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ABSTRACT

We use the Hausdorfl-Young inequality for the Hankel transform to prove the uncer-
tainly principle in terms of entropy. Next, we show that we can obtain the Heisenberg-
Pauli-Weyl inequality related to the same Hankel transform.

RESUMEN

Usamos la desigualdad de Hausdorff-Young para la transformada de Hankel para pro-
bar el principio de incertidumbre en términos de la entropia. Ademads probamos que
podemos obtener la desigualdad de Heisenberg-Pauli-Weyl relacionada con la misma
transformada de Hankel.
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1 Introduction:

The uncertainly principles play an import role in harmonic analysis. They state that a function
f and its Fourier transform f can not be simultaneously sharply localized in the sense that it is
impossible for a nonzero function and its Fourier transform to be simultaneously small.

Many mathematical formulations of this fact can be found in [2, 5, 6, 11, 16, 17].

For a probability density function f on R™, the entropy of f is defined according to [18] by

E(f) = —J § f(x) In(f(x))dx.

The entropy E(f) is closely related to quantum mechanics [4] and constitutes one of the important
way to measure the concentration of f.

The uncertainly principle in terms of entropy consists to compare the entropy of |f|* with that of
712,

A first result has been given in [13], where Hirschman established a weak version of this uncertainly
principle by showing that for every square integrable function f on R™ with respect to the Lebesgue
measure, such that ||f|[, = 1, we have

E(If1%) + E(If]?) > 0.

Later, in [1, 2], Beckner proved the following stronger inequality, that is for every square integrable

function f on R™; ||f]l, =1,
E(Ifl*) + E(fI*) = n(1 —In2).

The last inequality constituted a very powerful result which implies in particular the well known
Heisenberg-Pauli-Weyl uncertainly principle [17].

In this paper, we consider the singular differential operator defined on ]0, +oo[ by

_d_z 20+1d 1 32“+]£];a>—1_
dr? r dr r?etldr dr 2

The Hankel transform associated with the operator {4 is defined by

+oo
AL :J (1) (AT)dpc (1),

o
where
. dpg(r) is the measure defined on [0, +oo[ by

T.Zoc+1 dr
d =—.
A T Yy
. j« is the modified Bessel-function that will be defined in the second section .
Many harmonic analysis results have been establish for the Hankel transform J# [14, 19, 20].
Also, many uncertainly principles have been proved for the transform J# [17, 21].
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Our investigation in this work consists to establish the uncertainly principle in terms of entropy
for the Hankel transform .77 .
For a nonnegative measurable function f on [0, +o0[, the entropy of f is defined by

+o0o

E,. (f) = —L () In(F(1) dpsa (7).

Then using the Hausdorff-Young inequality for 7% [9], we establish the main result of this work.
. Let f € L?(dpg); Ifll2,u. =1 such that

“+oo
J () | In(1£(r)]) | A () < +o0,

and

+oo
| 1Al | m (000 [dia ) < +oo.

Then
Bua (1f12) + B (|76(0]7) = 2o+ 1)(1 = 2),

where LP(duy); p € [1,+00], is the Lebesgue space of measurable functions on [0, +oo[ such
that

Ifllp, o < 400,

with
“+oo 1
(J ‘f(r)‘pdu“(r))p, if pe [1,400],
1fllp e = 0
ess sup ’f(r)‘, if p = +4o00.
r€ [0,+o00(

Using this result, we prove that we can derive the Heisenberg -Pauli-Weyl inequality for 7%,
that is
. For every f € L?(dpy); we have

12,00 A ()20 = (4 DI, -

2 The Hankel operator

In this section, we recall some harmonic analysis results related to the convolution product and
the Fourier transform associated with Hankel operator.
Let £y be the Bessel operator defined on ]0 + oo by

d? . 20+ 1du
dr? r o odr’
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Then, for every A € C, the following system

admits a unique solution given by j(A.), where

alz) = ZT@ED ) (2.1)

Z(X
(=1)k Z\ 2k
Mo D ) e )

with Ju is the Bessel function of first kind and index « [7, 8, 15, 22].
The modified Bessel function j, satisfies the following properties

for every o > —%, the modified Bessel function j, has the Mehler integral representation, for

every z € C,
21( 1) -1
(o + J )¢~ %cosztdt, if 0 > —,
jalz) =4 VAa+d) 2
cosz, if o = _7
Consequently, for every k € N and z € C; we have
i8(z)] < exp (IImazl). (2.2)

The eigenfunction j(A.) satisfies the following product formula [22],
for all r,s € [0, +oo[

%Jn]‘a(x\/rz + 52 —|—2rscos@) sin?* 0de; if o > %1»

x+ ) Jo

i (Ar)ia(As) = 2 2.3
JulAr)ja(As) (A +9)) +ia (M=) ~1 >

> ,ifCXZT.

The previous product formula allows us to define the Hankel translation operator and the convo-

lution product related to the operator {y as follows

Definition 2.1. i) For every r € [0,+oo[, the Hankel translation operator t& is defined on
LP(dpa); p € [1,+0cl, by

T*f(s) =
Mo+ 1) J” . . _
——— | f(v/r2 452+ 2rscos0)sin?* 0d0; if & > —
VA 1) ) (\/ cos 0) sin i 7
fir+s)+f(r—sl) -1

> ,ifCXZT.
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ii) The convolution product of f,g € L'(duy) is defined for every r € [0, 4o, by
+oo

fraglr) = J T ()(s)g(s)ditas). (2.4)

o

Then the product formula (2.3) can be written

TxA)(s) = jalAr)jal(As). (2.5)
We have the properties

Proposition 2.2. i. For every f € LP(duy); 1 < p < 400, and for every v € [0,4o0l, the
function T(f) belongs to LP(duy) and we have

| (F)]] < Il e (2.6)

PrHa

ii. For f, g € L'(duy), the function f xo g belongs to L' (duy); the convolution product is
commutative, associative and we have

1 %0 gl e < NFlh e llglT e - (2.7)

Moreover, if 1 <p,q,1 < 400 are such that % = % + % — 1 and if

f e LP(dua),g € L9(duy), then the function f x4 g belongs to L"(duy), and we have the

Young’s inequality
If o gllrue < (llp,uallgllq - (2.8)

iii. For every f € L'(duy), and r € [0, +ool the function T*(f) belongs to L' (dpw) and we have

+oo +oo
J w(1)(s)dpals) = j (1) dp (7). (2.9)

o o

We denoted by
. G+,0(R) the space of even continuous functions f on R such that

lim f(r) =0.

[T|—400

. Z(R) the space of even infinitely differentiable functions on R; rapidly decreasing together with
all their derivatives.
Now, we shall define the Hankel transform and we give the most important properties.

Definition 2.3. The Hankel transform %, is defined on L' (duy) by

VA ER; AN = rmfmja(maum), (2.10)

o

where j« is the modified Bessel function defined by the relation(2.1).
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Proposition 2.4. i. For every f € L'(duy), the function #x(f) belongs to the space C+,0(R)

and

|| 4 (1)]] < Il - (2.11)

00, Hx

ii. For every f € L'(dpe) and v € [0, +ool,
AT (F)A) = JalAr) A (F)(A). (2.12)
iwi. For all f,g € L'(duy),
Ha(fxa g)(N) = ) (N)H(g)(A). (2.13)

Theorem 2.5. (Inversion formula) Let f € L'(dpo) such that 54 (f) € L' (dny), then for almost
every T € [0, +oo[, we have

+o0o
f(r) = J Ha(H)Nja(Ar)dpa(A) = A (Ha(f)) (7). (2.14)

o
Theorem 2.6. (Plancherel) The Hankel transform % can be extented to an isometric isomor-
phism from 12(dpe) onto itself. In particular, for all
and g € 12(duy), we have (Parseval equality)
+oo +oo
| ramaee = | NN 0. (215)

o o
Proposition 2.7. i. Letf € L'(dua)and g € L2(duy); by the relation (2.8), the function fx g

belongs to 12 (duy), moreover
Hu(fxa g)(N) = H(F)(N)H(g)(A). (2.16)
i. For all f and g € 1%(duy), the function f x4 g belongs to €+, 0(R) and we have

frag = %oc(%oc(ﬂ~%oc(9))- (2.17)

iti. The Hankel transform €y is a topological isomorphism from Z(R) onto itself and we have

AT = . (2.18)
. For every f € #(R) and g € 1?(duy), we have
Hx(fg)(N) = H&(f)(N) *o H(g)(A). (2.19)

Definition 2.8. The Gaussian kernel associated with the Hankel operator is defined by
2
e 2t2

Thus, one can easily see that the family (g¢)¢>o0 is an approximation of the identity, in par-
ticular, for every f € L?(duy) we have

|gera f—Fl,, = 0. (2.21)

lim ’
t—0+
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3  Uncertainty principle in terms of entropy for the Hankel
transform

This section contains the main result of this paper that is the uncertainty principle in terms of
entropy for the Hankel transform 5#3. We start this section by the following Hausdorff-Young
inequality.

Theorem 3.1. [9] Letp €]1,2], for every f € LP(dux), the function #4(f) belongs to LP' (dpy); p' =

p%, and we have

H%oc(fmp’,u“ < Ap,ochHp,ufxa (3-1)

where Ap « is the Babenko-Beckner constant,

1

p? ax+1

Ap,oc = (ﬁ) .
(pT]) v

Lemma 3.2. Let x be a positive real number. For every p € [1,2],

P __ 2
¥ —x < Xp ; < x?Inx. (3.2)
Proof. Let x > 0 and let us put
xP — x2
g9(p) —
. , ooy h(p)
g is differentiable on [1,2[ and we have g’(p) = TR

where h(p) = (p — 2) In(x).xP —xP + x2.
On the other hand,
wpe 1,26 W(p) = (p— 2)x"(In(x))? < 0
and h(2) = 0.
Thus, for every p € [1,2], h(p) = 0 and the function g is increasing on [1, 2[, hence

g(1) <g(p) < lim g(p).
p—2

O

In the following, we shall prove the uncertainty principle in terms of entropy for f € L' (dpg )N
[?(dpy) such that Ifll2,0. = 1.
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Theorem 3.3. Let f € L'(dpo) NL2(dpa); Ifll2,u, =1, such that

L ()P (1)) dia(r) < +oo,

and

J:o 22N [ (2 (F)A))] dpa(A) < +oo.

Then,

Eo () + B (17 (DF) > (2oc+2)(1 —1In2). (3.3)

Proof. Let f € L' (dpg) N L% (dpg); Ifll2,n. =1 and let ¢ be the function defined on ]1,2] by

1
P plax+1) J+m 1
—1

+oo 1
olp) = IAONFT N - () T ([ P dua)T

o (F%)T o

Then, by relation (3.1),

vp €11,2]; o(p) <O0.
On the other hand, Theorem 2.6 means that ¢(2) = 0. This implies that
do,
—(27) =0. 3.4
) (34)

Since f € L' (dpuo )NL? (diy ), then by a standard interpolation argument, f belongs to LP (duy); p €
[1,2].
Using Lemma 3.2, the hypothesis and Lebesgue dominated convergence theorem, we deduce that

dr[ e [F(r)[P = If(r)?
el P - = im A TR
Sl e = | i S du . (35)
Thus
d +oo o B 1 +oo ) 5
[ erdem]e) = 5| iR P, (3.6)
dp L/, 2,
Now, since f € L' (duy) NL?(diy), by using again the Lebesgue dominated convergence theorem,
we get
+o0 +oo
i | P () = [ IRdua(r) = 1 (3.7)
P—2 ), o

Combining (3.6) and (3.7), we get

& KJ:OO ‘f(r”pd““(”) ﬁ} (27) = —%Eua(\flz)- (3.8)
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As the same way, one can see that
d ~+o00 . B -I 5
Bl) AONFTEM]@) = 5B AP (3.9)
Finally, basic calculations show that
1
d 1y >
_[( P )mw”}(z*) — (a4 1)1 —1n2). (3.10)
dp L' (2%~
p—1
Thus according to relations(3.8), (3.9) and (3.10), it follows that
820m) = B 4 SE ((OP) — (ot (1 ~n2) (311)
d‘p - 2 Ho 2 Ko & . .
The proof is complete by using (3.4).
O

Lemma 3.4. Let T be a measurable function on [0,+oo[ and let
w : [0, +ool— [0, +o0[

be a convex function such that w(|f]) belongs to L' (duy).

Let (fx)ken be a sequence of nonnegative measurable functions on Ry such that for every k € N;

Ifilli, e =1 and the sequence (fx *« f)xen converges pointwise to f.
Then, for every k € N, the function w(|fy % f| belongs to L' (duy), and we have

+o0o

lim meufk*aﬂ)mdua(r) _ J (7)) dita (7).

k—+o0 J, o

Proof. We have
+oo
lwolfll . = J lim inf w([fi %o ) (1) ditec (1),
k—+oco

o

and by using Fatou’s lemma, we get

+o0
lwolfilhe < nminfj o ([fy e F(r)]) ditec(1).
p—otoo Jq

Conversely, according to relation (2.9), we have

+o0
vk eN; VA € Ry, J KM = il =1,

o

which means that for every A € Ry, 1%(fi)(r)duw(r) is a probability measure on R.

Therefore, by using Jensen’s inequality for convex functions, we get

(3.12)

(3.13)

(3.14)

(3.15)
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Vre Ry, w(|f *q f(T)])

Il
S
.
+
8
=
Ka)
!
R
=
~
=
o
=
K
Ka)

N
S
%
+
8
=
Rad
A
=42
o~
T
=
o
=
)
Ra¥

w(IfOINTY (i) (%) dpec (%)

= i *q (w o |ﬂ)(r). (3.16)

N
° 1
8

In particular, w o |fy *o f| € L' (dity). Hence by relations (2.9) and (3.16), we deduce that

+oo +oo
timsup [ @il firlhdn(r) < T [ oo (o ) dua(r

k—+4+o00 Jo k—+o0 Jo

= limsup [[fx *« (w ° |ﬂ)H1,cx
k—4o00

< lwolflllh,a- (3.17)

The relations (3.14) and (3.17) show that

+o0 too
nmj wufk*aﬂ)(r)duamzj (1)) dpe(r).

k—+o0 |,

O
Now, e are able to prove the main result.
Theorem 3.5. Let f € L?(dpy); Ifll2,n. =1, such that
| R (07D duatr) < 4o
0
and -
J (A (F) A | In(| o (H)A))| dua(N) < +oo.
0
Then, we have
Eo (I3 +Eu (1240 > (2a+2)(1—1n2). (3.18)

Proof. The main idea of this proof is to combine Theorem 3.3 with the standard density argument.
Indeed, we will show that for every f € L?(diiy); there exists a sequence
(fi)xen € L' (dpe) N L% (dpy) such that

im Iz, = 2, (3.19)



CUBO

1 3 o1e) An other uncertainty principle for the Hankel transform 25
Jim B () = B, (F2), (3.20)
lim Eoc(‘%oc(fk”z) = Eoc(‘j{fcx(ﬂ‘z)- (3'21)

k—+o00

Let (hy)ren be the sequence of functions defined by
hy(r) = 20F12eH2e K7 — g\ (g, (3.22)
Then, by relation(2.21), we have
Vf e L?(dpg); kgrfoo\\hk*“f—ﬂ\z,m = 0. (3.23)

Furthermore, according to Weber’s formula [15], we know that for all k € N*| o > _71,

~x2

oo 12,2, e 4xZ
L e T (xr)r?etlar = F(oc+1)2sz+2. (3.24)

Hence, by relation (3.24), we deduce that

1 2202 T aa 2ac+1
A I = WJ e K7 (AT dpg (1)

= e e, (3.25)
Let (Wx)ke n be the sequence of functions defined on Ry by
2
YA =e nz = 27 (). (3.26)

Let f € L?(dpa); lIfll2,u. = 1, then according to relation(3.23), we have

lim ||f7foc(l-l)k) o %oc(f) - %oc(f)HZ,pa =0.
k—+oo

In particular, there is a subsequence (g (x))xen such that
Hax(Wo)) *a Hulf) = o) *a Ho(f) converges pointwise to 5 (f).
Let (fx)rken be the sequence of measurable functions on R, defined by

f = VYepof. (3.27)
Since Pg(k) € L%(dpe) N Cuo(Ry), then f belongs to the space L' (dia) N L% (dpte)-
f
Replacing f by it ”k in Theorem 3.3 and using the fact that
kll2, po

112,00 = 175 (F)ll2, 05 € L2 (dpa)y
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we deduce that
“+o0

—J Tin (I (M) Ific (1) dpoc (1) — J In (|7 (Fi) NP [ (Fi) (M) dpa () (3.28)

o o

> 20+ 2)(1 2l e, — 2l oI (I6lB ). (3.29)
Now, by using the Lebesgue dominated convergence theorem, we have
Jim o, = [l (3.30)
On the other hand, one can see that for all k € N, and for almost every r € [0, +o0[, we have
Inffi (MM < CIFEE + I [fPIF)P, (3.31)

Hence, using again the Lebesgue dominated convergence theorem, we get

+oo

=i | I (AP Pd () = B, 7). (3.32)

k—+o0 Jq

Now, let us show that
lim Ey, (6 (f)1?) = By (HalP)P).

k—+4o0

For this, we denote by w7 ,w; the functions defined on R by

inlt, iflt|>1
w](t):{ nftl, if ¢

0, if [t <1,
and
2t2, if [t >1
w2(t)=¢ —t2Inft|+2t%, if [t/ <1,t#0
0, if t=0.

Then w7 and w; are both nonnegative and convex, moreover; we have
Vit >0, t?Inft] = wq(t)—wa(t)+2t% (3.33)

From the hypothesis, for each i € {1,2}, the function w; (|4 (f)|) belongs to L' (duy). Now, from
Proposition 2.7 iv), for every k € N*; we have

Ho (i) = ho(i) *a Mo ()

and we know that hg(y) *o % (f) converges pointwise to % (f) and |[helli, e = 1. So, the
hypothesis of Lemma 3.4 are satisfies and we get

+o0 too
Jin [ @l AT = | el ), (3.:34)
and therefore, by relations(3.30) and (3.33) we get
kETooJ A ROPIA R (P delr) = B (e (). (3.35)

The proof is complete by combining relations (3.29), (3.30), (3.32)and(3.35).
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4  Heisenberg-Pauli-Weyl inequality for the Hankel tran-
sorm

Lemma 4.1. Let f € L?(dpy) such that ||fll2,u, = 1.Then, for every t >0,

J+m |f(TH2 In (|f(T)‘2

° ge(r)

Jdua(r) = 0, (4.1)
where g¢(1)is given by(2.20).

Proof. Since the function w(t) =tlnt is convex on ]0, +ool, and
dvk(r) = gt(r)du(r) is a probability measure on ]0,+oo[ then, applying Jensen’s inequality, we

get
“+oo f(r 2 “+00 f(r 2
| anm = [ o avam
o gt(r) o gt(r)
“+oo f 2
> o Elavm)
o gt(r)
= w(iflg,)
= w(T)
= 0.
O
Theorem 4.2. (Heisenberg-Pauli-Weyl inequality)
Let f € L?(duy), then
Iz, o A (Oll2 e = (+ DS, - (4.2)
Proof. Let h € 12(dpy); Iz, = 1. From Lemma 4.1, we get
+o0o
J [R(@)1? In([h(r)[?) = ()1* In(lge(r)])]dpa(r) > O. (4.3)
Then,
2 20042 L 2.2
E. () < In (t )+ 2 [h(r)[“rdpe(r). (4.4)
Since || 74 (W)l2,1. = I[hl2,u, =1, we get also
] +oo
B AR < n(852) + 25 | AR dus ), (1.5)

adding (4.4) and (4.6), it follows that

Irhll3 .. + AR5, = 2%[Eu, (h?) + By, (12 (R)]?) — 2In(t2%2)].
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Applying Theorem 3.5, we obtain

Irhll3 ., + A MNE ., > 2t%[(20+2)(1 —2In2) —2(20 + 2) In t]
= 2t?(2x+2)(1 —1n2t?).

In particular, for t = —=; we deduce that for every h € I_Z(duo();llhllz‘u‘x =1,

\/57
Irhll3 .. + A5, > 20+2. (4.6)
Let f € L?(dpy), replacing h by W in relation (4.6), we claim that for every
2,1
f € I—z(dHOC)a
IPfl13, 0, + NS, = (2t 2l - (4.7)

On the other hand, for f € L?(dpy) and t > 0, we denote by fy the dilated of f defined by
fe(r) = f(tr),

then, fy belongs to L?(duy) and we have

+o0o
I3, = J o (1) P dpta (1)

o

1 +oo )
— | M0Pdua()
1

2
= B (4.8)
Moreover
+o0o
I3, = J P16 (1) dec (1)
1
= Sl (4.9)
and
+o0o
NAltIB,. = J N2 Ao (£ (VP di(A) (4.10)
—+oo
Al = J o () ) it (x)
1 A
= ). (4.11)
Then
1
MAalf OB, = g MO (4.12)
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Now, we assume that [[vf|| .. and |[AJ&(f)ll2,., are both non zero and finite, hence the same
holds for fy , t > 0 and from relation (4.7), we have

IPfell3 o, + IANAL(EONS,., > ot 213, - (4.13)

Then, by relations (4.8), (4.9) and (4.12), we get for every t > 0

1 1
VI3 o + 2 N DIE 0, > 2ot 2) 55 13 0,
o tZoc B yH

t2a+4 t2a+2

or
1
ST ., + I, > 2o+ DI,

In particular for

f
t=ty = HT HZ,LLLX )
A& ()12, 1
We obtain
A ()2, 17 Fll2,00 = (o DI, -
O
Received: June 2014. Accepted: March 2015.
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