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ABSTRACT

Our aim in this paper is to prove the existence and uniqueness of solutions for an
Allen-Cahn type system based on a modification of the Ginzburg-Landau free energy
proposed in [II]. In particular, the free energy contains an additional term called
Willmore regularization and takes into account anisotropy effects.

RESUMEN

Nuestro propdsito en este trabajo es probar la existencia y unicidad de soluciones
para un Sistema de tipo Allen-Cahn basados en una modificacién de la energia libre
Ginzburg-Landau propuesta en [I1]. En particular, la energia libre contiene un término
adicional llamado regularizaciéon de Willmore y considera efectos de anisotropia.
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1 Introduction

The Allen-Cahn equation,

ou
a—Au—l—f(u) =0, (1.1)

3 —s, describes important processes related with phase

where u is the order parameter and f(s) =s
separation in binary alloys, namely, the ordering of atoms in a lattice (see [I]). This equation is

obtained by considering the Ginzburg-Landau free energy,

Yoy = JQ(%Wu\z +F(w)) dx, (1.2)

where Q is the domain occupied by the material and, typically, F(s) = %(s2 —1)2. Assuming a

relaxation dynamics, i.e., writing

ou _ DWGL
ot  Du’

(1.3)

D C . . . .
where 5 denotes a variational derivative, we obtain (L.

In [I1] (see also [2]), the authors introduced the following modification of the Ginzburg-Landau
free energy:

Wact = | (g5l + ) + Bt ax, B0, (14)

o |Vu

W = —Au+ f(w), (1.5)

where G(u) = Jw?

is called nonlinear Willmore regularization, {3 is a small regularization parame-
ter and the function & accounts for anisotropy effects. The Willmore regularization is relevant, e.g.,
in determining the equilibrium shape of a crystal in its own liquid matrix, when anisotropy effects
are strong. Indeed, in that case, the equilibrium interface may not be a smooth curve, but may
present facets and corners with slope discontinuities (see, e.g., [9]), which can lead to an ill-posed

problem and requires regularization.

The Allen-Cahn equation associated with () has been studied in [6] in the particular cases
d =1 (isotropic case) and § = —1 (in that case, Waqy, is also called functionalized Cahn-Hilliard
energy in [§]). In particular, well-posedness results have been obtained. The Cahn-Hilliard equation
associated with ([Z) (obtained by writing 3% = AD¥AGL) hag been studied in [], again, in the
isotropic case = 1; we also refer the reader to [2] and [12] for numerical studies.

In this paper, we actually consider the following regularization of Wagr:
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Vu
y :J (O — =
RAGL o (e+ \Vu\z)%

)(%\Vu\z +F(u)) + %wz) dx, € > 0. (1.6)

We have, in that case and formally,

Vu
DWgracL = J (8(

—————)(Vu- VDu + f(u)Du) + Bwf’(u)Du — BwADu) dx
o (e+|Vu)z

Du 1
J vy VPu Do Ry ax
o (e+|Vul9)z (e+|Vul)2 2
VDu 1
—J 5t ) gy VDU (Do e R ax,
a (e+[Vulf)z (e+IVul)2 2

where &’ denotes the differential (gradient) of 5. Therefore, assuming proper boundary conditions,

DY¥RracL . vu Yu
— = div(§(————)Vu) + §(————)f(u) 1.7
Du (e +[Vul*)2 (e +|Vu?)2 .7
1 .. |Vul? vVu . Flu vu
—zle( FNIE ! 2 l)) —le( ( )2 1 ' 2,1
(e+IVu)z  (e+|Vul’)z (e+IVuz  (e+[Vul7)z
1., Vu [Vul2vVu . Vu F(u)Vu
+zd1V(6/( >—) - Vu > i)-i—dlv(é/( ) - (u) 7)
(e + VUl )z (e +|Vul7)2 (e +|Vul7)z (e +|Vul7)2

+Rwf'(u) — BAw.

Assuming again a relaxation dynamics, we finally obtain the following regularized anisotropic
Allen-Cahn system:

ou Vu Vu
— —div(§(———)Vu) + §(————)f(u) 1.8
ot (e + |Vu*)z (e + |Vu*)z (18)
1 .. Vul? Vu . Flu Vu
_zdw( | ‘215I 7)) — div( ( )Zl ' 7))
(e+IVu )2 (e+[Vul7)2 (e +IVU[T)2  (e+[Vul7)2
. vu YulZVu . vu F(u)Vu
+Zle(5l( 3.1 u | | i) 1V(5I( 2.1 /" u ( ) 2 i)
(e +|Vul7)z (e +|Vul7)z (e +Vul")z (e +Vul")=
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+Rwf’ (1) — BAw =0,

w = —Au+ f(u). (1.9)

We proved in [5] the existence and uniqueness of solutions to (L8)-(T3)), but only in one space

dimension, due to a lack of regularity on %—E{L. Thus, in order to handle the problem in higher space

dimensions, we consider in this paper the following further regularized Allen-Cahn system:

0 0A
—u—a—u—div(é(#)vm—l—é(#)f(u) (1.10)
ot ot (e +[Vul7)z (e +IVul7)z
1. Vul? Vu , Flu Vu
——le( 2 lé/( 2 l))_dlv( ( )2 lé/ 2\1
20 (e+IVU)T  (e+IVul)z (e+IVu )T (e+|Vul9)z
1., Vu [Vul2vVu . Vu F(u)Vu
-l—zdlv(é/( ) - Vu 5—) 4+ div(d'( ) - Vu W >—5)
(e +|Vu|7)z (e +|Vu|7)2 (e +|Vu|7)z (e +|Vul7)2
+Rwf'(u) — BAw =0, o> 0,
w = —Au+ f(u). (1.11)
A term of the form —ocaaA—t“ appears in generalizations of the Allen-Cahn equation proposed in [3],

based on a separate balance law for internal microforces, i.e., for interactions at a microscopic level
(we can note that the derivation proposed in [3] is strongly based on the usual Ginzburg-Landau
free energy; it would thus be interesting to go back to the arguments in [3] and see whether/how
they can be adapted to a more general free energy). Such a regularization is also similar to
the viscous Cahn-Hilliard equation proposed in [7]. Actually, the approach in [3], applied to the
Cahn-Hilliard equation, allows to recover the viscous Cahn-Hilliard equation.

We prove, in the next sections, the existence and uniqueness of solutions to (LIQ)-(TIT)). It is
important to note however that our estimates are not independent of €, so that we cannot pass to
the limit as € goes to 0. This is not surprising, as the problem formally obtained by taking € =0
cannot correspond to the (Allen-Cahn) problem associated with the free energy ([4)) (see also [2]
and [I1]). Actually, this is related with a proper functional setting for the limit problem and, more
precisely, for the Allen-Cahn system associated with (I4]). This will be studied elsewhere.
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2 Setting of the problem

We consider the following initial and boundary value problem (for simplicity, we take & = 3 =

1):
ou 0Au Vu Vu
-~ (8( > )Vu) +8( > )f(u) (2.1)
ot ot (e +[Vul7)z (e+[Vul7)z
1 .. |Vul? vVu . Flu vu
_zdw( srencl 5 )) — div( ( )2 78 231
(e+Vulf)z  (e+[Vul7)z (e+Vulf)z  (e+[Vul7)z
. vu [Vul2vu vu F(u)Vu
Lo — ) div(s — Wiy
2 (e +|Vul7)z (e +|Vu|7)? (e +|Vul)z (e +|Vul)?
+wf’(u) — Aw =0,
w = —Au+ f(u), (2.2)
u=w=0onT (2.3)
u|t:0 = Uo, (24)
in a bounded and regular domain Q C R™, n =1, 2 or 3, with boundary T.
As far as the nonlinear terms & and f are concerned, we assume that
§ is of class C?, (2.5)
f is of class C?, £(0) =0, f' > —co, co >0, (2.6)
st/(s)f(s) —f(s)? > —c1, ¢1 >0, s €R, (2.7)

sf’(s) > —cz, c2 >0, s ER, (2.8)
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F(s)| < of(s)? + co, Yo >0, s € R, (2.9)

[F(s)] <c3(slP+1), c3 >0, p>0ifn=Tor2 pel0,7]if n=3, (2.10)

where F is an antiderivative of f.

These assumptions are satisfied by polynomials of the form f(s) = 3:] aist, @ > 3 odd
(g <5 when n =3), aq > 0, and, in particular, by the usual cubic nonlinear term f(s) = s> —s.

We denote by ((-,-)) the usual L?-scalar product, with associated norm || - ||, and we denote
by || - |[x the norm in the Banach space X.

Throughout the paper, the same letter ¢ (and, sometimes, ¢’) denotes constants which may
vary from line to line. Similarly, the same letter Q denotes monotone increasing (with respect to

each argument) functions which may vary from line to line.

3 A priori estimates

We multiply 21]) by u and have, integrating over Q and by parts and owing to ([Z.2)),

Vu Vu

1 2 2
Zdt(||1LH + [ V|| )+((5((€+Wu‘2)%)Vu,Vu))+((5((€+Wu‘2)%)f(u),u)) (3.1)
+l((6’( Yu [Vul2Vu 5 vu F(u)Vu
2 (e +IVu?)? " (e +|Vu?)? (e +IVuH)? " (e+|Vu?)s
1. ., Vu Avatii , Vu F(u)|Vul?
—=((5 -V, ) — (6 (———) - VU, ————
e Y e T e vy Y e v

We note that

so that



CUBO On an anisotropic Allen-Cahn system
17, 2 (2015)

79
Vu Vu
15( )l <c, [8( sl <c’
(e +|Vul7)z (e +|VU7)z2
Therefore,
Vu
(8(——————)Vu, Vu))| < c||[Vu|?, 3.2
o Ivul (3.2
Vu 2 2
(————)f(W),w)| < off(W)||” + col[VU[|7, Yo >0, (3.3)
(e +|Vul)z
vu Yul2vVu
(8" ), VR gy 2 (3.4)
(e+ VU2 (e+|Vul7)2

Vu F(u)Vu
5 2,1 ( ) 2 l) <CJ ‘F(u)‘dx
(e+|VU)z (e +|Vul9)z Q

< (owing to (29))

< of|f(W)]?* + cq, Yo >0,

(5" Vu

|Vul*
— ) Vu,—————))[ < ¢[[Vu?
(e +IVu?)2 (e +[Vul*)2

and, as above,

(s’ Vu

( F(U.)|VU.|2
(e +|Vu*)?

It thus follows from (Z71)-(2.8)) and @I)-@B) that

d
S Ul + 1Vul?) + 2 @]* < el Vull? + off(W)]* + co, Yo > 0.

We then note that, owing to (2.6)),

lwl[? > | Aw]? + [[f(w) ] — 2co | Va2
and it follows from (BJ)-(39) that, taking o =1,

Nl < cJ IF(w)] dx < of[f(w)||® + ¢o, Vo > 0.
e+ |Vul)3 Q | |

(3.6)

(3.8)
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d
a(l\ull2 +[IVul?) + elllullfiz o) + IFWI12) < ¢ (ulfi @) + 1), ¢ > 0. (3.10)

We then multiply (1) by %—“ and obtain, owing to (2.2)),

t

”2 Vu ou Vu ou

2
+ V ((8( )V, V—)) + ((8( (W), =) 3.11
I3+ (e + Vul)? ot (e+IVuhi 7ot )
+1(( | Vu Vu?v 3 5'( vu Flu)vau
20 e+ VU (e + V) (e+IVu®)z 7 (e+|Vul*)2
Vul?Vu - V3 Flw)Vu - V3
_l (6/( Vu 1 u)| u| = 2 ?t - 6/( Vu 2 1)' u, (u) = 2 2t
2 (e +[Vul*)z (e+IVul7)z (e +[Vul7)z (e+IVul?)z
1d 2 _
We have, proceeding as above,
Vu ou Vu ou
(=== )V, V) + (8 (—=—=)f(w), =) 3.12
(e +Vu?)z ot (e +Vu?)z ot (3.12)
1 vu [Vul?vae 1 vVu VuPPVu - vau

+51((8'(

— 6/
7 e 1vu)? ’(e+|Vu|2)17))|+ [((8°(

2

y————73 )l

—_— ] . u
(e +|Vul*)? (e +|Vu?)3
c([[Vull + [[f(w)]]) IIV ||

Tioou 2 2 2

< ||l v=

< IV e vl + ) )

Furthermore, for the most difficult case n = 3 and p = 7 and owing to (ZI0) and Agmon’s

inequality (see, e.g., [10]),

 Vu FwVv St (_ Vu F(u)Vu - VU
o ) 1 ) ST -V , —————9t 3.13
e ervay ) T e ) Y ey N B

0
gce’TJ \F(u)HVa—u\dx< —||V Hz "e 1J (u/™ 4+ 1) dx
Q t Q
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1 ou _
< z”vanz +ce 1(”“”%&(;}) + ”(HU“%@(Q) +1)

1 ou
v—I?

Sz”

+ee (i o Iulliie o) + DR @) + 1)
—||V Hz +ee ([l o) + Dl ) + 1)
We thus deduce from BIT))-(BI3) that

|| H2+|I Hw ) < ce MRl ) + Dl ) + 1) (3.14)

Recalling that
[wl]|? > [|Aw]? + [f(w)[|* — 2o Vul?,

we finally deduce that

|| H2+H Hw ) < ce ([ullify ) + DU o) + DUl + ullf @) + 1. (3.15)

We now multiply (21 by —Au and have, owing to (2.2]),

%di Vw2 + 1Au]2) + ((diver (Vu), Aw) — ((@2(Vu)f(u), Au)) (3.16)
+((diveps (Vu), Aw)) + ((div(F(wpa(Vu)), Au))
—((diveps (Vu), Au)) — ((div(F(w) s (Vu)), Au))
~((wf’(w), Aw)) + ((Af(w), Aw)) + [|VAu[* =
where
0118) =8, @2ls) =8l ) @3(8):%(6:;2); T
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Noting that

divei (Vu) = @{(Vu) - VVu, i=1, 3,

div(F(wei(Vu)) = Fu)ei(Vu) - VVu + f(u) @i (Vu)

it follows from the continuous embedding H?(Q) C

N\w

S
(e+s?)

-Vu, i=4, 6,

C(Q) and ([22) that

|((diveps (Vu), Au))| + [((@2 (Vu)f(u), Au))

+((dives (Vu), Aw)) +[((div(F(u) @4 (Vu)), Au

+((dives(Vu), Aw)) +[((div(F(u) @s(Vu)), Au

Hl((wf'(w), Aw)) + ((Af(w), Au))| < Q(e
(here, we have used the facts that the @/’s are bounded and that

hence,

e+

d _
E(HVHH2 +Au)?) + cfullfiz o) < Qe

Aau

We finally multiply 21 by St

and find, owing to (22,

au))_

HV o

H2+HA H2

((dive1(Vu), A ((@2(Vu

+((dives (Vu), Aa—u

5 ) T

((div(F(u)@a (Vu)), A

((dives(Vu), A%

5 ))

((div(F(u)es(Vu)), A

o

’ ”uHHZ(Q

)l
)l

)

S <),

e+[s[2 —

mz < e ! and

)), c > 0. (317)

ou

)fu), ASH)

au
at))
au

3¢)
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S8))+ (AW, AT + 5 S [VAu|? =0,

. /
((wf'(u), A AN+ 5o

which yields, proceeding as above,

d ou _
EHVAqu +CH§H1242(Q) < Qe ! lulluz(ay), ¢ >0. (3.18)

4 Existence and uniqueness of solutions

We have the

Theorem 1. We assume that uy € H2(Q)NHJ(Q). Then, @I)-(Z4) possesses a unique solution
u such that u € L=®(0, T; H2(Q) N H}(Q)) N L?(0, T; H3(Q)) and % € L?(0, T; H (Q)), VT > 0.
Furthermore, if uy € H3(Q)0H(1)(Q), thenu € L>(0, T; H3 (Q)ﬁH(])(Q)) and %—‘; € L2(0, T; H*(Q)n
H)(Q)), YT > 0.

Proof. a) Existence:

The proof of existence is based on the a priori estimates derived in the previous section and,
e.g., a classical Galerkin scheme.

In particular, we first deduce from (BI0) that u € L>°(0, T; H(])(Q)) NL2(0, T; H2(Q)), VT > 0.
Having this, it follows from (B.I5) that w € L*°(0, T; H?(Q)) and %—EEL € L2(0, T H) (Q)).

The only difficulty here is to pass to the limit in the nonlinear terms when considering Galerkin
approximations. More precisely, we have, owing to classical Aubin-Lions compactness results, a
sequence Uy, of solutions to approximated problems such that

Uy — win L0, T; H?(Q)) weak star, L?(0,T;H'(Q)) and a.c..

We consider, for instance, the passage to the limit in the term F(um)@4(Viy,) (the other
terms can be handled similarly or are simpler to treat). We have

Flum)@4(Vum) — F(u) @a (Vu)]

< [Flum) (@4 (Vum) — @4 (Vu))[ + [(Flum) — F(u)) @a(Vul],

so that, proceeding as in the previous section (using, in particular, the fact that ¢} is bounded),

[F(um) @4 (Vim) — Fwea(Vu)|| < Qe [[umllnz(a), Iulnz @) um — wln @)
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hence the convergence in L?(0,T;L?(Q)). Furthermore, noting that w., (defined as in (22))
converges to w in L%(0, T;L?(Q)) weak star and f’(u,) converges to f’(u) in L?(0, T; H'(Q)), we

easily see that w,f’'(umn) converges to wf’(u) in L3 (0, T;L% (Q)) weak.

b) Uniqueness:

Let u; and uy be two solutions to 2I)-23) (w; and w, being defined as in (22)) with
initial data up,1 and ug 2, respectively. We set u =17 —uy, w = w7 — w3, Up = Up,1 — Up,2 and

have

QO div(pr(Vur) — 1(Vaw)) + 92 (Vur)i(u) — 0a(Vuz)i(uz)
—div(3(Vur) — @3(Viuz)) — div(F(ur ) @a(Vawr ) — Fluz)ga(Vaez))
+div(@s(Vur) — @5(Vuz)) + div(F(ur ) @s(Vur) — Fluz) @s(Vuy))

o (w) — wsf (1) — Aw =0,
w = —Au+ f(wr) — (),

u=w=0onT

Ult—o = uo.

We multiply (1) by u and obtain, owing to (Z2),

| e

(Il + IVul?) + (@1 (V) — @1 (Vua), V)

N —
o

t

+H((@2(Vur)f(w) — @2(Vuz)f(uz),w) + ((@3(Vur) — @3(Vuz), Vu))

+((Flur) @4 (Vur) — Fluz) @4 (Vuz)), Vu)) — ((@s5(Vur) — @5 (Vuz), Vu))

—((Flu) @6 (Vur) — F(uz) 96 (Vuz)), V) + (w1 f'(wr) — waf’(uz),u))

(4.1)

(4.5)
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+((f(wr) — f(uz),w)) + | Au|> = 0.

We have, for instance (again, the other terms can be handled similarly or are easier to treat) and
proceeding as in the previous section,

[(F(ur) @4 (Vur) — Fluz) @4 (Vuz)), Vu))| < [((Flur) (@4 (Vur) — @a(Vuz)), Vu))|

H((Fw) = Fluz2)) @a(Vuz), V)l < Qe ', T Juo,

[H2 (), [Wo,2

[z (a)) | Vu|%.

Furthermore, owing to (£2]) and a proper interpolation inequality,
(1" (wr) — w2f"(u2), w)| < [((wf’(wr), W)+ (w2 (fur) — f'(uz)), )l

< QT [[uo,1llnz(0) lluo,2llnz (o)) [|Aw[[[uf.
We thus find an inequality of the form

d ~
27 Uhell? + IVul®) < Qe T o,

Iz 0,2z (o)) VU2,

hence the uniqueness, as well as the continuous dependence with respect to the initial data in the
H'-norm.

O
Remark 4.1. The viscous Cahn-Hilliard system associated with the free energy (L0 reads
ou_ ocaA—u — A[—div(é(LZJVu + 6(%)1“(10 (4.6)
ot ot (e + |Vul)z (e +IVul7)z
1 .. |Vul? vVu . Flu vu
—jdiv( 7)) —divl— 1)
(e+IVulf)z (e +|Vul7)2 (e+IVulf)z (e +|Vul7)z
1 2 F
+=div(d’( Vu 5>—) - Vu Vul v;' =) +div(8'( vu (WVu
2 (e +[Vul9)z (e +[Vul9)2

u
(e +|Vu?)? (e +|Vu?)3

+Rwf'(u) — BAwW] =0, o> 0,
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w = —Au+ f(u). (4.7)

Taking, for simplicity, Dirichlet boundary conditions,

u=Au=w=Aw=0onT,

we can rewrite (£0) equivalently as

1 . |Vul? , vVu . F(u) , vVu
7 216 27)) div >t 21))
(e +|Vul7)z (e+|Vul9)z (e +|Vul7)z (e+|Vul9)z

2 F
Pl — Yy g YV G Yy PV
2 (e +Vul”)= (e +[Vul”)2 (e +[Vul")z (e +[Vul”)2
+Bwf’'(u) — BAw = 0.
Even though (£8) bears some resemblance with (2I), we have less regularity on 3% and thus

cannot proceed as above to prove the existence and uniqueness of solutions. We can however prove

the well-posedness in one space dimension (see [5]).

Received: May 2013. Accepted: May 2013.
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