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ABSTRACT

We study the existence and uniqueness of weak and entropy solutions for the nonlinear
inhomogeneous Neumann boundary value problem involving the p(x)-Laplace of the
form — div a(x, Vu) + [ulP®=2 1 = f in Q, a(x, Vu). = @ on 0Q, where Q is a
smooth bounded open domain in RN, N > 3, p € C(Q) and p(x) > 1 for x € Q.
We prove the existence and uniqueness of a weak solution for data ¢ € L) (2Q)
and f € L(p*)/(Q), the existence and uniqueness of an entropy solution for L' —data f
and @ independent of u and the existence of weak solutions for f dependent on u and
e eLlP-)(Q).

RESUMEN

Estudiamos la existencia y unicidad de soluciones y entropia débil para el problema no
lineal inhomogéneos de Neumann con valores de frontera que involucra el p(x)- Laplace
de la forma — div a(x, Vu) + [ulP®)=2 1 = f en Omega, a(x, Vu).n = ¢ sobre 0Q,
donde Omega es en un dominio abierto suave y acotado en RN, N > 3, p € C(Q)
y p(x) > 1 para x € Q. Probamos la existencia y unicidad de una solucién débil
para @ € LP-)(0Q) and f € LP-)'(Q), la existencia y unicidad de una solucién de
entropia para L'—data f y ¢ independiente de 1 y la existencia de soluciones débiles
para f dependiente sobre uy @ € L(P-)'(Q).
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1 Introduction

The purpose of this paper is to study the existence and uniqueness of weak and entropy solutions
to the following nonlinear inhomogeneous Neumann problem involving the p(x)-Laplace

—div a(x, Vu) + uP™-2 14 =fin Q,

(1.1)
a(x,Vu)m =@ on 0Q,

where QO € RN (N > 3) is a bounded open domain with smooth boundary and 1 is the unit
outward normal on 9Q).

The study of various mathematical problems with variable exponent has recieved considerable
attention in recent years (see [4,7,8-15,17,19,24-27,29,30,33,34]). These problems concern applica-
tions (see [21,22,31,32,35]) and raise many difficult mathematical problems.

The operator —div a(x, Vu) is called p(x)-Laplace, which becomes p-Laplace when p(x) = p (a
constant). It possesses more complicated nonlinearities than the p-Laplace. For related results
involving the p-Laplace, see [2,3]. In [2], the authors studied the problem

—div a(x, Vu) +y(uw) > ¢ in Q,
(1.2)
a(x,Vu)n+ p(u) 3¢ on 0Q,

where 1 is the unit outward normal on 0Q, 1) € L'(0Q) and ¢ € L'(Q). The nonlinearities y and
B are maximal monotone graphs in R? such that 0 € y(0) and 0 € B(0). They proved under a
range condition the existence and uniqueness of weak and entropy solutions to the problem (1.2).
Following these ideas, Ouaro and Soma [24] proved the existence and uniqueness of weak and
entropy solutions for a class of homogeneous nonlinear Neumann boundary value problem of the
form

—div a(x, Vu) + [u/P®=2 u=fin Q,

(1.3)
% =0 on 0Q,

where Q C RN (N > 3) is a bounded open domain with smooth boundary and g—tj is the outer

unit normal derivative on 0Q.

In this paper, our aim is to prove the existence and uniqueness of weak and entropy solutions to
the nonlinear Neumann boundary value problem (1.1) in order to generalize the results in [24].
The paper is presented as follows. In section 2, we introduce some fundamental preliminary results
that we use in this work. The existence and the uniqueness of weak solution for (1.1) is proved in
section 3 when the data f and ¢ belongs to L(P-)". In section 4, we prove some existence results
of weak solution to the problem (1.1) for an f assumed to depend on u and for a boundary datum
(NS L(p*)/(aﬂ). Finally, in section 5, we prove the existence and the uniqueness of an entropy
solution of (1.1) when the data f and ¢ belongs to L'.
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2 Assumptions and preliminaries

In this work, we study the problem (1.1) for a variable exponent p(.) which is continuous, more

precisely, we assume that

p(.) : Q — R is a continuous function such that
(2.1)
T <p_ <ps+ <+oo,

where p_ = ess X1&flp(x).

We denote p := ess sup p(x).
xeQ

For the vector fields af.,.), we assume that a(x, &) : Q x RN — RN is Carathéodory and is the
continuous derivative with respect to & of the mapping A : Q x RN — R, A = A(x, &), ie.
a(x, &) = VeA(x, &) such that:

e The following equality holds true

A(X)O) = 0) (22)

for almost every x € Q.

e There exists a positive constant C; such that

lalx, &)l < Cr((x) + e (2.3)
for almost every x € Q and for every & € RN where j is a nonnegative function in e’ (Q), with

1/p(x)+1/p'(x) = 1.

e There exists a positive constant C such that for almost every x € Q and for every &1 € RN
with & # 1,

(a(x,&) —alx,m)).(£—n) > 0. (2.4)

e The following inequalities hold true

€7 < a(x,£).6 < p(x)A(x, &) (2.5)

for almost every x € Q and for every & € RN.

Remark 2.1. Since for almost every x € Q, a(x,.) is a gradient and is monotone then the
primitive A(x,.) of a(x,.) is necessarily convez.

As the exponent p(.) appearing in (2.3) and (2.5) depends on the variable x, we must work with
Lebesgue and Sobolev spaces with variable exponents.
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We define the Lebesgue space with variable exponent LP(-)(Q) as the set of all measurable function
u: Q — R for which the convex modular

Pp () (W) izj P dx
Q
is finite. If the exponent is bounded, i.e., if p4 < oo, then the expression
[ul .y = inf {A > 0:pp)(u/A) <1}

defines a norm in LP{-)(Q), called the Luxembourg norm. The space (LP-)(Q), \.Ip(.)) is a separable
Banach space. Moreover, if 1 < p_ < p, < +oo, then LP()(Q) is uniformly convex, hence reflexive,
1

ST = 1. Finally, we have the Holder

and its dual space is isomorphic to LP'()(Q), where —— + 57

p(x)
U uvdx
Q

for all u € LP)(Q) and v € LP )(Q).
Now, let

type inequality:

1 1

W],p(.)(Q) = {u c ]_P(-)(Q) (Vul € LP(-)(Q)},

which is a Banach space equipped with the following norm
[l = Tuly oy 1Vl

The space (W] PL(Q), Hu||]‘p(.)) is a separable and reflexive Banach space; more details can be
found in [17].

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the
modular p, () of the space LP(-)(Q). We have the following result (cf. [15]):

Lemma 2.2. Ifun,u € LPM)(Q) and p, < +oo, then the following properties hold:

: P P .
(i |u|p(_) >1= |u‘p(_) < pp(.)(u) < ‘u|p(+_);

)
(i) |U'|p(.) <1l= |u‘g(+) < p‘p(.)(u) < ‘U|EE);
(ii1) Iulp(_) <1 (respectively = 1;,> 1) & pp()(u) < 1 (respectively = 1;> 1);
(iv) |U.n|_p(.) — 0 (respectively — +00) & pp(.)(un) — 0 (respectively — +00);

™) epey (W hidy) =1

For a measurable function u: Q — R, we introduce the following notation:
P1,p()(u) = J P ax +J IVulP ™) dx.
Q Q

We have the following lemma (cf. [33]):
Lemma 2.3. Ifuec WHPl)(Q), then the following properties hold true:

(1) lull1,p(.) < T(respectively = 1;> 1) & py (. (u) < T(respectively = 1;> 1);
() ullpo <Te ullF Lo < erpo ) S HullF 5
) o > 16 Tl ) < prpo(w) <
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Put
N—1
(N_;FX(;‘), if p(x) < N

oo, if p(x) > N.

We have the following useful result (cf. [13,34]).
Proposition 2.4. Letp € C(Q) and p_ > 1. If q € C(3Q) satisfies the condition

1<qx) <p?(x), ¥x € 0Q,

then, there is a compact embedding WP (Q) — 1L90(dQ). In particular, there is a compact
embedding WHPX)(Q) — 1P (3Q).

Let us introduce the following notation: given two bounded measurable functions

p(.),q(.) : Q = R, we write

q(.) <p() if ess inf (p(x) —q(x)) > 0.

3 Weak solution

In this section, we study the existence and uniqueness of a weak solution of (1.1) where the data
ONS LP-)"(3Q) and f € LIP-)'(Q). The definition of weak solution is the following:
Definition 3.1. A weak solution of (1.1) is a measurable function uw: Q — R such that

u€W1’p(')(Q),
and

JQ a(x, Vu).Vvdx + J

[ulP™)=2 yvdx — J
Q

(pvdG:J fvdx, VveWw"Pt(Q),  (3.1)
00

Q
where do is the surface measure on 0Q).

Let E denote the generalized Sobolev space WP(-)(Q).

If we denote the functional J: E — R by

J(u) = J A(x, Vu)dx + J Llu\p(") dx — J oudo — J fudx,
Q aplx) 0 Q

(J'(w),v) = JQ a(x, Vu).Vvdx + J

P2 yvdx — J
Q

(pvdG—J fvdx, for all u,v € E.
20

Q

Therefore, the weak solution of (1.1) corresponds to the critical point of the functional J.

The main result of this section is the following:

Theorem 3.2. Assume that (2.1)-(2.5) hold. Then there exists a unique weak solution of (1.1).
Proof. * Existence. With the techniques that became standard by now, it is not difficult to
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verify that | is well-defined on E, is of class C'(E,R) and is weakly lower semi-continuous (see for
example [6,19,24,25,26,28]). To end the proof of the existence part, we just have to prove that J is
bounded from below and coercive.

Using (2.5) and since E is continuously embedded in LP—(Q), we have

Jw) = J A(x,Vu)dx—&-J' L\ulp(x)dx—J' (pudG—J fudx
Q QP 20 Q

1 1
—IVulp(X)dx—&-J' —uP™dx — ||¢ , u —||f PSIET
. =5 5 I9lp 1100 1l 00 =l 0 Il

1
> thp(.)(u) —cC ||(P|\(p,)/,ag HUH],p(.) = Cllu

1,p(.)»

1
where ||ullp_ .0 = (J ulpdx) " and Iulp 00 = (J ulpda) "
Q 20

As @ € LP-)'(2Q), then el 17,00 < too. Also, for the coercivity of J, we will work with u
such that [lull; () > 1. Then, by Lemma 2.3 we obtain that

1
J(u) > IF||u| T — Calullpe)-

As p_ > 1, then | is coercive.
If lull; () <1, we have that

J(u)

Y

1
F”u| ﬁ);(,) = Calull1,p()

> —C3 > —o0.

Therefore, J is bounded from below.
Since the functional | is proper, lower semi-continuous and coercive, then it has a minimizer which

is a weak solution of (1.1).

* Uniqueness. Let u; and uy be two weak solutions of (1.1).
With u; as weak solution, we take v =1u; —uy in (3.1) to get

J a(x, Vuq).V(u, —uz)dx+J
Q

e PO9-2 4y —uz)dX—J
Q

(1 —uz)do — J ) (11— ) dx.
00

Q
(3.2)
Similarly, with 1w, as weak solution, we take @ = u; —u; to obtain

J a(x, Vuz).V(uz—ug )dx+J
Q

P72 ) (up -y )dX—J
o

(12 —uy)do — J ) (wa—ur )dx.
00

Q

After adding (3.2) and (3.3), we obtain

J (a(x, Vuq) — a(x, Vuz)) .(Vuy —Vu2)+J (|u1 PO gy — g P uz) (ur—uz)dx =0. (3.4)
o o
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Using (2.4), we deduce from (3.4) that
J, (GO a6 = iz (00 120)) (130 = ) = (35)

Since p_ > 1, the following relation is true for any &,n € R, & #1 (cf. [14])

(1P =26 =P =2n) (£ —n) > 0. (3.6)
Therefore, from (3.5), we get
(R (P w100 = b GIP Y o (x)) (i () — W) =0, aexe Q. (37)
Now, we use (3.6) to get
ug(x) =uy(x) a.e. x € Q. (3.8)

and uniqueness is true g

4 Weak solutions for a right-hand side dependent on u

In this section, we show the existence result of weak solution to some general problem. More
precisely, we prove that there exists at least one weak solution to the problem

—div a(x, Vu) + [uP™=2 u = f(x,u) in Q,
(4.1)
a(x,Vu)n = ¢ on 0Q),

where @ € LP-)'(20).

We study (4.1) under the assumptions (2.1)-(2.5) and the following additional assumptions on
f.
f(x,t) : Q x R — R is Carathéodory and there exists two positive constants C4, Cs such that

[f(x, £)] < Cq + Cslt]PO)T) (4.2)

for every t € R and for almost every x € Q with 0 < 3(.) < p(.).
Let

F(x,t) = E f(x,s)ds.

As mentioned before, we look for distributional solution of (4.1) in the following sense:
Definition 4.1. A weak solution of (4.1) is a measurable function u: Q — R such that u €
WHPL(Q) and for all ve WHPL)(Q)

JQ a(x, Vu).Vvdx + J

P2 yvdx — J
Q

evdo = J f(x, u)vdx. (4.3)

00 Q
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We have the following existence result:

Theorem 4.2. Assume that (2.1)-(2.5) and (4.2) hold. Then, the problem (4.1) admits at least

one weak solution.

Proof. Let g(u) = J F(x,u)dx, for all u € E. The functional g is of class C'(E,R) with the
Q

derivative given by <g’(u),v> :J' f(x,u)vdx, Vu,v e E.
o}

Consequently,

J(u) = J A(x, Vu)dx +J' L\ulp(")dx —J oudo —J' F(x,u)dx, ueE
Q a px) 20 Q
is such that J is of class C'(E,R) and is lower semi-continuous.
We then have to prove that | is bounded from below and coercive in order to complete the proof.
From (4.2), we have [F(x,t)| < C (1 + It\B(X)) and then

1 1
Ju) > — J IVulP®dx + — J P dx — J eoudo — CJ WP dx — Cmeas(Q).
Q Q 20

P+ + Q
Let M > 1 be a fixed real number (to be chosen later) and e := ess ing(p(x) — B(x)). We have
xXe

1 1
Jw) = o—p1p(u) +J <_|uv<x) _ C|ur5(x)) dx +
+ flul<my \ 2P+

1
J (—ulp(") — Culﬁ(")> dx — Cmeas(Q) — C”|Jully p(,)
{lu[>M}
1 1
> —p1,p() (W) +J (2—U|p(x) — CU|B(X)> dx — C"lullrp() — (MP+ +1)Cmeas(Q)
{lul>M} \ 4P+

1
> 5—P1,p() (W) +J fufPO) <—U|p(x)ﬁ(x) - C)) dx — C"[[ull1 p() — (MP+ 4+ 1)Cmeas(Q)
[ul>M} 2

~ 2py { P+
1 1
> —p1p) (W) + <—M€ - c) J B dx — C”|[ufly py — (MP+ 4+ 1)Cmeas(Q)
2p 2p (ul>M}

1
> p—+||u|ﬁ’,},(,) — C"ufltpr) — (MP+ 4+ 1)Cmeas(Q),

For all M > max((2p C)*, 1) and all w € E with [|ul|; p(, > 1.
Since 1 < p_ it follows that J(u) — 400 as |Ju|lg — +oo.

Consequently, ] is bounded from below and coercive. The proof is then complete.
t

Assume now that F'(x,t) = J fT(x,s)ds is such that there exists C¢ > 0, C7 > 0 such that
0

£ (x,1)] < Co + CEPIT, (4.4)

where 0 < B(.) < p(.).
Then we have the following result:
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Theorem 4.3 Under assumptions (2.1)-(2.5) and (4.4), the problem (4.1) admits at least one

weak solution. .

Proof. As f =1t —f let F (x,t) = J = (x,s)ds.

0
Then
Juw) = J A(x, Vu)dx + J me(x) dx + J F(x,u)dx — J Fr(x,u)dx — J oudo
Q o px) fo! Q Je!
> J Al(x, Vu)dx + J L\uIP(X) dx — J F(x,u)dx — J evdo.
fe] o px) Q 20

Therefore, similarly as in the proof of Theorem 4.2, the result of Theorem 4.3 follows immediately.

5 Entropy solutions

In this section, we study the existence of entropy solution for the problem (1.1) when the data
fel'(Q)and ¢ € L'(0Q).

We first recall some notations.

For any k > 0, we define the truncation function Ty by T(s) := max{—k, min{k, s}}.

Let Q be a bounded open subset of RN of class C! and 1 < p(.) < +o0. It is well known( see
[20] or [23]) that if u e WHP()(Q), it is possible to define the trace of u on dQ. More precisely,
there is a bounded operator T from W'P()(Q) into LP()(dQ) such that T(u) = ulpo whenever
ue C(Q).

Set

Thl(Q) = {u : Q — R, measurable such that T (u) € WHP()(Q), for any k > 0} .

In [1], the authors have proved the following
Proposition 5.1 Let u € 7?0 (Q). Then there exists a unique measurable functionv: Q — RN
such that VT (W) = vX(u<k}, for all k > 0. The function v is denoted by Vu. Moreover if

ue Whrl)(Q) thenv e (U’(')(Q))N and v =Vu in the usual sense.

It is easy to see that, in general, it is not possible to define the trace of an element of 7Pl (Q).
In demension one it is enough to consider the function u(x) = % for x €]0,1[. Therefore, we are
going to define following [2,3], the trace for the elements of a subset ﬁl’p(') (Q) of THPLI(Q).
711,1:(.) (Q) will be the set of functions u € 7P)(Q) such that there exists a sequence (un)n C
WP (Q) satisfying the following conditions:

(C1) up —mua.ein Q.

(C2) VTi(un) — VTi(u) in LT(Q) for any k > 0.

(C3) There exists a measurable function v on 9Q, such that u,, — v a.e in 0Q.

The function v is the trace of u in the generalized sense introduced in [2,3]. In the sequel the trace
ofue ﬁl‘p(') (Q) on 9Q will be denoted by tr(u). If u e WHPL)(Q), tr(u) coincides with T(u) in
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the usual sense. Moreover, for u € ﬁl’p(')(Q) and for every k > 0, T(Tx(u)) = Ty (tr(u)) and if
@ € WP (Q) N L2 (Q) then (u— @) € TP (Q) and tr(u— @) = tr(u) — tr(@).

We can now introduce the notion of entropy solution of (1.1).

Definition 5.2. A measurable function u is an entropy solution to problem (1.1) if u € ﬂl’p(') (Q),
uP™)=2 w e L'(Q) and for every k > 0,

JQ a(x, Vu).VTi (u—v)dx + J

[u[PI=2 uTy (u—v)dx < J
o

(ka(u—v)dG—i—J f(x) T (u—v)dx
20

Q

(5.1)
for allve WHPL)(Q) N 1> (Q).
Our main result in this section is the following:
Theorem 5.3. Assume (2.1)-(2.5), f € L'(Q) and @ € L'(3Q). Then, there exists a unique
entropy solution w to problem (1.1).
The following propositions are useful for the proof of Theorem 5.3.
Proposition 5.4. Assume (2.1)-(2.5), f € L'(Q) and @ € L'(3Q). Let u be an entropy solution
of (1.1). If there exists a positive constant M such that

J kI dx <M (5.2)
{lul>x}

then

J kI dx < [[f]li1q) + @l 0a) + M,  for all k > 0,
{IVul=()>%k}

where «(.) =p(.)/(q(.) + 1).
Proof. Taking v =0 in the entropy inequality (5.1) and using (2.5), we get

J VT (WP dx <k (|[fller ) + @l o)) for all k > 0.
Q

1
Therefore, defining 1\ := ETk (u), we have for all k > 0,

1
J kvm—]wwmdx:d VTe@P®dx < [l o) + [0l oe).
Q Q

From the above inequality, from the definition of «(.) and (5.2), we get

J ki¥ax < J kq(x)dx+J k9 dx
IVl >k} {IVula () >kInflul<k} {lul>k}
p(x)
a(x)\ «(x)
< J kd(x) (L) dx + M
{lul <k} k
< flloro) +llelle po) + M, for all k > 0.

Proposition 5.5. Assume (2.1)-(2.5), f € L'(Q) and @ € L'(3Q). Let u be an entropy solution
of (1.1), then

J VTP dx <k (|l () + @l 0a)) for all k>0 (5.3)
Q
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and

P72 | = P <l ) + el oa- (5.4)

Proof. The inequality (5.3) is already obtained in the proof of Proposition 5.2. Let’s prove (5.4).
Taking ¢ =0 in (5.1), we get for all k > 0,

j P2 W (wdx < K ([Flr (o) + 10l 00)) »
Q

then
J P72 uTy (wdx < k ([l ) + el ea)) -
{lul>k}

From the inequality above, we obtain
K e tuace k| P ude < k(1o + el on)

{u>k} {u<—k}

which imply
[P [ 2 udx < o) + el oa:
{u>k} {u<—k}
The last inequality means
J WP dx < [fllr () + 1@l (aa for all k> 0. (5.5)
{lul>x%}

We use Fatou’s Lemma in (5.5) by letting k goes to 0 to obtain (5.4).

Proposition 5.6. Assume that (2.1)-(2.5) hold, f € 1L'(Q) and @ € L'(0Q). Let u be an
entropy solution of (1.1), then

J VT (W)|P~dx < C(k + 1) for all k > 0. (5.6)
{lul<k}
Proof. Note that
J VT (W)P-dx = IVTi (w)|P—dx + J VT (u)|P—dx
{lul<k} J{ul<k, | Vu|>1} {lul <k, [Vul<1}
< VT (1)|P~dx + meas(Q)
J{ul<k, | Vu|>1}
< VT (w)[P ™) dx + meas(Q).
J{ul<k}

Since J VT ()P dx <k ([[fllLr ) + el (o)), we obtain
{lul<k}

J VT (w)[P—dx < k (||fHL1 )+ el (aQ)) + meas(Q) for all k > 0.
{lu] <k}
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Proposition 5.7. Assume that (2.1)-(2.5) hold, f € L'(Q) and ¢ € L' (0Q). Let u be an entropy
solution of (1.1). Then

Ifllc (o) + el o)

- for allh > 1, (5.7)

meas{[u] > h} <

and
IfllLr o) + lelli o)
hp——1

meas{|Vu| > h} < for allh > 1. (5.8)

Proof.

J uP)-Tax = \qu(X)qu—}—J P Tax
Q J{u|<h} {

v
£
S
B
IR
o
=

hP(X)=14qx

Y

J{lul>h}
hP—""meas{ju| > h} since h > 1.

Y

Then, by (5.4) we deduce (5.7).
We next prove (5.8).
For k,A > 0, set
D (k,A) = meas{|VulP— > A, [u| > k}.
We have
D (k,0) < meas{|u| > k}.

For k > 1, we obtain by (5.7)

(k,0) < (Ifllir(0) + @l 0a) k' P

Using the fact that the function A — @ (k,A) is nonincreasing, we get for k > 0 and A > 0, that

1 1
d0,A) = XJ (D(O,Mdsng @(0,s)ds
0 0

IN

%J: [@(0,5) + (@(k,0) — @k, ) | s

10
@ (k,0) + X L (®(0,s) — D(k,s)) ds.

IN

Now, let us observe that
®(0,s) — D(k,s) = meas{ju] < k,|VulP— > s}

Then, thanks to (5.6), we get

J'+Oo (@(O,S)—@(k,s))ds:J' IVulP—dx < C(k+ 1),
0 {lul<k}
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where C = max (meas(Q), [f[l11(q) + @l (00))-
It follows that

C(k+1 _
@(0,?\) < % + (”fHL'(Q) + ||(pH]_l(a_Q)) k] pf, for all k > ],)\ > 0.
In particular, we have
Ck+1) _
O(0,A) < ——+ (Il ) + l@llLt (o)) k' P, forall k > 1,A > 1.
We now set,
Ck+1) _
falk) = ——+ (Il @) + l@llirpa)) k7P, for all k > 1,

where A > 1 is a fixed real number.

The minimization of f) in k gives
D0,A) < (IIfller o) + el pay) A1/ P00, (5.9)

for all A > 1.

Setting A = hP— in (5.9) gives (5.8).

Proof of Theorem 5.3. x Uniqueness of entropy solution. Let h > 0 and u;,u; be two
entropy solutions of (1.1). We write the entropy inequality (5.1) corresponding to the solution
uy, with Ty (uz) as a test function, and to the solution u,, with Ty, (1) as a test function. Upon
addition, we get

a(x, Vuq).V(ug — Tp(uz))dx + J a(x, Vuz).V(uy — Tr(ug))dx

J{|u1Th(u2)<k} {luz—=Th (ur) <k}

+J r P72 g T (g — T (u2))dx +J P72 1, Ty (up — Tr(wy))dx <
Q Q

LQ (P(Tk(m — Th(uz)) + T (uz — Tr(ug )))dU+J

(Tl = Ta(12)) + Ticluz = Tu ) ) dx,
Q

(5.10)
Define now

Ei ={lus —uz2l <Kk Juzl <h}l, Ez:=E;N{lus]<h}, and E3:=FE;N{w|>h}

We start with the first integral in (5.10). By (2.5), we have
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J a(x, Vuq).V(u; — Th(uz))dx
{hy =T (w2) <k}

= a(x, Vuq).V(us — Th(uz))dx
{lwr =Tr (u2)I<kIN{|uz|<h}

+J a(x, Vuq).V(ug — Tr(uz))dx
{lwr =Ty (u2) <k IN{|luz|>h}

= a(x, Vuq).V(u —uz)dx + J . a(x, Vuq).Vudx
Hhur =Tn (u2)I<kIN{luz|<h} {lwy —hsign(u,)|<kin{luz|>h}

> a(x, Vu).V(u —uy)dx :J a(x, Vuq).V(u —uy)dx
J{lwr —=Tn (w2)I<kIN{|luz<h} Eq

= a(x, Vuq).Viw —uz)dx+J' a(x, Vuq).V(u; —uz)dx
JE> Es

= a(x, Vuq).V(u —up)dx + J
“nEZ Es

> a(x, Vuq).V(ug —uy)dx — a(x, Vuq).Vuy dx.
JE, Es3

a(x, Vuq).Vusdx — J a(x, Vuq).Vuydx
Es

(5.11)
Using (2.3) and (2.6), we estimate the last integral in (5.11) as follows:

J a(x, Vuq).Vuydx
Es

<0 [ (1004 9P ) Wzl
Es
(5.12)
< (mp/(.) + [T

() {h<u1|<h+k}) Vatzlp (it <h

where ‘\Vm [pix)=1 = H|vu] [p(x)—1

p’(.),{h<lus[<h+k} L/ () ({h<|ug |[<h+k})

The quantity C; (jp,(_) + ‘|vu] [px)-1

) can be written as follows
p’(),{h<lui|<h+k}

Cy (jp’(.) + ‘|VTh+k(u1 [P O)=T

) < +o00,
p’(),{h<lui[<h+k}

since Thox(ug) € WHPL(Q) and j € LP')(Q).
We deduce by Proposition 5.7 that

Cy <|J'|p/(.) + ‘IVm [pix)=1

Vu _ converges to 0 as h — +oo.
P'(-),{h<u1ISh+k}) Vuszlp) h—k<tuinl 8

Therefore, from (5.11) and (5.12), we obtain

J a(x, Vu).V(u — Tp(uz))dx > In + J a(x, Vuq).V(ug —uy)dx, (5.13)
{lwr =Tr (uz2) <k} Ez
where Iy converges to zero as h — +o0.

We may adopt the same procedure to treat the second term in (5.10) to obtain

a(x, Vuz).V(uz — Th(wg))dx > Jn —J a(x, Vuz).V(us —uy)dx, (5.14)

J{luZ_Th(uI”Sk} Ez
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where Ji converges to zero as h — +o0.
Now set for all h,k > 0

Kn = JQ g P92 1wy Tie(wg — T (uz))dx + JQ uz P72 wp T (ug — Th(wr))dx.
We have
g P92 1y T (ug — T (u2)) — g P72 1y T (ug —uz) ae in Q as h — +o0,
and
[l P92 4 Ty = T (u2))| < Khar P87 € L ().
Then by Lebesgue Theorem, we deduce that

lim

J e [PO72 1 Ty (wg — Tr(uz))dx :J g [POI72 g Ty (wg — wp)dx. (5.15)
h—+o00 Q

Q

Similarly, we have

lim J P72 1, Ty (up — Th(wy))dx = J P72 1, T (un — ) dx. (5.16)
h—+o00 Q Q

Using (5.15) and (5.16), we get

lim Ky :J (|u1 POI=2 ) — juy [P —2 uz) T (g —uy)dx. (5.17)
h—+oco Q

We next examine the right-hand side of (5.10).
For all k > 0,

f(Tk(m —Th(u2))+ T (uz — T (uy ))) — f(Tk(m —uy )+ T (uz —uy )) =0a.ein Q as h — +o0,

(p(Tk(m —Th(u2))+ T (u2—Tr(wy ))) — (p(Tk(LL1 —u )+ T (u2—uy )) =0a.ein 0Q as h — +o0,
and

[700) (Telawr = Taluz)) + Tz — T ) ) | < 24l € L' (),

@ (Tlwr = T (1w2)) + Ticluz = Tu(w))) | < 2Kl € L' (202,

Lebesgue Theorem allows us to write

lim Uan (P(Tk(ul = Tr(uz)) + Ti(uz — Thlug ))) dG+J

ho+o0 Qf(Tk(Ul —Th(uz))+Tk(Uz—Th(U1)))dX] =0.

(5.18)
Using (5.13), (5.14), (5.17) and (5.18), we get

J{|u1uz|<k} (a(x, Vup) —a(x, Vuz)).(vm — Vuz)dx

(5.19)

[ (a2 = P2 ) T - ua)ax <o,
O
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Therefore
J (\Ul POI=2 g — [y P2 uz) T (wr —uz)dx =0. (5.20)
o

2

For x fixed in Q, s — [s|P**)=2 s is nondecreasing and vanishes at 0. Then,

(Iu1 POI=2 gy — [up[P )2 uz) Te(ws —u2) > 0, ¥x € Q and Vk > 0.

Now, using inequality above and (5.20), for all k € R there exist Qx C Q with meas(Qy) =0
such that for all x € Q\Qy,

(et GOP 2 21 () = hez ()P 2 2 (%)) Tielunr () = 2(x)) = 0.
Therefore,

(a1 GIPO72 g () = a2 (P2 wa(x)) (an () = u2(x) =0, for all x € O\ | Qi (5:21)
keN*

Now, using (5.21) and (3.6), we get

u; =uy a.e. in Q.

x Existence of entropy solution. Let f, = T, (f) and ¢ = Ta(@); then (fi)n and (@n)n are
in LP-)(Q) and LP-)"(2Q) respectively and are strongly converging to f in L' (Q) and to ¢ in
L'(3Q) respectively. Moreover ||[fn|/i1(q) < [Iflli1(q) and |@nll100) < @l 0q), for alln €
N.

Next, we consider the problem

—div a(x, Vun) + uny P2 u,, = f,, in Q,

(5.22)
a(x, Vun)m = @n on 0Q.
It follows from Theorem 3.2 that there exists a unique u, € WHP{)(Q) such that
J a(x, Vun).Vvdx + J un [P 2 upvdx = J @nvdo + J favdx (5.23)
Q Q 20 Q

for all v e WHrl)(Q).

Our aim is to prove that these approximated solutions u,, tend, as n goes to infinity, to a measurable
function u which is an entropy solution to the limit problem (1.1). To start with, we prove the
following lemma:

Lemma 5.8. For any k >0, [[Ti(un)|l1,p() <1+ C where C = C(k, @, f,p_,py, meas(Q)) is a
positive constant.

Proof. By taking v = Ty (uy) in (5.23), we get

J a(x, Vi ). VTi (un) +J [P 72w, Ty (un ) dx = J
Q Q

onTiln)do + J T (1) dx.
00

Q
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Since all the terms in the left-hand side of equality above are nonnegative and
J @nTk(un)dU+J faT(un)dx <k (|@nllir0a) + Ifnlli @) <k (lelliea) + Iflltia);
20 Q

by using (2.5) we obtain

J VTie(wn) P dx < (ol 00y + [l ) (5.24)
Q
and
J |un|p(x)_2 UnTie(un)dx <k (H‘PHU (a0) + [l (Q)) . (5.25)
Q
The inequality (5.25) is equivalent to
J«u ! }‘Tk(un)|p(X)dX+ J«u | }‘unwx}iz unTi(un)dx <k (el @o) + IfllLia) -
un|<k un|>k
Therefore,
L TP e < ([0l oo + Il o). (5.26)
Un|S
Furthermore
J ITe(u)P®dax = J kP () dx
{lun|>k} {lun|>k}

kP+meas(Q) if k > 1,

<
meas(Q) if k< 1.
This allows us to write
J ITie ()P dx < (14 kP+)meas(Q). (5.27)
{lunl>k}
Relations (5.26) and (5.27) give
J Te(wn)P™dx <k (@l 0a) + Il ) + (14 kP )meas(Q). (5.28)
Q

Hence, adding (5.24) and (5.28), it yields

P1,p0) (T(un)) < 2k (@]l (0a) + Il () + (1 +kP+)meas(Q) = C(k, ¢, f,p, meas(Q)).
(5.29)
If | T (un)l1,p(.) > T, we have

HTk(un)Hllj,;(.) < p],'p(.)(Tk(un)) < C(k»(P»f»P+»meaS(Q))»

which is equivalent to

1
ITiclwn)l1,p) < (Clky @, F, -y meas(0))) 7 = Clk, @, ,p, b, meas(Q).
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The above inequality gives
HTk(un)”Lp(.) <1+ C(k,@,f,p—,ps,meas(Q)).

Then, the proof of Lemma 5.8. is complete.

From Lemma 5.8. we deduce that for any k > 0, the sequence (Ty(uy,)) is uniformly bounded in
WP (Q) and so in WHP—(Q). Then, up to a subsequence we can assume that for any k > 0,
Ty (un) converges weakly to oy in WP~ (Q), and so Ty () converges strongly to oy in LP—(Q).
We next prove the following proposition:

Proposition 5.9. Assume that (2.1)-(2.5) hold and u, € W"P)(Q) is the weak solution of
(5.22). Then the sequence (Un)n is Cauchy in measure. In particular, there exists a measurable
function u and a subsequence still denoted (Wn)n such that un, — u in measure.

Proof. Let s > 0 and define

Er:={lunl >k}, Ez:={luml>k} and E3:={Te(un)—Te(um)l > s}
where k > 0 is to be fixed. We note that
{lun —um\ >stCEiUEU Es,

and hence
meas{[u, — wm| > s} < meas(E7) + meas(E,) + meas(E3). (5.30)

Let € > 0. Using Proposition 5.7, we choose k = k(€) such that
meas(Eq) < e€/3 and meas(E,) < /3. (5.31)

Since Ty (un) converges strongly in LP—(Q), then it is a Cauchy sequence in LP—(Q).
Thus

1
meas(E2) < = | [Mulun) = Tulum)P-dx < 5, (5.32)
sP— Q 3
for all n,m > no(s,€).
Finally, from (5.30), (5.31) and (5.32), we obtain
meas{|un, — Um| > s} < € for all n,m > no(s, €). (5.33)

Relations (5.33) mean that the sequence (u,)n is Cauchy sequence in measure and the proof of
Proposition 5.9. is complete.

Note that as u, — u in measure, up to a subsequence, we can assume that u,, — u a.e. in Q.
In the sequel, we need the following two technical lemmas.

Lemma 5.10. ( cf.[30, Lemma 5.4] ) Let (v )n be a sequence of measurable functions in Q. If
Vi converges in measure to v and is uniformly bounded in LP()(Q) for some 1 < p(.) € L®(Q),
then v, — v strongly in L1(Q).
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The second technical lemma is a well known result in measure theory (cf. [16] ).
Lemma 5.11. Let (X, M, u) be a measure space such that w(X) < +oo. Consider a measurable
function vy : X — [0, +00] such that

n{{x e X:y(x) =0} =0.

Then, for every € > 0, there exists & > 0, such that

w(A) < e, for all A € M with J ydu < 9.
A

We now set to prove that the function u in the Proposition 5.9 is an entropy solution of (1.1).
Let ve WHPL)(Q) N L>(Q). For any k > 0, choose Ty (1, — V) as a test function in (5.23).
We get

J a(x, Vun).VTx(un —v)dx +J [, P2 Un T (up —v)dx =
Q Q

J ©n(x) Tk (un —v)d0+J' fr(x) Tk (un —v)dx. (5.34)
20 Q

We have the following proposition:

Proposition 5.12. Assume that (2.1)-(2.5) hold and u, € W"PL)(Q) be the weak solution
of (5.22). Then

(i) Vun converges in measure to the weak gradient of u;

(ii) For all k > 0, VTx(un) converges to VT (u) in (L1(Q))N.

(iii) For allt > 0, a(x, VT¢(un)) converges to a(x, VT (u)) in (L1 (Q))N strongly and in (U’,(') (Q)) "
weakly.

(iv) un converges to some function v a.e. on 0Q).

Proof.

(1) We claim that the sequence (Vu, ), is Cauchy in measure.

Indeed, let s > 0, and consider

Eq :={|Vun| > hbU{{Vum| > h}, Ez = {un —wm| >k}

and
E3 = {[Vun| <h,[Vun| <hy [un —uml <k, [V, — Vug| > sl

where h and k will be chosen later.
Note that
{{IVun — Vum| > s} C By UE, U Es. (5.35)

Let € > 0. By Proposition 5.7 (relation (5.8)), we may choose h = h(e) large enough such that

meas(E1) < €/3, (5.36)
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for all n,m > 0.
On the other hand, by Proposition 5.9

meas(E;) < €/3, (5.37)

for all n,m > ngy(k, €).
Moreover, since a(x, &) is continuous with respect to & for a.e every x € Q, by assumption (2.5)
there exists a real valued function y : Q — [0, +00] such that meas({x € Q :y(x) =0}) =0 and

(alx,&) —a(x,&M).(E = &) = v(x), (5.38)

for all £,&’ € RN such that || < h, |£/| < h, |E—E/| > s, for a.e x € Q.
Let 6 = 8(€) be given by Lemma 5.11., replacing € and A by €/3 and E3 respectively.
As uy, is a weak solution of (5.22), using Ti(un — Um) as a test function, we get

J a(x, Vun ).VTi (un — uy )dx +J' un P72 wn T (U, — U )dx =
Q Q

J PnTc(un —um)do+ J T (Uun —um)dx
00 Q

<k (el ea) + i) -

Similarly for u,, we have
J a(x, Vum).VTi (um — uy )dx +J wm PP 72 w Tie (U — g )dx =
Q Q

J OmT(um _un)dd"‘J i Te(um —upn)dx
00 Q
<k(lellia) + Iflltiq) -

After adding the last two inequalities, it yields

J (a(x, Vun) — a(x, Vum)).(Vun — Vug, )dx
{lun—um <k}

+J (|un|P(X)—2 Uy — ‘um|P(X)—2 U.m)Tk(un —U.m)dX S 2k (H(p”L‘ (0Q2) + Hf”L] (_Q)) .
Q
Since the second term of the above inequality is nonnegative, we obtain by using (5.38)

J y(x)dxﬁj (a(x,Vun)—a(x,Vum)).(Vun—Vum)dXSZk(H(pHLI(aQ)+Hf||L1(Q))<6,
Es Es

where k = §/4 (H‘PHL‘ (00) + [If[lL: (Q)) .

From Lemma 5.11, it follows that
meas(E3) < e/3. (5.39)
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Thus using (5.35), (5.36), (5.37) and (5.39), we get

meas({|Vu, — Vun,| > s}) < e, for all n,m > ng(s,€) (5.40)

and then the claim is proved.
Consequently, (Vuy )y converges in measure to some measurable function v. In order to end the
proof of (1), we need the following lemma:

Lemma 5.13.

(a) For a.e. t € R, VTi(un) converges in measure to vx(jy|<t};
(b) for a.e. teR, VTi(u) = VX{|ul<t}

(c) VTi(u) = vx{ju <t} holds for all t € R.

Proof of Lemma 5.13.
e Proof of (a).

We know that Vu, — v in measure. Thus, X<t} VUn — X{ju|<t}V in measure.
Now, let us show that (X{\u“\<t} —X{|u\<t}) Vu, — 0 in measure. For that, it is sufficient to show
that (X{Iun|<t} —X{\u|<t}) — 0 in measure. Now, for all 6 > 0,

{IXtuni<tr — X<ty [Vunl > 8} € {[Xqrun i<ty — Xgui<t| # 0}
c{u=tlu{up, <t<uwU{u<t<uptU{up, < —t<uwu{u<-—-t<u,}.

Thus,

(5.41)

meas { [X(jun <t} — X(lul<t}| [Vun| > 8} < meas{lu| =t} + meas{un <t <u}+
meas{u <t<un}+meas{u, < —t<u}+meas{u < —t<u,}.

Note that
meas{lul =t} <meas{t—h<u<t+h}l+meas{—t—h<u<—-t+h}—-0ash—0
for a.e. t, since u is a fixed function. Next,

meas{u, <t<u} <meas{t <u<t+h}+meas{lu—uy|>h}, forall h > 0.

Due to Proposition 5.9, we have for all fixed h > 0, meas{jlu —u,| > h} — 0 as 1 — +oo. Since
meas{t<u<t+h} = 0as h — 0, for all € > 0, one can find N such that for all n > N,
meas{u, <t<u} < €/2+ €/2 = € by choosing h and then N. Each of the other terms in
the right-hand side of (5.41) can be treated in the same way as for meas{u, <t <u}. Thus,
meas {‘X{Iun|<t} _X{\u|<t}‘ Vuyn| > 6} — 0 asn — +oo.

Finally, since VT (un) = VUnX{ju,|<t}, the claim (a) follows.

e Proof of (b).
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Let ¢ be the weak WP () limit of T (11, ), then it is also the strong L'-limit of T (u, ). But, as T,
is a Lipschitz function, the convergence in measure of 1,; to u implies the convergence in measure
of Ty(un) to Ty(u). Thus, by the uniqueness of the limit in measure, Py is identified with Ty (u),
we conclude that VT (uy) — VT (u) weakly in LP()(Q).

The previous convergence also ensures that VT, (1) converges to VT (u) weakly in L'(Q). On
the other hand, by (a), VT¢(un) converges to vxjp <t} in measure. By lemma 5.10, since VT¢(un)
is uniformly bounded in LP—(Q), the convergence is actually strong in L'(Q); thus it is also weak
in L'(Q). By the uniqueness of a weak L'-limit, VX{jul<t} coincides with VT (u).

e Proof of (c)

Let 0 <t <'s, and s be such that vx <s} coincides with VTs(u). Then

VTi(u) = VT (Ts(u) = VT (WX{T, (w)<t) = VX{lul<s}X{ul<t}) = VX{lul<t}-

Now, we can end the proof of (i). Indeed, combining Lemma 5.13-(c) and Proposition 5.1, (1)
follows.
(i1) Let s > 0, k > 0 and consider

Es ={IVun — Vun| > s, un| <K, [um| < kb, Es ={|Vuml > s, [un| >k, [um| < k},

Es :{‘vun| > S)|um‘ > Kk, un| < k} and E7 :{O > S)|um‘ >k, un| > k}

Note that
{IVTk(un) — VTk(um)\ > S} CE4UEsUEg UES. (5.42)

Let € > 0. By Proposition 5.7, we may choose k(€) such that

meas(Es) < g,meas(Eg) < 2 and meas(E7) < 2 (5.43)
Therefore, using (5.40), (5.42) and (5.43), we get
meas({|VTk(un) — VT (um)| > s}) < e, for all n,m > nq(s, €). (5.44)

Consequently, VT (uy ) converges in measure to VT (u).
Then, using lemmas 5.8 and 5.10, (ii) follows.

(1ii) By lemmas 5.10 and 5.13, we have that for all t > 0, a(x, VT¢(u)) converges to a(x, VT (u))

in (U (Q))N strongly and a(x, VTi(u,)) converges to Xy € (LP' Q)N in (LP G (Q)N weakly.
Since each of the convergences implies the weak L'-convergence, x¢ can be identified with a(x, VT (11));
thus, a(x, VTi(u)) € (LP'()(Q))N. The proof of (iii) is then complete.

(iv) As u, is a weak solution of (5.22), using Ty (un) as a test function, we get

jQ Telwn)P™ dx < jQ P 2w T (wn)dx <k (@l oo) + [flu@) . (5.45)
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We deduce from (5.24) and (5.45) that

J Te(un)P~ dx <k (lellipa) + IfllL () + meas(Q), (5.46)
1)

and
J ‘VTk(‘LLn)|p7 dx S k (”(pH]_l (0Q2) + Hf”L‘ (Q)) + meas(Q). (547)
Q

Furthermore, Ty (1, ) converges weakly to Ty (u) in W'P—(Q) and since for every 1 <p < 400,
T:WhP(Q) - 1P (0Q),u — t(u) = ulzo

is compact, we deduce that Tx(w,) converges strongly to Ty(u) in LP—(0Q) and so, up to a
subsequence, we can assume that Ty (un) converges to Tx(u), a.e. on 9Q. In other words, there
exists C C 0Q such that Ty (un) converges to T (u) on 00Q\C with pu(C) = 0 where p is the area
measure on 0Q.

Now, we use Holder Inequality, (5.46) and (5.47) to get

1 1
J ITic(wn)l dx < (meas(Q)) 7 (k ([[ollLtaq) + Il (o)) +meas(Q)) 7~ (5.48)
fe)
and

_1 1
J VT (un)l dx < (meas(Q)) 7 (k ([l@lli1a0) + Iflli1(0)) + meas(Q)) 7= . (5.49)
Q

By using Fatou’s Lemma in (5.48) and (5.49) we get as n goes to 400,

1 1
J ITi (u)] dx < (meas(Q)) )’ (k (H(PHU (0q) + [IfllL (Q)) +meas(Q)) P— (5.50)
Q
and
1 a1
J [VTi(w)] dx < (meas(Q)) 7 (k([[@llL1a0) + [fllL1(0)) + meas(Q)) 7— . (5.51)
Q
For every k > 0, let Ay :={x € 0Q : [Tx(u(x))| < k} and C' = 3Q\ U Ak.
k>0
We have
1 1
W)= | Mmwiax <] miwlas
Cy
N [T llwiia)
C] C]
< STl o)+ S IV Tl o

According to (5.50) and (5.51), we deduce by letting k — +oco that u(C’) = 0.
Let us define in 0Q) the function v by

v(x) = Te(u(x)) if x € Ax.
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We take x € 0Q\ (C U C’); then there exists k > 0 such that x € Ay and we have
Un (%) = v(x) = (un(x) = Ti(un(x))) + (T (wn (%)) — Tie(u(x))) .

Since x € Ay, we have |Tx (1(x))] < k and so |Tx (un (x))| < k, from which we deduce that |u, (x)] <
k.
Therefore

un (x) —v(x) = (T (un(x)) — Te(u(x))) — 0, as n — +oo.

This means that u,, converges to v a.e. on 0Q.
The proof of the Proposition 5.12 is then complete.

We are now able to pass to the limit in the identity (5.34).

For the right-hand side, the convergence is obvious since f,, converges strongly to f in L' (Q),
@n converges strongly to ¢ in L'(0Q) and Ty (u, — V) converges weakly-* to Ty (w—v) in L>®(Q)
and a.e in Q and to Tx(u—v) in L*°(0Q) and a.e in 0Q).
For the second term of (5.34), we have

J ‘un|p(X)_2 unTk(un —V)dX = J
Q

(\un\p(")_z Up — P2 V) Tie(un —v)dx
Q

+J h|p(x)—2 VT (un —v)dx.
Q

The quantity (Iunlp(")_2 Up — [ypx)=2 v) Tk (wn — V) is nonnegative and since for all
x €Q, s+ |[sP™)=2 s is continuous, we get

(\U-n|p(x)_2 Uy — P2 v) Te(un —v) — (|u\p(")_2 u— y|p(¥)=2 v) Tr(uw—v)dx a.e in Q.
Then, it follows by Fatou’s Lemma that

lim ian (\un\p(x)’z Uy — P2 v) T (up—v)dx > J
Q

(\U.Ip(")’2 u— ypx)=2 v) T (u—v)dx.
n—-+oo Q

Let us show that [vP(»X)=2 v e L1(Q).

We have 1
p(x
J ‘Mp(")_z v‘ dx = J PO Tdx < J (H"Hoo) dx.
Q Q Q

If |[v]|oo < 1, then J ‘Iv\p(")_z v‘ dx < meas(Q) < +oo.
o)

p+—1 p+—1
If [[V||oo > 1, then J ‘Iv\p(")_z v‘ dx < J (||v|\oo) T dx = (Hv||oo) meas(Q) < +oo.
Q fo!
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Hence vP™)=2 v e L1(Q).

Since Ty (un —Vv) converges weakly-* to T (w—v) in L°(Q) and [v|[P*)=2 v € L1(Q), it follows that

lim

J VP72 VT (U, — v)dx = J VP72 YTy (u — v)dx.
n—-+oo Q

o

Next, we write the first term in (5.34) in the following form

a(x, Vun).Vu,dx — J a(x, Vun).Vvdx. (5.52)

J{un—\)lék} {lun—v|<k}

Set 1 =K+ ||V||oo, the second integral in (5.52) equals to

J a(x, VTi(un)).Vvdx.
{lun—v|<k}

, N
Since a(x, VTi(u,)) is uniformly bounded in (Lp (')(Q)) (by (2.3) and (5.24) ),

, N
by Proposition 5.12—(iii), it converges weakly to a(x, VT (u)) in (U’ () (Q)) .
Therefore

lim

J a(x, VTi(un)).Vvdx = J a(x, VTi(u)).Vvdx.
0 Jun—vI<k}

{lu—v|<k}
Moreover a(x, Vuy,).Vu, is nonnegative and converges a.e in Q to a(x, Vu).Vu.
Thanks to Fatou’s Lemma, we obtain

lim inf

J a(x, Vun).Vu,dx > J a(x, Vu).Vudx.
NE0 Mg —vi<k)

{lu—v[<k}

Gathering results, we obtain

Ll a(x, Vu).VTe (u —v)dx + J

P =2 T (u—v)dx < J
Q

eTe(u—v)do + J fTe(u—v)dx.
20

Q

We conclude that u is an entropy solution of (1.1).
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