (L4) is well posed, the Duhamel’s
principal holds and let (2.0 and (H1) be fulfilled. Then, for allb > p+1, there exists T2 (b) > T;(b)

and an operator
R(t,s): L2(Q(s)) = H'(Q(1))

such that the following conditions are fulfilled:

(i) R(t+T,s +T)=R(t,s),
(i1) R(t,s) is bounded,

(iii) for all x1, X2 € C3°(Ix| < b), F/(x1R(t,s)x2)(t,0) admits a meromorphic continuation to the
lower half plane satisfying property (S’) and x1R(t,s)x2 = x1V(t,s)x2 for t —s > T2(b).

In [26] Vainberg established the result of Theorem 4 for s = 0. In [I3] it has been proven that
this result can be generalized to 0 < s < % Combining these results with the properties estab-
lished in Section 1, we obtain a meromorphic continuation of the Fourier-Bloch-Gelfand transform
of the solutions of (4] with initial data (0, g) and their derivatives of order 1 with respect to t.

Lemma 3.1. Assume (H1), (T, (I2), (I3) and (LH) fulfilled. Then, for all ¥y, P, € C§&°(R™)
andall()gsg%,

F/b1 Vit s)h2)(T,0) and  F'(1h19¢Va(t, s)2)(T, 6)

admit a meromorphic continuation with respect to 6, continuous with respect to s € [0, %}, from
eC : 3O >AT}toCforn>30odd andto C'={0 e C : 0 ¢ 2nZ + iR} for n > 4 even.
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Moreover, for n > 4 even, there exists €p > 0 such that, for |0] < €p, we have

Vit s)ha)(TO) = > ) Quj(s)0%(log0) ) (3.3)

k>—mj>—my

F/brdeVilt, shb2)(T0) = Y ) Si;(s)0%(log6) ) (3.4)

k>—mj>—myg

Here Qx;j(s), Skj(s) € L(H(s),H(0)) and are continuous with respect to s for 0 <'s < %

Proof. According to Section 1, the mixed problem (4] is well posed, the Duhamel’s principal
holds, and (Z6]), 271) are fulfilled. Thus, we can apply the results of Theorem 4. Choose b >
p + 1 such that suppiiUsuppbz C {x : [x| < b}. Take hy € C*°(R) such that hy(t) = 1 for
t > T(b) + % and hy(t) = 0 for t < To(b) + T. Then, for all 0 < s < %, statement (iii) of
Theorem 4 implies

hp (1)1 Vi (t, s)2 = he (1P 1R(E, s)o.

Thus, F/(hy (t)P1Vi(t,s)b2)(t,0) admits a meromorphic continuation satisfying property (S').
From now on, we assume that T>(b) = koT with kg € N. For J(0) > AT we have

F/ (b1 Vi(t,s)12)(T,0) = F'(hp (1)1 Vi (t, s)2)(T,0) + F/[(1 = hy ()1 Vi (t, s)b2(T,6).  (3.5)
Since 1 —hyp(t) =0 for t > To(b) + & = (ko + 1)T + £, for J(0) > AT, we get

kKo+1

F/I(T = ho (D)b1 Vi (t, )bl (T,0) = € | 3 (1 V(KT s)b2e™) +v(—s)b1 V(0, s)2
k=1
Thus, F/[(1—hp (t))b1 Vi (t, s)P2](T, 0) admits an analytic continuation to C. Combining the mero-
morphic continuation of F/(hp (t)1 Vi (t,s)P2)(T, 0), the analytic continuation of
F/[(1—hy (£))1 Vi (t, s)P2](T, 0) and representation ([3.35]), we obtain the meromorphic continuation
of F/(1 V1 (t, s)W2)(T, 0). It remains to prove the meromorphic continuation of F/ (119 V; (t, s)2)(T, 6).
Notice that
dcV(t,s) = PoU(t, s)P?

and, for J(0) > AT, F/(1V1(t,s))(t,0) is well defined. For J(0) > AT, we have

¢ [F/ (o (t) 1 Vi (t, s)2)(t, 0)] :$F (ho (1)1 Vi (t, s)2)(t,0) + F'(hy (1)1 Vi (t, s)b2)(t, 0)

+ F'(hy ()10 Vi (t,5))(t, 0)
Thus, for J(0) > AT, we get

F/(hy ()10 Vi (t, s)2) (t, 0) =3¢ [F (h (1)1 Vi (t, s)2) (£, 0)] — F/(hy, ()1 Vi (t, s)b2) (¢, 6)

i0

_ TF (he (D1 Vi (t, s)2)(t,0)

(3.6)
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Since F/(hy, (t)P1 Vi (t, s)b2)(t, 0) admits a meromorphic continuation satisfying property (S’)

0¢ [F'(ho (1)1 Vi (1, s)2)(t,0)]  and ?F'(hb(t)mw(t,S)ﬂ)z)(t)e)

admit also a meromorphic continuation satisfying property (S’). Moreover, since h{(t) = 0 for
t>To(b)+ %, F/(h{(t)b1Vi(t, s)P2)(t,0) admits an analytic continuation with respect to 6. It
follows that F'(hp (t)110¢ V7 (t,s)P2)(t,0) admits a meromorphic continuation satisfying property
(S’). We conclude by repeating the arguments used for proving the meromorphic continuation of

F/(p1 Vi (t, shp2) (T, 0). O

Consider the operator defined by
U(t,s) = Piu(t,s)P.
For all h € H'(Q(s)), w = U(t, s)h is the solution of

02w — divy (a(t, x)Vw) = 0,
Wpao = 0,
(W)Wt)\t:s = (h,O)

Let v1 € C*°(R) be such that yq(t) =1 for t > —% and y1(t) =0 for t < —%. Set
Ui (t,s) =vi(t —s)U(t,s).

Applying (26]), for 3(6) > AT and Py P, € CP(R™) we can define F'({yU;(t,s)P2)(t,0) and
F/(W10¢Uq(t,8)P2)(t,0). From the results of Lemma 1 we obtain the following meromorphic
continuation of F/(11U; (t, s)P2)(T,0) and F'(1p0¢U; (t, s)p2) (T, 0).

Lemma 3.2. Assume (H1), (LI)), (T2), (C3) and (L) fulfilled. Then, for all ¥y, P, € C°(R™),
F' (Ui (t,8)¥2)(T,0) and  F'(h10cUs(t,s)b2)(T,6)

admit a meromorphic continuation with respect to 6, continuous with respect to s € [0, ZTT}, from
{eC : 3(0) > AT} to C for n > 3 odd and to C’ for n > 4 even. Moreover, for n > 4 even,
there exists €o > 0 such that, for |8| < €o, we have

Frih (6,002)(T0)= 3 > My;05(log0) . (3.7)

K>—mj>—my

Fp10:Uh (5,002)(T0) = 3 3 Nig0*(log0) . (3.8)

k>—mj>—my

Here Myj, Nyj € L(H(0)) and, for k < 0 or j > 0, Myj, Ny; are a finite rank operator.
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Proof. Let o« € C*(R) be such that a(t) = 0 for t < %
h e H'(Q(0)), Z = «(t)U(t,0)h is the solution of

and «(t) = 1 for t > %T For all
01Z — dive(a(t,x)VxZ) = [0f, &l (t)U(t, 0)h,
Zipa =0, (3.9)
(Z) atz)\t:O = (Os 0)
We deduce from the Cauchy problem (B3] the following representation
t

U(t,0) = a(t)U(t,0) = J V(t,s)[0Z, ad(s)U(s,0)ds, t>T. (3.10)
0

Since 87, a(t) = 0 for t > 2T, the formula (BI0) becomes

N

U(t,0) = J T V(t,5)[02, ad(s)U(s, 0)ds, t>T.
0
Let R > 0 be such that
supp1 Usupppz C{x : |x| <R}

Choose b =R+ p+ T+ 1 and take x € C§°(Ix| < b) such that
x(x)=1 for |x|<R+p+T

The finite speed of propagation implies

N

T

DUt Os = LT D1 V(t, s)x[02, ad(s)U(s, Ofbads, t>T. (3.11)

Thus, for J(0) > AT, we obtain
F' (1l (t,0)12)(T,0) =F UT Y1 Vi (t, s)x[07, ad (s)U(s, 01p2ds | (T,6)

= | T nvilo,sxieR alls)Uls, Oads + €

and it follows

IS}

T

F/ U (t,0)02] (T, 0) ZJ()T F/ {1 Vi (t, 8)x] (T,0)[07, od (s)U(s, 0)2ds

- JO B1V4 (0, 8)x[02, o ()U(s, Op2ds + ey s.

Combining this representation with the meromorphic continuation of /({1 V7 (t,s)x)(T, 6) estab-
lished in Lemma 1, we prove the meromorphic continuation of F' ({1 U(t, 0)2)(T, 0) as well as (3.7).
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It remains to prove the meromorphic continuation of F/(0¢U(t,0),)(T,08). Let B € CP(R™).
The formula (3I1) implies that, for t > T, we have

3.U(t,0)B = JT 3.V(t, )02, o (s)Us, 0)ds.
0

By density, this leads to

IS}

pAR
3

19Ut 0o =JO P13eV(t, s)x[02, ad(5)U(s, O7pads, t>T

and, for J(0) > AT, we get

2T
3

F/(h10cUs (£, 0042)(T,0) = L F/(110¢ Vi (t, s)x) (T, 0)[07, ad(s)U(s, O)bods

of

= [T Va0, 59023, adlsiuts, Opads.
0

We conclude by combining this representation with the results of Lemma 1. O

Proof of Theorem 4. By definition, we can write

Y1(t)1b12/l(t,0)1j)2:< Yi(OWIU 0wz yi(t)d1 V(L 002 )

Yi(OW10¢U(t, 002 v (t)h10¢V(t, 002

Moreover, for J(0) > AT, we have
F/ lya (001U(t, 0021 (T,8) = € 3 (Wild (T +KT,00h2e™ ) = —e °Ry, 4, (0)  (3.12)
k=0

and we obtain

Ry, (0) = —eOF [y (t)W1U(t, 01p,] (T, 0)
:_< eOF (1l (1,00$2)(T,0) € F(1Vi(t,012) (T, 0) )
e OF/ (19U (£,01h2)(T,0) e (1191 (t,002)(T,0) )

Thus, combining the results of Lemma 1 and Lemma 2, we prove Theorem 4.

4 Local energy decay

The goal of this section is to prove Theorem 1, assuming (H1) and (H2) fulfilled. For this purpose,
we show how assumption (H2) alter the meromorphic continuation of Ry, v, (0) established in
Section 2. Then, by integrating on a suitable contour, we prove the local energy decay. We treat
separately the case of odd and even dimensions. We start with n odd.
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Lemma 4.1. Assume n > 3 odd, (1), (T2), (C3), (CI), (H1) and (H2) fulfilled. Then, for all
Y1, b2 € C([x| < p+1), we get

a2 ()2l £ sy, 10y < Ce ®s) t>s. (4.1)

Proof. Notice that, for J(0) > AT, F/ [y1(t)d14(t,0)d2] (t,0) is T-periodic with respect to t and
27m-periodic with respect to 0(see [26] Theorem ). Applying (B12), we get

F/ [y1 (1) b1l (t,0)d2] (dT, 0) = F/ [y1 (1) b1l (t,0)d2] (T, 0) = —e *Rg,, 0, (0). (4.2)

Moreover, from [26] we have the following inversion formula (see Lemma 1 of [26])

1 .
PIU(AT.0)by = —J e HOF [y, (1)U (t, 0)p2] (T, B)d6. (4.3)
27 LA+ T—m,i(A+1)T+mn]

We will show ([@.1l), by combining these statements with assumption (H2).

First, assumption (H2) and (£2) imply that F'[y;(t)d1U(t,0)d2] (dT,0) has no poles on
{6 : J(6 > 0)}. It follows that there exists & > 0 such that F’ [y (t)d1U(t,0)d2] (dT,0) has no
poles on {0 : J(0) > —8T, —mt < Re(0) < 7t}. Consider the contour Cy defined by

C1 = A+ T4+ A+ T—mUR(A+1) T—m, -8 T—m]U[—1d T—7t, —18 T+ U[—1d T+, i(A+1) T+7l.

The Cauchy formula implies
[, e P by (00t 0002 (1,000 0.
Cy
Also, since F/ [y (t)d1U(t,0)d2] (T, 0) is 27m-periodic with respect to 6 we have

J e MOF fyq (1)U (t,0) 2] (T,0)d0 = —J e OF [y (1) b1 U(t,0)d2] (T, 0)dO
A(A+1)T—m,—isT—m] [—i8T+m,i(A+1)T+m]

and we obtain

J e MOF byq (1) b1 (t,0)d2] (T,0)d0 = J e MOF fyq (1) b1 U (t,0) 2] (T, 0)d6. (4.4)
A+ T—mi(A+1)T+m] [—18T—7,—i8 T+

It is obvious that

J, & 9P e 010l (To)de = e 9T | e R by (g1,0102] (1,0~ 16T)a9
[—idT—m,—i8 T+ [—m,m]

and combining this with (£4) and the inversion formula (@3], we get
|brtd(dT, O)d)ZHL(H(o)) < Ce 00T, (4.5)

Now let W1, P2 € CP(|x] < p+1), and let t, s € R be such that t > s. we write t =t" +mT and
s=s’"+ kT with 0 <t’;s’ < T and m, k € N. The finite speed of propagation implies

ViU, s)h2 = VU (t',0) b1 U ((m —K)T,0)d2U (0,5 )ho.
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Then, applying (@3] and Theorem 2, we obtain

[WWrtd (t, )2l £y ey < ClOUM =K)T0)d2 |l £ (1i(0)) < Cle dSUm=KIT) < ¢le8(ts),

(]

Lemma 4.2. Assume n > 4 even, (LI)), (I2), (L3), (L3), (H1) and (H2) fulfilled. Then, for all
Y1, b2 € C5°(|x| < p+ 1), we get

baU(t, $)W2ll £ r(s),mie)) < CPlE—s), t=s (4.6)

with
1

(t+1)In?(t+e)

pt) =

Proof. Repeating the arguments used in the proof of Lemma 3, we obtain that F/ [y (t)b U (t, 0)d2] (T, 6)
has no poles on {6 € C’ : Im(0) > 0}. Moreover, representation (B.I)) implies that there exists
€o > 0 such that for 6 € C’ with |0] < €p we have

F lyi()$iU(t,00d2) (T,0) = Y Y Ry;0%(log0)~ (4.7)

k>—mj>—my

and assumption (H2) implies that in this representation we have Ryj = 0 for k < 0 or k = 0 and
j < 0. It follows that, for 8 € C’ with |8] < €p, we obtain the following representation

F' 1 (00:1U(t,0)¢2] (T,0) = A(8) + BO™ log(0) ™ + o (6™ log(8)™*)  (4.8)

with A(0) analytic with respect to 0 for |0] < €p , B a finite-dimensional operator, my > 0 and
w > 1. Since F/ [y1(t)d1U(t,0)d2] (T,0) has no poles on {6 € C’ : Im(0) > 0}, there exists
0<o< % and 0 < v < ¢ sufficiently small such that F’ [y (t)d14(t,0)d2] (T, 0) has no poles on

{#eC : Im(0) > 8T, —t < Re(0) < —v, v<Re(0) <

7}

Consider the contour X =T U w U Ty where I'7 = [—10T — 7, =0T — v], I = [—-16 + v, —1d + 7.
The contour w of C, is a curve connecting —idT — v and —idT + v symmetric with respect to
the axis Re(0) = 0. The part of w lying in {6 : Im(0) > 0} is a half-circle with radius v,
wnN{O : Re(0) <0, Im(0) < 0} = [—v—1dT,—v] and wN{O : Re(0) > 0, Im(0) < 0} = [v, v—1idT].
Thus, w is included in the region where we have no poles of F' [y;(t)b1U(t,0)d2] (T, 0). Consider
the closed contour

Co=HA+NT+mA(A+ 1T - URKA +1)T —m, 6T —m UL U [6T + m,i(A + )T + 7.

An application of the Cauchy formula yields

J e OF Iyr (V1U(t, 0)2] (T, 0)d0 = 0.
C2
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Applying the same arguments as those used in the proof of Lemma 3, we obtain
J Fly: (t)diU(t,0)d2] (dT,0)d6 = J e HOF [y (t)d1U(t,0) 2] (T, 8)dO
LA+ T—7m,i(A+1)T+7] b

and the inversion formula ([@3]) implies

OU(T,0)p2 = 5- L e HOF [y, (1) (t, 0)2] (T, 0)d0, d € N. (4.9)

Combining this representation with (€8] and applying some arguments used in Lemma 2 and
Lemma 3 of [13], we obtain (4.0]).

O

Combining the results of Lemma 3 and Lemma 4, we prove Theorem 1.

5 Examples of metrics a(t,x) and obstacles O(t)

In this section we will apply some properties of solutions of the wave equations with non-trapping
metrics independent of t and fixed obstacle to construct time periodic metrics and moving obstacles
such that conditions (H1) and (H2) are fulfilled. For this purpose, we assume that (H1) is fulfilled
for the metrics a(t,x) and obstacle O(t) that we consider and we will establish examples for (H2).
In order to prove (H2), we will modify the size T of the period of a(t,x). This choice is justified
by the properties of U(t, s).

Let Ty > 0 and let ((at(t,x),O7(t)))T>T, be a family of couples of functions and obstacles
such that the following conditions are fulfilled:
(H3i) ar(t,x) and Ot(t) are T-periodic with respect to t and ar(t,x) satisfies (A,

(H3ii) for all T > Ty, if (a(t,x),0(t)) = (at(t,x),O07(t)) then conditions (L), (L2), (L3) and
(H1) are fulfilled,

(H3iii) there exist a function aj(x) and an obstacle O independent of t such that for
(a(t,x),0(t)) = (a:1(x),0)

condition (H1) is fulfilled and, for all T; <t < T, we have at(t,x) = a;(x) and O1(t) = O.

Let H be the closure of the space C3°(R™ \ O) x C(R™ \ O) with respect to the norm

1

2

£l = J(|vxf1|2+|fz|2)dx , = (f,f2) € CF(R™\ 0) x C°(R™\ 0).

R™\O
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Consider the following Cauchy problem

vig —dive (a1 (x)Vxv) =0, teR, xe R"\ O
Vipo =0, teR, (5.1)
(v, v¢)(0) = f,
and the associate propagator
V(t): H>f— (v,v)(t) € H.
Let u be solution of (Z2). For Ty <t < T we have
afu —divy (a1 (x)Vxu) = afu —divy(aT(t,x)Vxu) = 0.
It follows that for (a(t,x),O(t)) = (ar(t,x), O7(t)) we get
Ut,s)=Vt—s), T1<s<t<T (5.2)
and
H(t)=H, T <t<T (5.3)

The asymptotic expansion of xV(t)x as t — +oco has been studied by many authors (see [25],
[24] and [28]). It has been proven that, for non-trapping metrics and for n > 3, the local energy
decreases. To prove (H2), we will apply the following result.

Theorem 5. Assume n > 3. Let ¢ € Cg°(R™). Then, we have
|[dV(t)d|lzn) < Copl(t) (5.4)

with

for n even.

{p(t) —e % for n odd,
pt) =(t)' "

Estimate (.4 has been established by Vainberg in [24], [25] but also by Vodev in [27] and
[28]. For n > 4 even we will use the following identity.

Lemma 5.1. Let P € C§°(|x| < p+ 1+ Tq) be such that P =1, for |x| < p+ % + Tq. Then, we have
U(T1,0) = V(Th) =bU(T7,0) = V(Tq)) = U(T1,0) = V(T1) . (5.5)
Proof. First, notice that (B3] implies H(0) = H. Now, choose g € H(0) = H and let w be the

function defined by (w,w¢)(t) =U(t,0)(1 —)g. The finite speed of propagation implies that, for
0<t<Tyand|x|<p+ %, we get w(t,x) = 0. Moreover, we have

divy (a1 (x)Vyx) = Ay = dive(a(t,x)Vy), for x| > p. (5.6)
Thus, w is solution on 0 < t < Ty of the problem

wir —dive (a1 (x)Vew) =0, teR, x € R*\ O
wpo =0, teR,
(w, w)(0) = (1 —1)g



CUBO

201 Local energy decay for the wave equation with a time-periodic ... 171
14, 2 (2012

and it follows that
(U(Ty,0) = V(T1))(1 =) =0. (5.7)

Now, let u and v be the functions defined by (u,u¢)(t) = U(t,0)g and (v,v¢)(t) = V(t)g with
g € H. Applying (5.6), we can easily show that on (1 —{)u is the solution of
{ (1= V)w) — A1 = b)) = (A, b,
(T =P)u), (1 =Ju)e)(0) = (1 —P)g,
and (1 —1)v is the solution of
{ (1 =) = Ad(T=¥)v)) = [Ay, by,
((T=)v), (T =P)v))(0) = (1 —P)g.

We have
(1 =P)(U(T1,0) = V(Tq)) =0. (5.8)

Combining (5.7) and (5.8]), we get (E.0). O

Combining the arguments used in the proofs of Lemma 7, 8 and 9 and Theorem 14 of [13]
with the identity (&.5]), we obtain the following.

Theorem 6. Assume n > 3 and let ((at(t,x), O7(t)))T>T, satisfy (H3i), (H3ii), (H3iii). Then, for
T large enough and for (a(t,x),0(t)) = (at(t,x), Ot (t)), assumption (H2) is fulfilled.

Received: November 2011. Revised: November 2011.
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