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ABSTRACT

We introduce a general Solow model on time scales and derive a nonlinear first-order
dynamic equation that describes such a model. We first assume that there is neither
technological development nor a change in the population. We present the Cobb-
Douglas production function on time scales and use it to give the solution for the equa-
tion that describes the model. Next, we provide several applications of the generalized
Solow model. Finally, we generalize our work by allowing technological development
and population growth. The presented results not only unify the continuous and the
discrete Solow models but also extend them to other cases “in between”, e.g., a quan-
tum calculus version of the Solow model. Finally it is also noted that our results even
generalize the classical continuous and discrete Solow models since we allow the sav-
ings rate, the depreciation factor of goods, the growth rate of the population, and the
technological growth rates to be functions of time rather than taking constant values
as in the classical Solow models.
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RESUMEN

Introducimos un modelo general de Solow en escalas de tiempo y derivamos una ecuacién
dindamica no lineal de primer orden que describe el mencionado modelo. Primero asum-
imos que no existe ni desarrollo tecnolégico ni un cambio en la poblacién. Presentamos
la funcién de produccién de Cobb-Douglas en escalas de tiempo y la utilizamos para
entregar la soluciéon de la ecuacion que describe el modelo. Luego, mostramos varias
aplicaciones del modelo generalizado de Solow. Finalmente, generalizamos nuestro
trabajo permitiendo desarrollo tecnolégico y crecimiento de la poblaciéon. Los resul-
tados presentados no sélo unifican los modelos de Solow continuos y discretos, sino
que ademads se extienden a otros casos “entre medio”, es decir, una versién del célculo
cuantico del modelo de Solow. Finalmente, también se menciona que nuestro resultado
también generaliza los modelos clasicos continuos y discretos, ya que permitimos tasas
de ahorro, el factor de depreciacién de bienes, la razén de crecimiento de la poblacion y
las razones de crecimiento tecnolégico por ser funciones del tiempo mas que asumiendo
valores constantes como es el caso de los modelos de Solow clésico.

1 The Classical Solow Model

Modern growth theory is mainly based on the works of Solow [12] and Swan [I3]. In the Solow
model, it is assumed that the national income Y depends on consumption C and investment I, i.e.,

Moreover, it is assumed that the national income is a function of the capital stock K and the
product of the technological progress A and the population N, i.e.,

Y(t) = F(K(t), A(t)N(t)), (1)
where the production function F satisfies the following conditions:

1. F(AK,AL) = AF(K,L) for all A, K,L € R" (constant returns to scale);

2. F(K,0) =F(0,L) =0 for all K,L € R™;

oF oF 9°F o’F

3. 3k >0, 57 >0, 5%z <0, 577 <0

4. lim g—F: lim %:Jroo, lim g—F: lim %:0.
K—0+ L—-0+ K—+o0 L—4oc0

Furthermore, the change of the capital stock in a particular period does not only depend on the
new investment but also on the depreciation of goods. In other words, we take for granted that

K/(t) = I(t) — 8K(t) 2)
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with given initial capital stock K(0), where & is the depreciation rate of the goods. As usual, we

presume that
S(t) =1I(t) = sY(t), (3)

where s is the savings rate, and thus the savings S is the portion of the national income which
is not consumed. Plugging () and @) into (), we obtain the nonlinear first-order differential
equation

K'(t) = sF (K(t), A(t)N(t)) — SK(t). (4)

In this paper, we assume that the technological knowledge of the society grows exponentially with
rate 1, that is,
Al(t) =7A(t), ie., A(t)=e"A(0),

where A(0) is the initial technological standing of the nation. Similarly, we suppose that the
population of the nation grows with growth rate n and an initial population of N(0), hence

N’(t) =nN(t), ie., N(t)=e"*N(0).

Both n and r can be positive or negative depending on which nation we are talking about. Of
course, it seems quite unrealistic that r is negative. Solow also took the capital stock per efficiency
of labor k into account, which he defined as the stationary variable

YY) F(K(t),A(t)N(t))
ANt A(t)N(t) -

This allows us now to rewrite (@) as

K'(t)

AN~ ST() = Sk{L). 5

A simple calculation shows that
k'(t) _ K'(t)
k(t)  K(t)

—T—n

Therefore (B turns into
k'(t) = sf(k(t)) — (6 +n +1)k(1). (6)

Table [[l summarizes all the variables with their meanings that appear in the Solow model. For a
more detailed discussion of stability and qualitative analysis of the Solow model, the reader might
consult [9]. The discrete analogue of Solow’s model is discussed in [I1], featuring some results
similar to those in the continuous Solow model. So far this dynamic process was regarded either
as solely continuous or solely discrete. In this paper, we generalize these two theories in such a
way that the continuous and the discrete versions of the Solow model are only special cases of
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Table 1: Explanation of Variables

’ Variable H Explanation

Y national income

I induced investment

C consumption

S Savings

S savings rate

K capital stock

Ko initial capital stock

) depreciation factor of goods

A level of technological knowledge
Ao initial technological progress level
T technological growth rate

N level of population
No initial population

n growth rate of population

k capital stock per efficiency unit of labor

our generalized Solow model. We do this using the time scales theory, an area of mathematics
which was originally introduced by Stefan Hilger in his PhD thesis [10]. The two books [7, [8] by
Bohner and Peterson offer an introduction with applications to time scales calculus along with
some advanced topics. Applications of time scales calculus can be found in many areas, also in
economics. Tisdell and Zaidi [I4] in particular already generalized some economic topics, and also
Bohner et al. discussed multiplier-accelerator models and utility functions on time scales in [5], [6].

The set up of this paper is as follows. In Section Bl we give a brief introduction to the time
scales theory. In Section [B] we present the Solow model on time scales and derive the nonlinear
first-order dynamic equation that describes this model. In Section Ml we define the generalized
Cobb—Douglas production function on time scales and provide examples for various time scales.
Furthermore, we state a theorem that gives the solution of the nonlinear first-order dynamic
equation, and we also provide examples for several time scales. We finally state a result that
addresses asymptotic stability of the solution. Section[Blis used to show some important properties
of the production function, called the Inada conditions. Finally, in Section [l we point out how our
model can be extended, assuming the presence of technological and population growth (or decay),
i.e., by assuming n # 0 as well as v # 0. We present the Cobb—Douglas production function for
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this more general case and also derive the equilibrium solution for this extended model.

It is also noted that our results even generalize the classical continuous and discrete Solow
models since we allow the savings rate, the depreciation factor of goods, the growth rate of the
population, and the technological growth rates to be functions of time rather than considering
constant values as in the classical Solow models.

2 Time Scales Preliminaries

In this section, we introduce some elements of time scales calculus. For a more rigorous time scales
introduction, we refer the reader to [7, [§].

Let T be a time scale, i.e., a nonempty closed subset of R. For t € T, the forward jump
operator 0: T — T is defined by

o(t):=inf{seT: s> t},
while the backward jump operator p: T — T is defined by
p(t) :=sup{s € T: s < t}.

In this definition, we set inf() = sup T (i.e., o(t) = t if T has maximum t) and sup® = inf T (i.e.,
p(t) = t if T has minimum t). If o(t) > t, o(t) = t, p(t) < t, and p(t) = t, then t is called
right-scattered, right-dense, left-scattered and left-dense, respectively. The graininess function u :
T — [0, 00) is defined by

u(t) ;== o(t) —t.

We also need the set T* which is defined in the following way: If T has a left-scattered maximum
m, then T = T —{m}. Else, T* =T.

Now let f : T — R be a function. If t € T*, then f*(t) is defined as the number (provided that
it exists) such that for every € > 0, there exists a neighborhood U of t (i.e., U=(t—0,t+8)NT
for some & > 0) such that

|[f(o(t)) — f(s)] — FA (1) [o(t) — s]| < elo(t) —s| forall seU.

We call this number f2(t) the delta derivative of f at t. Moreover, f is called rd-continuous provided
it is continuous at right-dense points in T and its left sided limits exist (finite) at left-dense points
in T. The function f° : T — R is defined by f° = f o 0. In our calculations, we use the so-called
“simple useful formula”

7 =f + pf.

We denote the set of rd-continuous functions by C,q = C.q(T) = C.q(T,R). Next, f is said to be
regressive given that
T4+ pu(t)f(t) 20 forall teT
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holds. The set of all regressive and rd-continuous functions is denoted by R = R(T) = R(T,R).
We also define the set R™ of all positively regressive elements by

RY=RYT,R)={f€ R: 1+ ut)pt) >0 forall teT}.

Let now p, q € R. We define the “circle plus” addition & on R by

(p®q)(t) :==p(t) +q(t) + u(t)p(t)q(t) forall teT
and the “circle minus” subtraction & on R by

_ pt)—q(t)
1+ u(t)q(t)

Ria) = R if el
TlRYif aeR\N.

(peq)(t): forall teT.

We put

For « € R and p € R(«), we define

1

(0@ p)(1) = ap(t) L (1 + wt)p(H)h)*dh. (7)

The time scales exponential function e (-, to) is defined for p € R and to € T as the unique solution

of the initial value problem

y* =pt)ly, ylto)=1 on T.
We have (- to)
eyt
ep(')tOJeq(')tO) = e‘p@q(')tOJ and —poh 02 = e‘p@q(')tO)-
eq(')tO)
If x € R and p € R(«), then
exop = €p
(see [8, Theorem 2.44]). Let o € R\ {1}. We say that
1
A x—1
X —{q@<(x_1®(gx ))}x (8)

(see [8, Section 2.6]) is a Bernoulli equation on time scales.

3 Solow Model on Time Scales

Assume that F and f are production functions as defined in Section [ We now introduce the

generalized Solow model on an arbitrary time scale:

Y(t) = F(K(t), A(t)N(t)),

KA(t)  =I(t) —d(t)K(t),

I(t) =s(t)Y(t), 9)
AA() =T(HA(Y)
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where we require

5(t) >0 and s(t)>0 forall teT (10)

and
n,reR. (11)

The economical meanings of 3, s, v, and n are the same as described in Table [l If (K,Y,A;N,I)
solves (@), then

KA (1) = s(t)Y(t) — S(t)K(t) = s(t)F(K(t), A()N(t)) — S(t)K(t). (12)
Define K Y
t t

BTN M S NGE O "

which are regarded as the capital stock per efficiency unit of labor and the production per efficiency
unit of labor, respectively. By ([I2) and ([3)), we have

KA (t)

AN = SO — 8K, (14)

Theorem 3.1. Assume @), (I0), and ). If k is defined as in [[3)), then

s(t)

(1T + p()r) (1T + plt)n(t)
8(t) +n(t) 7(t)

a ((1 + () r(t) (1 + p(tn(t) T u(t)r(tJ> K.

KA (1) = fk(t))

(15)

Proof. The time scales quotient rule [7, Theorem 1.20 (v)] provides

o (K)A _ KAAN — K (ANA + AAN©)
AN ANAONC
KA KNA KAA
A°Ne  NA°N¢ ANAC
KA B n S
AN(T +ur)(T4+un) (14 ur)(1+ un) 14+ ur

S d+mn T
fok— k
O+ +pn) ((1+ur)(1+un)+1+w> !

i.e., (I3) holds. O

[I=]

Ii5]

Example 3.2. If T =R, then o(t) =t and u(t) =0 for all t € T. Thus [[T) can be rewritten as
k'(t) = s(t)f(k(t)) — (8(t) +n(t) + r(t))k(t),

which reduces to (@) provided 8, s, n, and r are constants.
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Theorem 3.3. Assume [[0) and ). Then [IX) holds if and only if
kA (1) = s(t)f(k(t)) — 8(t)k(t) — (n @ 1)(t)k(o(t)). (16)

Proof. Suppose k solves ([[6). Then we use the “simple useful formula” to obtain
k? = s(fok)—0k— (ndT)k®
= s(fok)—8k— (n+r1+unr) (k+ pk?).
Hence
(14+un)(1 +pur)k® =s(fok) — (8 +n+1+ pnr) k.

Dividing by (1 4+ un)(1+ ur) yields [[3). If k solves ([[3)), then ([IG) follows by reversing the above
steps. ]
Theorem 3.4. Assume ([{Q) and (). If [@8) holds, then

(T+ u(On(O) (1 + u(Ort)k(t) = u(t)s(t)f(k(t) + (1 — n(t)5(t))k(t). (17)
If @) holds and wu(t) # 0, then ([8) holds.

Proof. Suppose k solves ([I6l). Then we multiply (6] by pn(t) and use the simple useful formula to
obtain

k(o(t) —k(t) = pn(tkA(t)
= n(t)s(t)f(k(t)) — u(t)o(t)k(t) — p(t)(n @ r)(t)k(o(t)).
Hence
(T+ pt)mer)(t) klo(t)) = n(t)s(t)f(k(t)) + (1 — n(t)s(t)k(t),
which results in (7). If (I7) holds at t € T such that pu(t) # 0, then the above steps can be

reversed. O

Example 3.5. If T =7, then o(t) =t+1 and w(t) =1 for all t € T. Thus [IT) can be rewritten
as
(T+n@)T+rt)k(t+1) =s(t)f(k(t)) + (1 —5(t))k(t).

This equation can be found in [11].

Example 3.6. If T = hZ with h > 0, then o(t) = t+h and u(t) = h for allt € T. Thus (1)
can be rewritten as

(T4+hn(t))(1 + hr(t))k(t+h) = hs(t)f(k(t)) + (1 — hd(t))k(t).
Example 3.7. If T = q"° with q > 1, then o(t) = qt and u(t) = (q — 1)t for all t € T. Thus

@) can be rewritten as

(1+ (g =1t(t)(1 + (g = Dtr(t)k(qt) = (g — Dts()(k(t)) + (1 — (g — 1)t5(t))k(t)
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4 Analysis of the Basic Solow Model

In this section, we assume that (I0) holds and that there is no technological development and no

population change, i.e., n =1 =0. Then () simplifies to

kA (1) = s(t)f(k(t)) — 8(t)k(t).

Let
O<a<l, w(t) = <o(]_] ® 53) (t), and g(t)=(1—a)s(t).
If
1 ox—1
f(x) == W+ we (g7 o D) ® is independent of te T,
s(t)

then we define the generalized Cobb—Douglas production function on time scales by
f(x) = xf(x).
Theorem 4.1. Lett € T. If u(t) =0, then

S(t)+ (wo (5 @ (gx* 1)) (t)

_ ya—1
s(1 -
Proof. Assume p(t) = 0. Then at t, we have
5(t)+ (we (L @ (g ")) (1) 8(t) +w(t) — 2
s(t) B s(t)
5(t)g(t) (x~"
_ 6(t) + (aj1?s(t) — 4 o—1
s(t)
8 = 8() + s(t)x!
N s(t)
— ch—])

which shows (22)).

(18)

(19)

(20)

(21)

(22)

O

Example 4.2. If T = R, then f(x) = x*7', and thus [@20) holds. Hence the Cobb-Douglas

production function is defined and equals
f(x) 2y x?(x) = xx* T =x*,

Theorem 4.3. Lett € T. If u(t) > 0, then

8(t) + (w@ ((x]] ® (gx“‘1)>> (t)

n(t) T+ (1 —«Ju(t)d(t)

= . {5(t)u(t) 1+ (1 + (1 — o)u(t)s(t)x*! ) =

} . (23)
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Proof. Assume p(t) > 0. Then at t, we have

! w1y @ 1 a1 F Sy ]
- — 1 04 h. a—1
(X_]CD(gx ) 9% o( + pgx ) dh

(]+ugxa71)ﬁi]
1 ) 1
w o= ——02= o 60-a)
ax—1 S o—1
1
D 1 sa—w| (4w —an)s T dn
o —1 0
(14 (1 — o)) =7 —
and hence
: W (1+pngx™ 1)°<]T171
wo (Q(gxoc])) _ |53
oo —1 14 pltngxe N EeT

n

T+pgx® ! 0‘*]‘71
( 9
[0

(1+ pgxe1)=7

1

1 . —
(Itps(1—a)a—T -1  (T+pgx® 1) T-1

_ i m

(1+ pgxe=1) =

1 Trus(l—a) \=7
o p.{_1+<1+p.(1—oc)sx“—‘> }’

which shows (23]).

Theorem 4.4. Let p(t) >0 for allt € T. Assume ([IQ) and suppose

s:=s(t)u(t) and &:=056(t)u(t) are independent of teT.

Then (20) holds and the Cobb—Douglas production function is defined and equals

flx) = % S_1+<1+(1—o¢)§xi1> =
i T+ (1T—a)d
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Proof. Using Proposition [£.3] we see that

S(t)+ (we (5 @ (gx* 1)) (t)
s(t)

@ 1 1+ (1 — a)u()st)xe 1\ T+
= W0 {5(””“)”( T+ (1 — o)n(t)3(t) )

1
- A Sy a—1\ T
Eo14 14+ (1 oc)sx~
1+ (1—a)b

is independent of t and therefore equals F(x). By @), f(x) = x?(x). O

}

il =

Example 4.5. If T = hZ with h > 0 and 8, s are constants and satisfy [I0), then Proposition[{.4)
gives us that 20) is satisfied and that the Cobb—Douglas production function is defined and equals
(note that 24)) is satisfied in this case with s = sh and 6 = 6h)

X 14 (1 — a)hsx*! =
f(x)hs{éh—1+< LR ) } (25)

Example 4.6. If T =7Z and 6, s are constants and satisfy (I0), then Example [{-] gives us that
Q) is satisfied and that the Cobb—Douglas production function, i.e., the discrete version of the
classical Cobb—Douglas production function, is defined and equals

X T+ (1—a)sx*! =
f(x)_s{5]+< T+ (-5 > }

Example 4.7. If T = q"° with ¢ > 1 and 8, s satisfy (I0) and @4), i.e.,

s:=(q—T1)ts(t) and 5= (q—T1)td(t) are independent of t e T,

then Proposition[{.4) gives us that 20)) is satisfied and that the Cobb—Douglas production function
s defined and equals

f) = 251+ (1 il ‘“)g"f]) N
S 1+ (1—a)d

Using (21)), we rewrite equation (I8)) in the form (&), i.e., as a Bernoulli equation on time
scales.

Theorem 4.8. Assume (I0) and 20) and let f be defined by @IN). Then ([I8]) holds if and only if

k= {we (o) ok, (26)

o—1
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Example 4.9. If T =R, then w = —3, and equation 28) is

K'(t) = (sk™ ' (t) — &) k(t).

Hence equation [20) is indeed a generalized form of the continuous Solow model with the Cobb—

Douglas production function.

With the generalized Cobb—Douglas function, we can find the solution of the Solow model

([IR) on time scales.

Theorem 4.10. Assume [IQ) and

K= % is independent of te€ T
and define p € R by

p(t):=(01—x)d(t) forall teT.

Then the solution of 28] with initial condition k(to) = ko > 0, where to € T, is given by
1

T—a
} forall teT,

kg)*“ —K

k(t) = {K + 7% [t 1o)

provided the quantity in curly braces in 29) is always positive.

(27)

(28)

(29)

Proof. Suppose k solves (26) such that k(to) = ko. Define X := k*~'. By [8, Theorem 2.37], we

have
TA A
% = (oc—])@k?
- (oc1)®{we[“1_1®(gk“‘)]}
= [(a=T)owe (gk* ")
= (01 —a)) o (gk*T),
SO

X =(po(gx)X%,

which shows that X solves the logistic equation on time scales (see [I] and [8, Section 2.4]). Define

y:=1/x. Then

A l A_ﬁ__( o (gx))y° = gf)z—p o

and hence
(14 pgx) y* = gxy° —py°,

i.e., using the “simple useful formula”,

y® + (Y —y) gx = gxy° — py°,
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ie.,

y® =-py’ +g. (30)
Using
g=(1—a)s=(1—a)dk =«kp
and the variation of constants formula [7, Theorem 2.74], the solution of ([B0) is given by
t

Yoeeop(t,to) + J g(tlecp(t, T)AT

to

y(t)

t
yoeep(t,to)+J kp(Tlep (T, t)AT

to

t

Yoean(t, to) + KJ p(t)ep (1, VAT

to
= yOe@p(ta tO) + Kép (T) t)ﬁo
= Yoeop(t,to) + k(1 —egp(t,to)).

From the substitutions we performed, we have that yo = ké*"‘ as well as k(t) = 1 which
y(t) T

shows (29]). Conversely, k given by (29)) is easily seen to be a solution of (26]). O

Using Theorem [£.10, we obtain the asymptotic stability of the unique equilibrium point of
28).
Theorem 4.11. Assume ([0) and 27). If

ro 5(t)At = oo, (31)

to

then any solution k of 28) in the form (29) satisfies

lim k(t) = KTs = 3
t—oo

and K is the unique equilibrium point of (26]).

Proof. We have p(t) > 0 for all t € T, where p is defined in Theorem .10l Hence p € R*. Thus,
by [, Remark 2], we have
t t
ep(t,to) > 1 +J p(t)AT=1+(1— oc)J 5(t)At for all t>tg.
to to
Therefore, using (B1),

lim ey (t,to) =
tLH;op(»O) 00,

and thus

T—ax T—
SRR P LV

t—00 lim¢ 00 €p (1, to
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Now we show that K is the unique nontrivial equilibrium point of (28): A point K is a nontrivial

equilibrium point of (26) if and only if

1 .
we (w@ (95” 1)> -0
which holds if and only if (use the definition of w, (21]), and the properties of &)

1 g _ 1 1
oc—1®|<_oc—1®(9E )

which is true if and only if (use the properties of ® and the definition of g)
1 —1

725“
K

)
i.e., Kk =K. This completes the proof. O

Example 4.12. Let T =R and assume [0) and @10). Then [29) reads

T1—x T«
k(t):{K+k0_K} .

e(l—oc) ﬁo 5(T)AT

If, in addition, to = 0 and & is constant (this implies that s is constant as well), then

1
kéftx — K T—x
k(t) = {K+ P } .
Example 4.13. Let T = hZ with h > 0 and assume [IQ) and Z0). Then 29) reads

T—o

T—x
k() =Kkt K <
IT (04 (1 —x)hd(ih))
i=to/h

If, in addition, to = 0 and & is constant (this implies that s is constant as well), then

k1foL_K T—a
k(t) = 0 )
® {H (1+(1oc)h6)t/h}

Example 4.14. Let T = q"° with q > 1 and assume ([[Q) and @I). Then B9) reads

T—

kl*!x _
K(t) = { K+ 0o K

logq t—1

[T (+(qg—=1q"(1—x)3(q"))

1'.:10gq to
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If, in addition, to = 1 and 5= (q—1)td(t) is constant (this implies that (q — 1)ts(t) is constant
as well), then

ko % —k
(1+01- oc)S)log“ '

5 Properties of the Production Function

In this section, we show that our Cobb-Douglas production function f given in (2I]) satisfies the
time scales Inada conditions (see [2, [3])

f(x) >0, f'(x)<0, f"(x)<0 foral x>0,

flx)>C(t) >0, f/(x)>t)>0 forall x>0 andall teT,

_ (32)
li = lim f'(x) =
g T = g, PO =0,
lim f(x) = lim f/(x)=((t) >0 forall teT,
X—00 X—00

where ¢ : T — R is defined in the following lemma.

Lemma 5.1. Assume ([I0) and define

1 1
((t) = SO {6(t) + (oc] ol oc)é)) (t)} .
Then ((t) > 0.

Proof. If u(t) =0, then {(t) = 0. If u(t) > 0, then, as in the proof of Proposition 3] we have

1

(] © (- oc)6)> (o) = U0 —ep®s(E) =T —1
- p(t)

Now using the well-known Bernoulli inequality, we obtain

(14 (1= @u(8() 7T > 1+ 11— au()s(t) =1 - p(V)3(0)

This proves the claim. O

Theorem 5.2. Assume [I0) and 20) and define the Cobb—Douglas production function by (2I)).
If there exists t € T such that u(t) = 0, then the Cobb—Douglas production function satisfies the
Inada conditions ([32).

Proof. By Theorem 1] and (20)),
f(x) =x* and f(x)=x*"". (33)

Clearly, f given by (B3] satisfies the Inada conditions (32)). O
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Theorem 5.3. Assume ([I0) and 20) and define the Cobb—Douglas production function by 21]).
If there exists t € T such that u(t) > 0, then the Cobb—Douglas production function satisfies the
Inada conditions [32).

Proof. By Theorem 3] and (20), we have

1
~ 1 14+ (1 —o)pu(t)s(t x"‘]>‘“
f(x) = ——— t)o(t) — 1+ . 34
= s {”( st -1+ (S e (3
In order to check that the Inada conditions ([B2)) are satisfied, we use the following notation:
Si=p(t)s(t), k=3, &:=(1-a)3,
o 35)
1 (~ 1 T+ akx®! (
C—§{6—1+(1+0€)“7]}, Z(X).—T
Using B35, we rewrite (34)) as
~ 1 (~ 1
— _ T—a
flx) = = {5 1+ (z(x)) } . (36)
We obviously have
z(x) > 5 for all x> 0. (37)

Using @37) in B8)), we find

1~ _
f(x)>~—{6—1+(1+(x)ﬁ}:C for all x> 0.
ok

By Lemma .1l we also have ¢ > 0, and hence f(x) > 0 for all x > 0 so that f(x) = xf(x) > 0 for
all x > 0. Next, note that

(o — UKX"‘*Z

z'(x) = 73 (38)
Using 38) in B8], we find
f(x) = 1 z(x) 7= 2/ (x)
Ok(1 — )
1 o 00— 1)kx*?
- - oy re Mo Dot 7
dk(1 — ) T+a
&Xocfz

= ——  _(z(x))T® <0 forall x>0.
(1+ «)d
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Using this, (38), B3), (1), and the product rule for f(x) = xf(x), we get
f'(x) = f(x)+xf'(x)
1 (~ s ax* Tk «
= Bt )T - 2 ()T
Ok { } (1+ x)dk
1 (~ 1 1 1
= = 6 - 1 + T« - - P = T—e
= {51 )T - (20 - ) 5 (a0
1 (~ 1 «
= =—<6— + = T—o
5k { T+« (=) }
1 [~ 1 SO
> = 5 - ] + - (] + )“71
dk 1+«
1 (~ -
- _ a—T L
- SK{6 1+ (1+&) } ,
ie.,
1 ~ 1 o
fiix) = =461 — —x 5 > ( forall x>0. 39
(x) 5K{ +1+“(z(x)) } ¢ forall x (39)
Also, since
. ) 1
Xli)t(r)l+ z(x) = oo and Xlggo z(x) = T
we find from B6) and [BI) that
lim f(x) = lim f'(x) = oo
x—0+ x—0+
and
lim f(x) = lim f'(x) = > 0.
X—00 X—00
Finally, using (39) and (38]), we obtain
1 104 «
" - =11
0 = e BT
_ 1 _ o &(OC_J)KX“_z(Z(X))ZIO:’J
k(T4 )1 —a T+«
= f#x“*z(z(x))zﬁd <0 forall x>0.
d(1+ x)?2
This shows that all conditions in (32)) are satisfied. O

6 General Solow Model on Time Scales

Let us now assume ([[0) and () so that we allow now that the technology develops exponentially

and/or the population increases exponentially. All results from Section Ml and Section [ still hold

true when we replace s and & in (8] by

S and 76+ hor)
T+umaer) T+pumnaer)’
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respectively, as (I8) in this case results in ([IH). This means that w and g from ([I3) are replaced

by
w(t) = ((Xl] o 6+ (Tls@r))9> (t) and g(t) = ] +(;(;)(i3$ggt:)(t)’

respectively. Next, f(x) in 20) is replaced by

St +ment)+(T+utmeni) (we (5 o (gx*)))
s(t) :

Moreover, k and p in 7)) and (28] are replaced by

W (1w
SO+ mann Truomenn’

respectively. Finally, condition (BII) turns into

At = 0.

J"O S(t)+ (madT)(t)
to 1+ RE)(MoT)(t)

Received: January 2013. Revised: February 2013.
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