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ABSTRACT

We compute explicitly the Laplace transform and the convolution for more functions on
the real than the continuous functions that obtained as the inverse Laplace transforms
of rational functions on the complex plane vanishing at infinity. We also consider the
algebraic structure with more functions adjoined.

RESUMEN

Calculamos explicitamente la transformada de Laplace y la convolucién para més
funciones en los reales que las funciones continuas obtenidas como transformadas de
Laplace inversas de funciones racionales en el plano complejo que se anulan en el in-

finito. También consideramos la estructura algebraica con més funciones adjuntadas.
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1 Introduction

This paper is a continuation from the paper [3] of the author, in which we compute explicitly
the inverse Laplace transform for rational functions on the complex plane vanishing at infinity and
consider the algebraic structure for the corresponding algebra of continuous elementary functions
on the real R for which the Laplace transform on the infinite interval [0, co) is defined.

In this paper, we compute explicitly the Laplace transform for more functions on the real than
the continuous functions that obtained as the inverse Laplace transforms of rational functions on
the complex plane vanishing at infinity. For this, we compute the convolution product with more
functions adjoined, such as Gaussian functions, the Dirac delta functions, and the shifted delta
functions. We also consider the algebraic structure with more functions adjoined.

This paper after this introduction is organized as follows: 2 Adjoining Gaussian functions; 3
Algebraic structure with Gaussian functions; 4 Adjoining the delta function; 5 Algebraic structure
with the delta function; 6 Adjoining the shifted delta functions; 7 Algebraic structure with the
shifted delta functions; 8 More with the weak derivative.

Our elementary explicit computation results obtained and algebraic consideration results ob-
tained should be useful as a reference.

Refer to [] or [2] (or [1]) for some basics about the Laplace transform.

Notation. We denote by A(R) the real algebra with convolution, generated by the three sets of
elementary continuous functions on the real line R with t real variable: {t"|n e N ={0,1,2,---}}
of monomials and {e*' | € R} of exponential functions based to e and {sinAt,cosAt|A € R} of
trigonometric functions and their point-wise multiples such as t™e"t sin At.

The (extended in our sense) convolution product for A(R) (but the same as the usual one by
restriction to [0, 00)) is defined as the (Riemann) integral:

t

f*g:(f*g)(t):Lf(t—T)g(T)dT, (teR)

for f,g € A(R), which makes sense and is a commutative and associative operation as well known
as the usual case on the interval [0, co).

Denote by C the complex plane.

For f = f(t) a suitable function on R (as in A(R)), the (extended in our sense) Laplace
transform of f (but the same as the usual one of f restricted to [0, c0)) is defined by the (Riemann)
integral:

LIf(0) = L)) = | ettt
0

for s € C (formally or in the domain of convergence).



CU(BO) Computing the Laplace transform and the convolution
17, 3 (2015

for more ...

2 Adjoining Gaussian functions

Quite well known, but first of all we consider Gaussian functions

Lemma 2.1. For t e R, s € C and A € R with A > 0, we have

L(efktz) ﬁ s2

A

= e
2V

N

Proof. Check that

and then

2 $2 [ s 2
Le ™M) = eﬂJ e Mttax) g,
0
Using change of variables and Cauchy’s theorem, we obtain that the

equal to

S
e~ withu=VAt+ —
S—+0 VA ( 2)\))

Joo e Wdu = ﬁ
0 2VA

S
J2ﬁ+oo _2du

VA

Lemma 2.2. For t € R, s € C and A, p € R positive, we have

A2 42 T At 2
Lle™™ e ™) = e,

4/

We need to check the convolution explicitly as follows.

Proposition 1. For t € R and positive A, v € R,

ut

a2 a2 1 CA(1—2 g2 [VAm
(e ™M xe M(t) = e MI-x5) J
VA+H e

as follows:

integral is computed to be

_ 2
e " du

*7‘(1*ﬁ)tzi }\2n+1 +H2n+] (_])n 1

- ¢ A+ ol 2notl

n=0

Proof. We compute

t
(e ™M xe M) (t) = J e M=) oot g —
0

t2n+1

t 2,2
efthJ o ) (- AR 4 e_m_ﬁip)tZJ o M) (T2
0

0
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with 1 — vuribe 0, and the integral is computed by change of variables as:

t
g(t) EJ e M2 g
0

1 Jv;ilt _u? . At
= e " du withu=+\A+pu(t——).
VAR Atu

Using Taylor’s expansion of eY we compute the integral above as:

pt pt [e's)
AR 2 VAT (- n
—At At n!

VAR A+tp n=0

00 —1)n \/“t—p O (1) 2ntl 4o p2ntd 1
U (5 g LU 1y
n! At — n! A4+ )tz n+1

3
Il
o
>’
q
T
3
o

O

Corollary 1. The convolutions e M e Ht? for A, 1L positive reals are point-wise limits of elements
of A(R).

Proof. Note that any Gaussian functions are point-wise limits of elements of A(R) by Taylor

series. O

Proposition 2. For A € R positive, n € N, and t € R,

(1) [ xe ™M)= Z (E) tR(=T)k Jt e M dr

k=0 0

with I = ;Tke*“z dt given by

k
Zk . 2(k—1+1) (2! —At?
o1 =—e” Z PRI it +W(1—e )

and

k

2k — 1!

Ly — At ( 2(k=1+1)=1
2= € ;(zml(z(k—wn—nu

k- & (=A™
(ZVF Zm!(Zm—i—])t i

Also, for L € R non-zero and A € R positive,

>|

B u 0 n)\n—o—z n n
ut At? Hy2n+1 2n+1
(2) (M xe g Ty e ) = )
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Also, for L € R non-zero and A € R positive,

t t

2 . _ 2
cos pte N dt — cos utJ sin pte M dt

(3) (sinpt e M) —gin th'
0

0

with

t N o0 (—7\)“ t
J cos ute M dr = Z J " cos prdr,

n!
0 o 0

t
J 2" sin prdt
0

t o0 n
. —At? (_A)
sin pte dt E

Jo oy n!

and each integral term is computed inductively as:

t
Ieon = J " cos prdt
0
1 2 2n)(2n—1
= —t*"sinpt + _thth_1 COS UT — LTZIJIC,ZTL—Z)
u i W
t
Ison = J " sin prdt
0
1 2 2n)(2n —1
= ——t*"cosput + —Tzltzn_1 sin put — %Is,m—zy
i i W

and similarly,

t t

2 . . _ 2
cos ute M dt — sin th' sin ute M dt

(4)  (cos pt * e M) = cos th'
0

0

with the integrals the same as above.

Proof. For (1) we compute
2 t 2 b n t 2
(ttxe M) = J (t—1)"e M dr = Z ( )t“_k(—nkj ™e M dr
0 o k 0
and the integral is computed by integration by parts as:

t t 1
Iy = J' Tke—)\Tz dt = J Tk_] {_(e—?\"cz)/} dt
0 o —2A

T e k1
= 2}\’( e + n Ik—2
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so that, inductively,

Loy = _;_}\tZkef)\tz _ (ZZ}SZtZkfzef)\tz _ Zk((zzl;\); 2)t2k74e—7\t2 ...
K2k —2) 4, a2 2K(2k—2)---2
B e R Y ek Ay
o ¢ T e !
with
I —Jtr A g (1— e M)
1 . e T= 7\ e ,
and
1 o v 2k=1 g e (2k=1)2K=3) 2 s 2
I — —q2k—To=At? _ (2k=3 oAt _ 2k—5 At
=T € 202 € 27)3 €
(2k—1)(2k—3)---3 2 (2k—1)2k—3)---1
_ t I
L ¢t 2 °
with

0 0,10 m!
— (—A™ Jt 2m — (=A) 2

_ dt = m+1
rnZ:O m! OT T Z m!(2m+1)

For (2) we compute

t N t

_ 2 _ _ 2 ne _ LZ
eHt x e M :J et(t=T)g—AT dT:eMe“tJ e MTtax) gr,
0

By change of variables as u = vA(T + 45 ), the integral above is computed as

t 5 VA(t+4%) 5 VA(t+4%) 1
J e Mr2x) dT:J e ™ duzJ' D —(—u)tdu
0 VA($Y) VAE) noo ™™
+ [ee)

oo (=1 Jﬁ(t ) o (_‘I)T\.AT‘L‘F% TR TR
= — - - @ t . P L .
> s, W T; mEn Ty ) R

For (3) we next compute

t
(sinpt + e M) (t) = J sin p(t — t)e M dt
0

t t

2 . a2
cos ute M dt — cos th sin pte M dr,

= sin utJ
0

0
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and the first integral is computed as:

t

t t oo [}
1 A"
J cos pTe_)‘Tz dt = J COS 1T E — (—ATH)Mdt = E ( ') J 2" cos prdt
o 0 n:O n. n:O n. 0

and each integral term is computed inductively as:

t
Ieon = J 2™ cos prrdt
0
2n)2n—1)

1
— ¢ COS UT — TIC,anz

2n
sin pt + PtZ“—‘

by using integration by parts. Similarly, we obtain

t 5 St (—A)n t
J sinute M dt = Z J 2" sin prdt
0 0 n!

and

t
Ison = J 2™ sin prdt
0

2n)2n—1)

1 2n
= ——t""cosput + _thnfl sinpt — —————Is on—2.
n m n

O

Remark. We omit the case of convolutions with general monomials such as multiples t™e"t sin ut,
but which are certainly computable by the similar computation technique as above, with some
more integration. Refer to [3].

3 Algebraic structure with Gaussian functions

We denote by AW (R) the set of all functions on R that are written as point-wise limits in R
of elements of A(R).

Lemma 3.1. A™(R) is an algebra over R with point-wise multiplication. Also, A" (R) is an
algebra over R with convolution.

Proof. Suppose that f,g € AW(R) with f = limf,,, g = limgn (n — o0) point-wise limits of
frn,gn € A™(R). Since the limits at any t € R are finite, then

(f-g)(t) = limfy (t) - lim gn (t) = im(fy - g )(t) € R,

and hence, f-g € A" (R).
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Note also that we define the convolution of f,g € AW(R) as
fxg=Um(f, xgn) € AY(R),

where it is shown in general ([3]) that A(R) is closed under convolution. This is well defined,
because if f = limh,, and g = lim ky, another limits with h,,k,, € A(R), and since the limits at
any t € R are finite, then

(fro % gn)(t) = (hn x kn)(t) = ((fr — ) * gn)(t) + (f x (gn — g))(t)
+ ((f —hn) * g)(t) + (hn * (g — kn)) (1),

and the right hand side goes to zero as n — oo by applying the dominated convergence theorem
to each convolution, and hence,

|im(fy * gn) — lim(hy * kn)|
< [ Hm(fp * gn) —Tn % gn| + [fn * gn — hn * kn|+ [hn *kn — lim(hy, * kn)‘)

which go to zero as n — oo. O

We denote by G(R) the algebra generated by A(R) and the set {e*)‘tz A € R,A > 0}, with
either point-wise multiplication or convolution as a product.

Corollary 2. The algebra G(R) is contained in A (R) and is a subalgebra of A*(R) with either

point-wise multiplication or convolution.

We denote by Rp(C) the algebra of rational functions on C vanishing at infinity with point-wise
multiplication and by E(C) the algebra generated by both Ro(C) and the set {e>‘Sz IA e RA > 0}

of inverse Gaussian functions on C with s complex variable.

Corollary 3. The algebra G(R) with convolution is isomorphic to the algebra E(C) by the Laplace
transform and by the inverse Laplace transform.

Proof. Note that L(f*x g) = L(f) - L(g) and L is injective for continuous functions on R. O

4 Adjoining the delta function
We consider the Dirac delta function. Define the delta function as

A t=
5(t) = lim gi(t) = lim 2\/je)‘tz _J*® 0
A—o00 A—o00 7T 0 t # 0

with A € R positive. Note that the delta function has the meaning in integration only in the weak
sense, i.e. as the weak limit of ga(t) by taking the inner product or the convolution with test
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functions, and the delta function is also viewed as a distribution, i.e., a functional (or a scalar-
valued linear map) on the linear space of test functions. Also, one can take other functions of
different types to define the delta function.

Note that [ ga(t)dt =2 but we need to have the next:

Lemma 4.1. The functions g) are in G(R), and for s € C,

s2

L(ga)(s) = ex,

which goes to 1 as A — oo.

Proof. Use Lemma 2.1. O

Lemma 4.2. For s € C, we have

(?\+u)sz

Lga * gu)(s) =e

which goes to 1 as A — oo and p — oo.

Proof. Use Lemma 4.1 and L(gx * g,.) = L(ga) - L(gy)- O

Proposition 3. For positive yu,A € R,

e Mt ift >0,
0 if t =0,
—e Mt if t < 0

(1) lim (e " % ga)(t) =

A—00

and for n € Nand A > 0,

tm if t >0,
0 ift=0,
—t" ift <O

(2)  lim (" xgr)(t) =

A—0o0

et ift>0,
0 ift=0,
—ett ift <0

and for € R and A > 0,

sin pt if t >0,
0 ift=0,
—sinpt if t <O

(4) )\H_,IEO(Sin ut * ga)(t) =

and for p € R and A > 0,
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and
cos ut ift >0,

(cospt* ga)(t) =< 0 ift=0,
—cosut ift<O.

(5)

lim
A—o0

Proof. The first equation (1) follows from the first equation in Proposition 1 by taking the limit
with respect to A.

For (2) we next use Proposition 2. It follows that
t
lim (t"™ % ga)(t) = lim t“J ga(T)dr,
A—00 A—00 0
namely, other terms in the convolution go to zero as A — oo, and then

¢ VAt g y
LQA(T)dTZJ'O 7= du (u= V1),

which goes to

1 ift >0,
0 ift=0, asA— oo
-1 ift<0,

For (3), it also follows as in parts of the proof of Proposition 2 that

(e"t % ga)(t) = e%e“tJ 2 ée_M”%lsz

o Vm
2 \/X(t+Tu)\) 2 Py
— eliment L — A+ 2
e e JL \/7—16 du (u \/—(T-i-z}\)),
2VA

which goes to
et ift >0,
0 ift=0, asA— oo.
—ett ift <0,

For (4) we next compute by allowing complex coefficients for this case and using the Euler
formula as:
epti _ e—uti

o)

(sin pt * ga)(t) = (
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and the first integral is converted to

t ?\ niy2
J 24/ e M) T 4t
o Vm
2 \/X(t+%) 2
:e_z_%J e du (u:\/X(T-I-E))
ip Tt 2}\

which goes to

1 if t >0,
0 ift=0,
-1 ift<o0

as A — oo via Cauchy integral theorem. Similarly, the second integral above is converted to

N

t }\ uiny2 n
J 24/ e M) Tax dr
iy

0
— et \f(t = %Teuzdu (w=VA(t— %t))
2V
which goes to
1 if t >0,
0 ift=0,
-1 ift<0

as A — oo. Therefore, we obtain one of the last two equations in the statement. The other case

eutl+€7llt1

(5) is obtained similarly, by cos ut = &—-F—. O

5 Algebraic structure with the delta function

We denote by G®(R) the algebra generated by G(R) and the delta function 5(t) with convo-
lution, where we assume that f* 6 = f on [0, 00) for any f € G(R) and 6 * d = b on [0, 00), which
follows from our definition of the delta function in the weak sense, so that G®(R) restricted to
[0, 00) is isomorphic to the unitization of G(R) by R, restricted to [0,00), as a real algebra. We
define the Laplace transform for 6 as

the unit function on C.

Note that G®(R) is also viewed as the generated by G(R) and the point-wise limit function of

Gaussian functions on R.

We denote by E'(C) the algebra generated by E(C) and the unit function 1 on C with point-

wise multiplication.
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Corollary 4. The algebra G®(R) with convolution, restricted to [0,00), is isomorphic to the
algebra E'(C) by the Laplace transform and by the inverse Laplace transform.

Remark. Our Proposition 3 says that the convolution f % & on R for f € G®(R) is defined as

f(t) if t >0,
(fxd)(t) =<0 if t=0,
—f(t) ift<DO.

6 Adjoining the shifted delta functions

It is also defined as that for t € R and s € C,
L(t—p)=e*

for u > 0. We extend this definition for p € R. Indeed, check that

Lemma 6.1. We have
lim L(ga(t—p))(s) =e ¥*
A—0o0

for any p € R.

Proof. We compute

[igxﬁ-—uﬁ(s)— rDe“Zx/géxﬁHﬁdt

0

o0
= e Ml J e Mt f A g
0 us

and changing variables as u = v/A(t + 5% — u) and using Cauchy integral theorem and taking the
limit as A — oo we obtain the result in the statement. O

Lemma 6.2. We have
hm L(g)\(t — H) * g)\(‘t — p))(s) — e_(}»H‘P)S
A—o0
for any p, p € R. It follows by defining the left hand side to be equal to
LISt — ) # 8t — p))(s) = e~ (10,
Proof. Note that

Lga(t — ) * galt—p))(s) = Liga(t — w))(s) - Lga(t — p))(s)

and the both factors are computed in the proof of Lemma 6.1. o
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Proposition 4. For positive g, A € R and p € R, if p > 0, then

2e (=P ¢

. _ 2
(1) lim (e M xgalt—p))(t) = <1 t=np,
0 t<p,
and if p < 0, then
0 t > p,
(- fim (e w galt—p))(t) = ¢ -1 t=p,

and for n € Nand p € R, if p > 0, then

2t™ t>p,
(2)4  lim (t"*ga(t—p))(t) = { p™ t=p,

A—0o0
0 t<p,

and if p < 0, then

0 t > p,
(2)-  lim (t"xga(t—p))(t) = ¢ —p™ t=0p,

A—o0
—2t" t< p;

and for p € R, if p > 0, then

2eH(t=P) if £ > p,
(3)+ lim (e" % gr(t—p))(t) = {1 if t =p,

A—0o0 .
if t<p,

and if p < 0, then

if t > p,
(3)_  lim (e"' x ga(t—p)) if t =p,
A—0o0
—2e*L (t=p) if t < p;
and for p € R, if p > 0, then
2sinpu(t—p) ift>p,
(4), )\lim (sinpt * ga(t—p)(t) =<0 if t =p,
—00
if t < p,
and if p < 0, then
0 if t > p,
(4)_ Alim (sinputx ga(t—p)(t) =<0 if t = p,
—00

—2sinpu(t—p) ift<p;
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and if p > 0, then

2cosp(t—p) ift>p,
(5)+ Alim (cospt * ga(t—p))(t) =< 1 if t =p,
0 if t < p,

and if p > 0, then

0 if t > p,

(5)_ Alim (cosput * ga(t—p))(t) =< —1 if t =p,
—00

—2cospu(t—p) ift<p.

Proof. For (1)+ we compute

(e« ga(t—p))(t)

t A A 2 2
J 24 Ze MtmTe) et g
0 s
t
:e{iﬁit—p)zj D AT R [ SR
0 T

ATt At—e)
;”(t—p)zj s )2 A

_Aleop) (A + 1)

a2
e " du

where u = /A + pu(t— )‘g\t;f)) and if T =t, then u= L\L/t%’, which goes to oo as A — oo for p > 0.

If t > p, then —)‘\5;\71‘2 goes to —oo and if t < p, then it goes to co. Therefore, if p > 0, then

Qe k(t—=p)? 4o 0,

lim (e * % ga(t—p))(t) = { 1 t=np,
A—00
0 t < p,
and if p < 0, then
0 t > p,
lim (e **" % ga(t—p))(t) = { —1 t=p,
A—00

_Zefu(tfp)z t< o,

For (2)4+ we next compute

= t A 2
't— tn k kz 2 —A(t—p) d
(t" * galt—p)) E: ( ) —1)¥ JOT € P

and the following integrals are converted as:

t VA(t—p)
J’ Tke_}\ T— p dT _J’ e (p + u )ke—uz du
0 VAp VA
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where u = VA(T — p). We then use Proposition 2 and it follows that if p > 0, then

2t" t>p,
lim (t" x ga(t—p))(t) =< p™ t=p,
A—0o0
0 t < p,
and if p < 0, then
0 t > p,
lim (t"x ga(t—p))(t) = ¢ —p™ t=p,
A—0o0
=2t t<op.

For (3)4+ we next compute

t
A
(e"t % ga(t—p))(t) = J eu(”)z\/;emp)zm

0

t
2 4 A —2Ap 2
= eu EDN ppe”t 2\/je7\('f+Ll 75 2) dt
0 s

_ B
w2 _4rpu t \/X(t p+27\)
—e  4ar eM

which goes to, if p > 0, then
2ert=P) if t > p,

1 if t =p,

0 ift<p
as A — o0, and if p < 0, then

0 if t > p,

—1 if t =p,

—2ert=P) if t < p.

For (4)1 we finally compute by allowing complex coefficients for this case and using the Euler

formula as:
euti — e pti

7 *ga(t—p))(t)

(sin ut * ga(t —p))(t) = (

:210 Z'LO

21 0 0

1t ) 1t )
_J e“(t_T)Lg)\(T—p)dT——.J e_u(t_T)Lgh(T_p)dT

epti t . e—uti t .
- Je—““gA(T—p)dT— - JeMlgA(T—P)dT
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and the first integral is converted to

Cowim 2 [ A A r—pr )2
e PRI | 24/ —e PTI) dr
o Vo

ui

.2 \/X(t_p"'ﬁ) 2 3
:e—PHL—TAJ e du (u:\/X(T—p—Fﬂ))
VAot VT A

which goes to, if p > 0, then,
2e PHEif t > p,
e P ift =p,
0 ift<p

as A — oo via Cauchy integral theorem, and if p < 0, then,

0 if t > p,
—e PHLif t = p,
—2e P ift < p.

Similarly, the second integral above is converted to have the similar limits as above, where e P

is replaced with eP*! since u is replaced with u = vA(T — p — 2”—;) Therefore, we obtain one of

the last two equations in the statement. The other case (5)+ is obtained similarly, by cosut =
euti_’_efuti I:‘
.

Remark. The Heaviside unit function u(t) on R is defined by w(t) = 1if t > 0 and u(t) = 0 if
t < 0 as well as u(0) = % For p € R positive, the shifted Heaviside unit function u(t — p) is

defined similarly. It is known that

e Ps

Lt —p))(s) = =

We may extend the definition of u(t — p) for p < 0. But we always have

1

Luft—p)ls) =2, p=0.

Note also that

t 1 t>p,

L*’(Le*“):J
s 0 t<op,

0

1-6(T—p)dT_{

where note that this shifted delta function comes from the usual Gaussian functions, not equal to
ours multiplied by 2.
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7 Algebraic structure with the shifted delta functions

We denote by G*°(R) the algebra generated by G(R) and the shifted delta functions §(t — )
for u € R, with convolution.

For convenience, we define GS®(R,) to be the algebra generated by G®(R) and the positive
shifted delta functions d(t — ) for p > 0, restricted to [0, 00). We define the following convolution
as

(f*8(t —p))(t) = u(t — Wf(t —p)

for f € G%%(R,) and p > 0, where u(t — p) is the shifted Heaviside unit function on [0, 00). Note
that this definition is not perfectly compatible with Proposition 4 but either changing gi(t — p)
with it multiplied by % on [0, 00) or cutting off functions to be zero on (—oo, 0) make sense almost
everywhere. In fact, such a scalar multiplication is allowed to define the convolution with the
shifted delta functions in the weak sense.

We denote by E$1(C) the algebra generated by E'(C) and the set {e~°% | p > 0}, with pointwise

mulitiplication.
We define the Laplace transform L(f % g) to be L(f) - L(g) for f, g € G*°(R, ).

Note that it is known as the first shift law that
L(u(t —wf(t —p)) =e "L(f)(s)

and L(d(t— ) = e Ms.

Corollary 5. The algebra G**(R, ) with convolution is isomorphic to E*'(C) with pointwise
multiplication, as a real algebra, via the Laplace transform and the inverse Laplace transform.

Proof. The Laplace transform L is injective on G®(R). The injectiveness of L extends to G*°(R)
by definition. Also, G%*(R,) is mapped onto ES'(C) by L as an algebra homomorphism, by
definition. O

Note that, by definition, G%®(R.) contains discontinuous functions such as the shifted Heavi-

side unit functions.

Lemma 7.1. For f,g € G*®(R, ) and for u,s > 0, we have

(u(t — Wf(t — ) = u(t —s)g(t —s))(t)
_J0 ift<port<s,
B f:_uf(t—’t— wg(t—s)dr ift>pandt>s.

Note that in the second non-trivial case, the integral is just the sub-integral of (f(t—p)*g(t—
s))(t) = J'; f(t — t— p)g(t — s)dt restricted to the sub-interval [s,t — ] of [0,t], so that we may
call the convolution in the statement the sub-convolution. Therefore,
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Corollary 6. The convolution in G*®(R, ) generates such sub-convolutions, which generate the

algebra.

Remark. However, the convolution product in G$®(R.) is somewhat difficult to see what it is,
but the corresponding point-wise multiplication in ES'(C) is relatively easy to see what it is. As
well known in applications to solving ordinary differential equations with initial values, a problem
related to GS°(R, ) is relatively easily solved in ES'(C) via the Laplace transform, and then the

last task is to compute the corresponding convolution via the inverse Laplace transform.

8 More with the weak derivative

Recall that

Lemma 8.1. We have
L(d'(t) =s

in the weak sense, i.e., as a functional or a distribution, so that we may define L='(s) = &'(t) for
teR and s € C.

Proof. We compute

O

Note that the algebra G(R) is closed under the usual derivative and that G(R) is contained in
C*(R) the algebra of all infinitely many times differentiable (or smooth) functions on R.

Lemma 8.2. For f € G(R), we have
(f+d)(t) = f'(t)
in the weak sense.

Proof. We compute

(fx8')(t) = E f(t —71)8'(1)dT

E(—])%f(t— T)-8(t)dT = (f' % 8) () = f'(t).
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We define the n-th derivative (™) to be the n-times convolution with §. For f € G(R), we
define f % 5(™ to be f(") the n-th derivative of f. We also define L(8(™)) to be s™ for s € C.

We denote by Da(R) the algebra generated by A(R), the delta function &, and the set
(6 |n € Z,n > 1}, with convolution. We also denote by R(C) the algebra of all rational functions
on C with point-wise multiplication.

Proposition 5. There is an algebra isomorphism by the Laplace transform from DA (R) to R(C).

We denote by Dg(R) the algebra defined by replacing A(R) with G(R) in the definition of
Da(R). We also denote by Rg(C) the algebra generated by R(C) and E(C).

Proposition 6. There is an algebra isomorphism by the Laplace transform from Dg(R) to Rg(C).
Lemma 8.3. For f € G*°(R ) and p > 0, we have

(fx8"(t—p)(t) = ult —wf'(t)

almost everywhere in the weak sense.

Proof. We compute

(fx8"(t—p)(t) f(t—1)8'(T—pdr

Il
S o

for f € G*¥(R, ), where note that f’ is defined almost everywhere (except some finite points of
Ry). O

We denote by Dgss (R, ) the algebra generated by G (R,.) and the weak derivatives 6™ (t—p)
for n positive integers and p > 0 reals. We also denote by Rgs1(C) the algebra generated by R(C)
and ES'(C).

Proposition 7. There is an algebra isomorphism by the Laplace transform from Dgss (Ry) to
RES] (C)
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