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Abstract— Qualitative study of higher order non
linear dynamical systems is a rewarding experi-
ence and a great challenge. This reflective paper
is an attempt to deeply analyze interaction fea-
tures between nutrients, phytoplanktons and zoo-
planktons by building a so-called NPZ-Model. We
used classical methods (of Lyapunov, Hopf, etc.)
to examine existence, positivity, boundedness and
stability of solutions. Our main contribution is the
implementation of a meaningful space parameter
that simultaneously guarantees instability of equi-
libria at the border and stability of the internal
equilibrium. In the case of internal equilibrium
instability, we observed the emergence of limit cycle
which means the existence of periodical solutions.

Keywords-Planktons ; Upwelling ; Dynamical Sys-
tem ; Limit-Cycle ; Stability.

I. INTRODUCTION

Experiments and sporadic observations of front
zones (intense upwelling) show significant primary
production (i.e., phytoplankton and zoo-plankton)
in these zones. This overproduction due to nutri-
ents influx from ocean floor to the Ekman layer

(surface layer) promotes the growth of animal pop-
ulations living in this layer, sardines for example.

Dynamics of living species in aquatic environ-
ments involve biological phenomena such as pre-
dation or interspecies competition. There are also
physical phenomena such as flowing water, tem-
peratures changes and range of salinity. These phe-
nomena are closely linked and are subject to im-
portant multidisciplinary scientific investigations-
that is, oceanography, ecology, mathematics and
physics.

Several deterministic models governing species
dynamics in the food chain have emerged recently.
In particular the interaction between nutrients,
phytoplankton and zooplankton ( [IL], [2], [3]], [41],
(51, [el) -

These studies can be roughly broken down into
two categories. The first is dynamical systems
where observables are densities (or number) of
living species. In continuous case, the temporal
evolution is described by an ODE [I| The sec-

!System of Ordinary Differential Equations
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ond category is that of reaction-diffusion systems
where evolution of observables is spatio-temporal,
one uses PDEs [ in the continuous case. Some-
times one can add transport effect to take into
account water velocity. Note that algebraic systems
are handled in discrete cases.

Among these systems there is a relevant model
governing dynamics of three trophic chain species
mentioned above. It was initiated by Steele and
Henderson in 1981 ( [7], [8] ) and then fleshed
out by Baretta and Ebenhoh in 1997 [9]]). Although
they have given a perfect description of numerical
modeling and simulations,their studies failed to
grasp the description of space parameters and
properties of solutions. We suppose that this is due
to a plethora of parameters and the strong non-
linearity of equations. This is why we derive a
model which will be called NPZ-Model, It’s a 3-
D dynamical system. Our study is first articulated
on the space of admissible parameters. It’s a set
of conditions guaranteeing existence, positivity
and boundedness of solutions. Then we rigorously
analyzed the equilibrium stability by applying Lya-
punov method and LaSalle principle of invariance.
In the case of instability, we examined bifurcation
in which a supercritical Hopf bifurcation has been
discovered, this gives a stable limit cycle.

II. NPZ-Model & NOTATIONS

To describe dynamic of phytoplanktons EI, nutri-
ents E] and zooplanktons El, we are going to adjust a
model developed by Steele and Henderson in 1992
(cf. [8]) and modified by Edwards and Brindley in
1996 (cf. [10]) then Oschlies and Garcon in 1999
(cf. [L1D).

The model describes interaction of three species
in food chain: Nutrients n(¢), Phytoplankton p(t)
and Zooplanktons z(¢). Molecular concentration
can be affected over time in an aquatic environ-
ment (ocean, lake, etc.). We have the following

2System of Partial Differential Equation

3 All chlorophyllian aquatic organisms from plankton, some
microscopic, others large

“as nitrate, phosphate or silicate

SAll animal species that are part of plankton
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system of equations:

dn Bnp
R é’n _
dt kn+n
a(l—y)np*
(s,
1
dp _ Bnp ompzz_up M
dt  k,+n o+np? pe
= anp? )
it = Taygpr M

The first equation of system (I)) expresses nutri-
ents evolution. The combined and vertical mixture
results from an optimized and recycled nutrients
supply for bacteria and phytoplanktons.

Vertical mixing transports nutrients from the deep
layer of water to the mixing layer (Ekman layer),
this transport is expressed by the flux

fn:S(x,y,ﬁ).(no—n), (2)

where the function S designates design the front
zone intensity. It depends essentially on horizontal
position (X, y) and water velocity ¢ from the
upwelling phenomenon. In this paper, we consider
S(z,y, V) constant. This simplification eliminates
the spatial aspect and does not take into account
water velocity.

Nutrients are consumed by phytoplankton
with a characteristic saturation described by a

Holling type II functional response ﬂ (— Bnp

k,+n |
Their recycling by bacteria is modeled by the last

three terms in brackets of the first equation in sys-
tem (I). A part of all organic waste and exudation
of zoo-plankton are recycled by bacteria. However,
bacteria dynamics is not included in the model.
Phytoplankton’s dynamics is considered in the
second equation of system (I). Their concen-
tration depends on nutrients which constitute a

food source pnp

>. It is also reduced by

kn+n
natural mortality (—u,p) and by zoo-plankton’s
grazing (predation) —LPQZ which is
a+np

Holling type III functional response.
®Which takes into account nutrient consumption time.

Therefore, catch rate decreases with increasing nutrient den-
sity.
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TABLE I: Parameters description of NPZ-Model

Parameters Description
S Upwelling Intensity
B Rate of grazing conversion ( predation)
0% Grazing Coefficient
« Zoo-plankton attack rate

=" Average Manipulation Time
e
" Mid-saturation Constant for nutrient recruitment

Ln Nutrient regeneration efficiency
Lp Natural phytoplankton mortality rate
Wz Natural zoo-plankton mortality rate
no Constant concentration of nutrients under the mixing layer

Grazing is also Considered as zooplankton
growth term with the factor fya 7 p2
equation of (I)) . This factor is there to take into
account that only a part of nutrients is converted

into zoo-plankton biomass. The Other part (1 —-)
is recycled. Mortality of zoo-plankton is assumed
to be quadratic.This hypothesis implies the exis-
tence of a super predator acting on zoo-plankton
whose dynamics are not explicitly considered [12].
It may also be an interspecies competition. Param-
eters (Table [[) are described as in the work of
Pasquero & al [13]]. Their numerical values will
be discussed in the paper through the space of
admissible parameters ).

As the Holling type-1I functional response is
one of the most realistic forms to represent
predation rate of predators on their preys [14]],
we change the Holling type-III functional to a
Holling type-1II like

1+ahp

We then assume that there is neither implicit
predation on the zoo-plankton nor interspecies
competition. We assumed that the steady con-
stancy of nutrient recruitment mid saturation k,, is
greater than the constant concentration of nutrients
under the mixing layer ng ( i.e., k, > ng ). Then
system (I)) becomes what we will call NPZ-Model:
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Z—MZZQ (third dn =&, — pnp
kn+n
1—
+un(ﬂ+upp+uz ).
14+ ahp 3)
p_ Bp __ap
dt  kp,+n 1+ ahp Hol>
dz_ _oypz
L dt 1+ ahp K

To reduce occurrences of a in the NPZ-Model,
we denote n = «.h. Then we set ¢, = u, — 1,
7 =1 — ~, therefore NPZ-Model ([3]) becomes

dn Bnp
2 — S(ng —n) —
g =S —n) - =
’YP
14+np (4)
dp _ Brp _ _op 1p
dt  kn,+n 1+mnp P
dz aypz
—— — z
it~ 1+np 1
Let’s define
pnp
F =S(ng—n) —
1(n,p,2) = Sno —n) -
Ypz
+ pn (1 +ppp+pzz ) )
+np (5)
FQ(?’L,p,Z) = Bnp - ap Z = HUpp,
kn+n 1+np
aypz
F. = —
3(Tl,p, Z) 1+ np z
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Then NPZ-Model ([]) is written as:

dn
E Fl(n’p7 Z)a
dp
R o) 6
dt 2(n7p7 Z)a ( )
dz
E - F3(N,p, Z)
or, equivalently,
dd
—(t) = F(D(t
(1) = P(®(t)
where
CI)(t) = (n(t),p(t),z(t))T,
and

F: (&) — (RY)°
o — (F1(D), F2(D), F5(@))T.
Denoting by Fj; ;. the partial derivative of F; with
respect to x, we have:

Bk,
Fl,n = 0 — —p 39
(kn +n)
oo DPn Yz
bpo kn+mn  (1+np)? Hnblp:
& n
Fl,z - fn 1P + Mz,
1+np
oo Bknp
2n  — 2
(kn +n)
2 oz Bn
2p T T — Hp,
b (1+ np)2 k,+n P
ap
FQ,Z = -
1+np
FS,TL 9
vz
F37p =
(14 np)?
F anp
3,z — — Uy
’ 14+np
(7
Thus, Jacobian matrix of field F' is written:
Fl,n Fl,p Fl,z
Jrmpz) =|Fom Fap Fo.| (8)
FS,n FS,p FS,z

Thus, we have the main notations that we will
use for qualitative study of NPZ-Model. Note that
intermediate ratings will be defined as needed.

Biomath 10 (201), 2101067, http://dx.doi.org/10.11145/j.biomath.2021.01.067

III. QUALITATIVE FEATURES OF NPZ-Model
A. Solutions Properties

Proposition IIL.1. (Existence, uniqueness, posi-
tivity & boundedness)

System ({)) associated with initial condition has a
unique positive and bounded solution.

Proof: (Proposition [[1I.1])
Elements of Jacobian matrix of field F' (§] ) are
all continuous, then the function F' is locally
Lipschitzian. Thus by Cauchy-Lipschitz theorem
[15]], system (@) has a unique local solution.

To show the positively invariance of R3, let’s
consider these elements of boundaries: I'y = {0} x
Ry xRy, Ty =Ry x {0} x Ry and I's = Ry x
R4 x {0}. Note that R} = {(n,p,z) € R3
—n < 0;—p < 0and — z < 0}. We have also

Fyjp, = Sno + (e, +1) <(1 —7) 1 —T—pﬁpz
+ ppp + ,uzz> >0,
Fayr, =0,
F3/p, = 0.
Thus, by choosing a function L(n, p, z) = —n, we

see that (F, VL) < 0. From the foregoing, we can

deduce by the barrier theorem ( theorem 16.9 in

[L6] ) that the vector field point into the domain

along I'; and by analogy along I's and I'5. Hence,

Ri is a positively invariant domain, i.e., for any

positive initial condition, solutions remain positive.
To prove boundedness, let’s define

O(t) = an(t) + ap(t) + 2(t)

1
with a > Osuch that —<a< —.
1- Mn”Y Hn
Thus
O(t) = an(t) + ap(t) + 2(t)
=aSnyg—aSn —a frp a,un'yozpz
kn+n 1+np
Bnp apz
+a +a zZ+a —a
Hnfipp Hnfhz ke £ 10 1+ np
n aypz
—a — sz
HpP 1+ 1p Mz
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_ Pz
= aSng — aSn + (ax —ao + o
0 (acpny 7)1+np
— app(l = pn)p — pz(1 — apn)2.
We have
aolyy — a4+ ay < 0 because 7 — < a.
L — pny

Thus
O(t) < —aSn—apy(1—pn)p—pi- (1—apy) 24+-aSng.
Let us set
7 =min{S; pp(1 = pn); pz(1 — apn)}.
Therefore
O(t) < —1O(t) + aSny.
By applying Gronwall’s inequality, we obtain:
O(t) < e ehO(tg) + aSnge .

Accordingly, for a large t , O(t) < e°O(tg) +
aSnoe~ %, and the solutions are bounded. [ |

B. Equilibria of System and Stability

Proposition III.2 (Existence and positivity of
equilibria). System () has four stationary (equi-
librium ) points which will be called ey, e2, €3, ey
( equations (I1) & (I2) ). e1 is unconditionally
positive. If we denote

Ry = Mp(kn + nO)’
Bng
R2 — /",/’LZ7
ay
66nﬂz
Re— 2tz
57 S(kn — no)A
_ Benﬂz
ayS(k, —no)(1 — Rg)’
Ry =

Sarykn putSary ppnot+S Bnp=noHB p i Hin 2L

Sapynot+Snkn, Mpﬂz+snﬂpﬂzn0+/8/1«n ﬂpﬂz"‘ﬂ%ﬂz ’
)

and assume that
(Rb R27 R3> R4) 6] — 0Q, 1[47
Then we have

€9, €3 € Ri’_andm ¢ Riv
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that is, the second and third equilibrium points are
in the positive octant (i.e., Ri ) and the fourth is
not.

Proof: (Proposition [II.2))
To calculate equilibrium points, we replace the first
equation by the sum of three others and we obtain
the following system :

;

apz (1-7)
S(no— oper-—T) —0
(no—n)+ey ( 1 +Npp+ﬂzz> )
oz Bn
— + — = 07
p( w41k +n “p>
anyp
z — =0.
\ <77p +1 “Z>
(10)
From the third equation of system (I0), we have
2z = (0 where p = avﬁ:wz‘

By treating the case where z = 0 , we have two
equilibrium points :

€1 = (ﬁlaﬁlazl) = (n07070)7
€y = <n27p2722)
_ ( Koy S (kn:“p —no(B — Np)) O)
B— tp (B — 1p) €n ’
(1)
By treating the case where p = — two

ay—np:’
other equilibrium points are determined e; =

* * *

(n3,p3a*z3)*an9
es = (n4,py,24) ( after substitution of p in the
first two equations of system (I0) ), where

* —B, + VA

N3 = 557 -
25(ary — np)

* o Hz

Py = ——,
ay —

e —By +VA

3 = el s

Bultz (vy — npez) a2)

\ —B, — VA

Ny, = -g———,

) 25(/347 — =)

Py = ———,
ay — Nt

. —B, — VA

Z4 = Enflz ’
bz (ory — 1p1)
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with relations:

A =Sy —npuz),

By = Savyk, — Sayng — Snk,u.
+Snuzno — Benpiz,
By = Savk, + Sayng — Snkpp. — Snuzno

—Benptz + 25nﬂp,u«z
= S(kn - nO)A — Benftz,
C = —-Savyky,ng+ Snknp.ng = —k,ngA
= 2(An0 + enﬂpﬂz) + B,
A = B? —4AC = B? + 4k,npA? > 0.
(13)
Note that 0 < u, < 1, thus ¢, = pp, — 1 < 0.
According to hypothesis Ry < 1, we have 8 > 1,
which implies

* K tip
ng =
ﬁ — Mp
Thus EQ > 0. Consequently, R; < 1 implies
€2 = (7327;72,22) € Ri. From Ry = <1,

> 0and ky 1, < no(8 — pp)-

oy
we deduce 1*)3 = M > 0. Considering
. ay — Nz
hypothesis
Béntiz
Ry = ————-<1
57 S(kn — no)A

and the fact that A > 0 because Ry < 1, we have :

By = S(kn —no)A — Bepp, >0
C = —k,ngA < 0.
Thus B? < A = B? —4AC, so —B; + VA > 0.

Thereby
—B; +VA

——— >0
28(ay — npz)

Hence
R3 <1 implies that ng > 0.

We have also
Ry <1,

from where

deppz(SaByng — Savknpp, — Saypyng
—SPBnuzno + Snknpipp
+Snpptzn0 + Benpipptz — enpiipz) < 0
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Then
— By + \/Z > 0.
Therefore
Ri<1 = 23>0.
Ultimately
es ¢ Ri because 7*14 <0

Indeed

" —B; — VA

ng— —————

25(ay — npz)
and
25 (ary — ) >0 — B — VA <0,

because

Bl>0.
|

Definition III.1 (Space of admissible parame-
ters).

We define the space of admissible parameters Pq
by

,Pad:{(O‘)ﬁanvupv:UJZ7kn?n0a5nun77) € (R*—&—)’?X]Oﬂl [2

tng < kn; R1,Ro, R3, Ry < 1}.
(14)

Remark IIl.1. The space of admissible parame-
ters defined above Paa is not empty . Table
11 gives examples of admissible parameters.

Proposition IIL.3 (Stability of ¢; and e3). Equi-
librium points ey (1) is always unstable, and if
VAg > by, e is unstable also.

Proof: (Proposition [[1I.3])

By substituting e; into the Jacobian matrix (§)), we
have:

-9 Bno

“Rtng T Hnbp  fnfl
Jrmno00 = | 0 knfﬁlo — Mp 0
0 0 —
(15)
The eigenvalues are
n
-S, —u,, and knﬂ+0n0 — Up-
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TABLE II: Some admissible parameters with conditions
R1, Ro, R3, Ra.

a | 033 ] 094 0.52
B ] 0.84 | 0.89 0.47
~ | 085 [ 0.88 0.30
n | 0.15 | 0.24 0.13
un | 0.66 | 0.88 0.71
Ly | 0.19 | 0.38 0.07
L. | 0.82 | 041 0.43
kn | 055 | 0.23 0.95
no | 0.82 | 0.69 0.98
S 10921078 0.40
R, | 038 | 0.57 0.34
Ry | 046 | 0.11 0.35
Rs | 001 | 0.01 [ —6.8¢ 1
Ry | 092 | 077 0.82

One of the eigenvalues is strictly positive, it is

Bno _ — 1*R1
Fntno Mo = Hp | 7R,

Lyapunov’s indirect theorem, the equilibrium point
e 1S unstable.

On the other hand, characteristic polynomial of
the linearized system around e is :

Pez(A) = ()‘ - )‘O)Qez ()‘)7
where )., () is the quadratic form given by

) > 0. Then, according to

(16)

ao\? + by + co, (17)

with

ay = kn,upa

bo = R15ﬁ3enno — 3R1Sﬁ26nupno
+3R15’Ben,u12)no — Rlsenugnon
—SB3e,ng + 35,826n,upn0
—3SBenpzng + Sepping + Sknpp,

co = —RlSB?’e%upno + 3R15526%,u]2)n(]
—3R15Be%,uf’,no + Ry Se%uéno
+SB3e ppno — 3SB2e pzng
+3S’Be%ugno - Se%,u;l)no.

After simplification

ag = knpp,

bo = Seano(Ri— 1) (8 = pp)” + Skt ,

co = enptp(Sag — bo).
We observe that ag > 0, c¢g < 0because Ry < 1.
So the discriminant of the quadratic form Q., ()
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is
Ag = bg — 4agcy > 0.

Then, the two real roots of Q,(\) are

—bo + VA —bo — VA
M= —2E VR0 gang yy = 2 VRO
2&0 2a0
(18)

As )\p is positive because /Ag > by, we con-
clude from Lyapunov’s indirect theorem [15] that

the equilibrium point es is unstable. [J [ |
Theorem IIL.1. (Stability of e3) Let’s define
S ken D
Hy =2+ Bknp _
o n(ky, +n)(k, +n)
aw
(1+np)(1 +np)
=20 _9(ky, 4 n)(kn + n)
,Un'_)’a;

~2n(1 +np) (L + np)

L2 (4z + 30 (1 + b)),

oy — «

(14 up)(1 +np)
f(n,p,2) = Hi1Hap — 1%,
g(n,p,z) = —U?Hyy — [*Hyy + 2110T,
(wo + ﬁz)p — 772*92 — wop

(1+np)(1 +1p)
G={(n,p,2) €RL / [f(n,p,2)>0,
g(n,p,z) >0, ((n,p,z) <0},

where wy > 0 and 6 € R* , A, B, C are
auxiliary constants defined precisely in the proof
(See equations (22) & ([23) ).
If A= B2 — AC > 0, then we have:

(1) G is an open set containing the inner equi-
librium eg ,
the equilibrium es is asymptotically stable in

G.

Proof: (Theorem [Il11.1)
We will directly show the global stability before
checking condition (7) .

=

\I/:

C(n7p7 Z) =«

(ii)
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Let eg = (133,;)3, 23) = (’I>fL,]*?, z) be the inner equi-
librium point. We denote X7 = (n—n, p—p, z—2)
and V' : G — R defined by

"o Po—p Po—z
V(n,p,z):/ d<7+/ pda+5/ do,
e P o

where § > 0. Then, V is a positive function of
class C! and radially unbounded. In addition to
that V(ﬁ,]);, 2) = 0. We will investigate the sign
of V. We have

po_ AV _nondn popdp  cz-ide
Codt  on dt p dt z dt
2 Vi+Va+ 1
- n—n pnp  aunipz
i = Sng — Sn —
! (no " kn+n 1+mnp
Fbnbipp + fintip?).

As (n,p, z) is an equilibrium, then from the first
equation of system () we have :

Bnp  opmApz
kn+n L1tmp

Sno = Sn+ — D — M fz -

By substituting this equality into Vi, we get:

e N
V1= n [ S(TL n) B(k:n—l—n kn—i-;kZ)

| _p2 pz
+punyo - *
L+mp 14mp

i tip(p — D) + finpiz(z — 2)

Let’s consider : V1 = My + Ms + M3+ My + My
with

S %
M, = —=(n —n)?
1=——(n—-n),
* n n
Mgz—é(n—n) p__ p* ,
n kntn  p,o4n
M3 — O‘:U’n’)/( _ *) pZ _ pZ . ,
n L+np  14pp
finft x "
My = ===(n—n)(p —p),
My =200 5y = %)
n

Biomath 10 (201), 2101067, http://dx.doi.org/10.11145/j.biomath.2021.01.067

Thus,
k,(n —np)—nn(p —p
, :—ﬁ(n—ﬁ)[ (np—np) (p* p)]
n (kn +n)(k, +n)
—35 (n—;l)(p—fg)
(K + 1) (kn + 1)
Bk (n— ) (np — 1)
(kn + 1) (kn + 1)

We have :

*

* 3k * * k * * *
np—np = np—np+np—np = n(p—p)+p(n—n)

M, =Bh (”—;L)(P—]*?Z
(kn +n)(k, +n)
_ﬁknz*j (n_;l)Q

(ko + 1) (kn + 1)

Bk, (n—n)(p—pz |

(kn +n)(k, +n)

*

. (n—n)(p—p)
=B(n—k,
Al )<kn+n)(kn+ﬁ)
_5kn]>5 (n—;b)2
N (k4 1) (k4 10)

M

oS0 . |PE Pz — pZ —ppz
="——(n—n ~ :
n (1 +np)(1 +np)

We have also

Ms

Pz +nppz — pz — npp2
=npp(z — 2) + pz — pz
=npp(z — 2) + pz — pz + pz — pz
* * * * *
=npp(z — 2) +p(z — 2) + z(p — p)
=1 +np)p(z — 2) + 2(p — p).
N *. P n—n)(z—2
M3 = ppyo(l +np)= ( ) )
" (1 +np)(1 + np)

* *

2z (n—n)(p—p)
+ n a— *
o (14 np)(1+np)

So, we can rewrite V7 like :
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with wg > 0. Likewise V1 and Vg R Vg can be

* written as
m = _l S+ Bknp * (n - n)2+ . * p
n (kn, +n)(kn +n) Vs =46(z— z) < —uz>.

<Mplu’n + 5(;% — kn) + ,urﬁ/()‘2 ) b "
" (/§n+n)*(kn+7*l) n(1 +np)(1 + np)
x(n—n)(p—p)

Jo(1 + np . .

From the third equation of system (@) we have:
_ .
= £ thereby:

Hz =7 S y

s (G Z)(p - D)
3 = *
(1+np)(1 +np)

I

Let’s look at

thus
) . n a
Va=(p- - - : : - aw X
o p)<ﬁk‘n+n Lt Mp) V2+V3:_1 i —(p—p)?
From the second equation of system (E[) we have: ( + ZZIQL( np ) . .
) \ + —(n—n)(p—p)
Bn az (kp +n)(kn +n)
—lp = — -+ g (57 o . .
By substituting , in V5 we obtain: (1 +np) (*1 + 7717)* .
o (wo + n2)p — Npz — wWop
: <[ Bn Bn L+ap)(1+np)
Va :(p—p)<k - . | (1 +np)( | np)
" kn t n Then, V can be written as V = —XTHX +
__as + az ) ¢(n,p,z) where :
IT+np 1 j— np H, T T
=(p—p) . el
z(1+ 77;5) - 2(1 + np) As (n,p,z) € G, Sylvester’s criterion [17] is
— '

(1+np)(1+7 ;5 ) satisfied and we have H positive defined. Then

. 7 _xT
Let’s denote V5 = N7 + No with V=-X"HX+((npz) <0, ¥(n,p.z) €G\{es}.

 Bka(p— Z*?)(n _ ;L) Thus, V satisfy conditions of L}./apunov sta.bility
N = ! theorem, (15, page 194], then e3 is asymptotically
(kn +n)(kn + 1) stable in G. Now let’s show condition ():
*2+17]*92727an "
Ny = —alp— )(1+ 1+ *) po =1+np
)L+ e Ko =+

Then, Ny can be expressed like
Then elements of H are written at point es like

_—alp—p)(z—2)  aw(p-p)’

he = o ; SKE + B
(L+np)1+np)  (1+np)(L+np) Hy =—2 Tra o)
* o * . * n p
Lo wotn2)p — npz wop. 1, 0%

(1 +np) (L + np) p2
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(ii)-Params
a= 0.993
B= 0.317
y= 0.759
n= 0.694
\ = 0.486
R T8N 360 | M
W TS Hp = 0.015
} U, = 0.455
| kn,= 0.135
//4 0.00 077
no= 0.
e 14.16 0
0.00 P S= 0.411
(iii)-Densities Vs Time (Transient) (iv)- (Permanent) A3 = 0.45
41 n(t) p3z=1.04
— p(® 2;=0.4
z(t) )
Vp1 =-0.49+0.0 i
Vp2=0.02+0.24 i
01 . . - - - Vp3=0.02+-0.24

0.0 0.5 1.0 270 280 290 300
t/T, t/Te

(i)- Trajectories of NPZ-System

P 7.19

2 -

Fig. 1: (i)- Some orbits in the phase space. The point in black is the equilibrium es and in red the two others .(ii)-System
parameters (blue), coordinates of ez (black) and associated eigenvalues (red). (iii)- Density evolution vs time transient phase
and (iv) permanent phase. wo = 1.79 et A = 0.0037

then
I _Hl_HQ_ f(nvpvz)>0'
2np2k:2 We have also
a2k — (1 kQuppo+unk2a2+6n p2) g7, D, %) = —U%Hyy — T2Hpy + 2ITUT  with
2np2k?
p -l W, - 52y (Sko + Blop)
2n * * 4n p0k2
_ YHapoP — pa(pts + apop) .2 ..
- o ’ +52a’yn (Skg—l—ﬂknpn)—a n (Sk§+ﬂknpn)
U = %2_2% = a2— Al 4n pOkQ
D2 D2 _ CT\222.2
Q1) 12y, - —oll Tk
We thus obtain 4n Do k‘2
fGp s - lnotESE+ kD) omer - oD M) - 1)
4n kopO 4” Pokg
B (H1 —1Ip)? _oy(Ih — Hz)(Tl —Ty)
4n kopo 4” Po k2
If we choose wqg such that Thus
wy > — (T 2) —, (22) g(n,p,z) = ——5——— with:
dank2p2(Sk? + Bk,pn) 4 pak?
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(a)- Curves of Hurwitz elements (b)-Params
o] — h(s) a= 0.73
. hy(S) B= 0.95
N —— hs(S) y= 0.826
3 0.1 A —— H(5) n= 0.083
T —— Hs(S) U, = 0.584
& 00 ST Up = 0.145
3 i u,= 0.243
4 |
CF_. -0.1 : k,= 0.196
< 0 ; no= 0.668
e : So= 0.853
T : ; Sp= 3.38
0.100 0.853 3.380 5.853
S
(c)- Eigenvalues Signs Vs S
0.005
g -3 no L] o -] o o 0..0.*-_
£ 0.000 e ~———-= $ | -
= -3 L] L] o L] e © .0.0‘%—
_0005 h T T T T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5
Re(A)

Fig. 2: (a) - Bifurcation diagram illustrating the bifurcation value S, according to functions Ha, %

, (b) -System’s

parameters , (c)- Eigenvalues in red for S < Sp and in blue for S > 5.

A = —ny*(Sk§ + Blnpn),
B = 2any(Sk} + Bkypn)
—y(I; = IIo)(I'y — Ta),

C = —a*n(Ski + Bknpn)
—2wo(Ty — I'p)?p2k>
+04(H1 — HQ)(Fl — FQ)
Let’s set the condition
A=DB%?—4AC >0 (24)

And let 9; and Jo the two real roots of the
polynomial A6? + B§ + C such that 6; < J5 .
Then, there exist admissible parameters (wg =
1.79 and A = 0.0077, See Fig [1] for the rest of
parameters ) verifying the condition (24). So it’s
sufficient to choose § < &1 or § > do and we will
have 462 + B§ + C > 0, which implies :

* ok ok

g(”? p? Z) > O'
As we have obviously C(T*z,j;, Z) =0<0, we
conclude that e3 € G.
|

Biomath 10 (201), 2101067, http://dx.doi.org/10.11145/j.biomath.2021.01.067

C. Bifurcation around equilibrium es

We are interested in system behavior according
to upwelling intensity, the parameter .S. We set a
range of admissible parameters where equilibrium
es is stable. We denote Sy the parameter resulting
from this choice and we will call it bifurca-
tion parameter. By varying S in [Syin, Smaz] =
[0.1,5.85], we look for the bifurcation value de-
noted by Sy , this will be the point where equilib-
rium e3 loses its stability. Let P(X) be the char-
acteristic polynomial of system linearized around

€3,

P(X) = hoX3 + hi(S) X% + ho(S)X + hs(9),
where hg = 1, hy, ho, hs are functions of .S given
by :

hi(S) = _(Fl,ﬁ + F2,ZB =+ F3’2),
hQ(S) :Fl,;l(F27;)+F3,2)
+F2,55F3,2 - st;FQ,z o Fz,ﬁFLI)’

h3(S) = _F1,ﬁF2,;*;F3,Z + F1,?LF3,§3F2,2
+F2,7*LF1,;*;F3,2 - F1,2F3,;§F2,ﬁ7

where F; ;. are the elements of the Jacobian matrix
of field F () .
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NPZ-Model Phase Space

0.7
0.250-50

P>
2.0
1.5

1.0

0.5

.00

1.507
51.001-23

Fig. 3: Emerging limit-cycle after Hopf bifurcation ( S = 4 ) . It is the convergence of 11 trajectories after a transient time

of 8000. The black dot indicates the unstable equilibrium.

The 3 x 3 matrix given by

hi hs O
H=|ho hy O
0 hi hs

is called Hurwitz’s matrix associated to polynomial
P(X). Then P is stable (i.e., the real parts of the
eigenvalues are strictly positive) if and only if all
the principal minors of H (noted H;) are positive
ie.,

H1<S) = hl(S) > 0,
Hj(S) = h1(S)ha(S) — h3(S) >0,
H3<S) = h3(S)H2(S) > 0.

By fixing Sy = 0.85, we observe numerically that
H(3.38) = H3(3.38) = 0 (Fig [2). Then S, =
3.38 is a bifurcation value. It is a Hopf bifurcation
according to the Liu criterion [18] (TILI]).

Lemma III.1 (Liu criterion). Suppose that the
following conditions are satisfied
(i) ZL}){(S},) > 0, H1(5b> > 0, HQ(Sb) = 0,
(i1) dsz (Sb) 7& 0.
Then there is a simple Hopf bifurcation.

Biomath 10 (201), 2101067, http://dx.doi.org/10.11145/j.biomath.2021.01.067

Looking at the typology of eigenvalues (Fig
we have :

(i) For S € [Smin,Sp| , a negative real
eigenvalue, and two conjugate complexes of
strictly negative real part. The equilibrium e3
is therefore locally stable.

For S €]Sy, Smaz], we have a negative real
eigenvalue, and two conjugate complexes
with a strictly positive real part. The equi-
librium eg is therefore unstable.

We conclude from the Poincaré-Andronov-Hopf
theorem [19], that there exists a limit cycle for
S €]Sh, Smaz) =]3.38;5.85].

(i)

IV. RESULTS & DISCUSSION

After the definition of NPZ-Model, we are in-
terested in qualitative study of system. We made
sure of the existence, uniqueness, positivity and
boundedness of solutions. Then, we calculated
the stationary points and established sufficient
conditions for their positivity. We have discovered
that the two equilibria on the border of Ri are
unconditionally unstable, which is interpreted as

"The eigenvalues are scaled for image visibility.
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(ii)- Phytoplankton

(i)- Nutriant
2.00 03
1.75 0.02
1504 0.01
0.00
o 1251 0 25 50 75
[ —
S 1.00 Ps3
g (iii)- Zooplankton
Y= 0.75 |
1.5
0.50 -
1.0
0.25 b5
0.00 +— . . . _ .0
0.0 0.2 0.4 0.6 0.8 0 1 2 3
ﬁ3 Z_3

Fig. 4: Distribution of concentrations at equilibrium e with 10° range from admissible parameters ( dist-equ3(n) in NPZ-

Prog.py)

a correlation of dependence between the three
species. We have shown thanks to Lyapunov’s
theorem [15] , that the internal equilibrium is
stable in a subset G € Ri. This set is not unique
and depends strongly on parameters of system.

We have written a python program (NPZ-
Prog.py) [°| whose main task is to select a range of
admissible parameters ( i.e., checking proposition
). Then, we used these parameters to evaluate
respectively equilibria and the associated eigen-
values.Thus, by drawing 10° ranges of admissible
parameters, it was observed that ;53 is a uniform
distribution in [0.4,5.85] on the other hand ng
and 23 are not at all uniform and are distributed
respectively in [0.01,0.89] and [0.30, 5.55](Fig [4).

Then comes the integration of the NPZ system
with the odein function of python which is based
on a Runge-Kutta method of order 4 with adaptive
steps.

As shown in Theorem there is a range
of parameters where the equilibrium ez is stable.
In this case, simulations confirm that eigenvalues
are of negative real part and two of them are com-

8 Attached with additional files

Biomath 10 (201), 2101067, http://dx.doi.org/10.11145/j.biomath.2021.01.067

plex conjugate. Orbits spiral and converge towards
equilibrium e3 (Figure [6). By varying upwelling
intensity .S, we have shown that a super-critic Hopf
bifurcation occurs, that is to say, there is a value of
S where the equilibrium e3 loses its stability and a
limit cycle appears. We have not rigorously studied
stability of this cycle but the numerical simu-
lations conjecture its stability. This phenomenon
of periodic maintained oscillations was observed
by Edwards & Bees [10] where they considered
zooplankton predation of Holling type-III. This
shows that our choice of Holling type-II does not
remove this fundamental aspect of the original
model (Fig [5).

In the case where we have these periodic so-
lutions, we are interested in primary production
which is defined as the growth term in phytoplank-
ton’s dynamics and defined by

Bnp
kn+mn
The quantity PP is periodic because n and p are,
looking at evolution of its average with respect to
S € [3.4,5.85] (after bifurcation ), we see that the
average primary production is constant ( (PP) =

PP =

(25)
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(i)- Trajectories of NPZ-System

(ii)-Params

0.00
(iii)-Densities Vs Time (Transient)
31 n(t)
2 4 — p(t)
z(t)
1 /
0 7 T T
0 1 2

t/Tc

a= 0.361
B= 0.331
B y= 0.563
n= 0.738
U, = 0.424
1.26 Up= 0.141
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k,= 0.235
e 3.73-00 no= 0.929
P S= 0.454
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p3=0.59
23=0.44
Vp1=0.01+-0.08
Vp2=0.01+0.08 i
575 280 285 Vp3 =-0.49+0.0 i
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Fig. 5: e3 Unstable: (i)-Some orbits in the phase space. The point in black is the equilibrium ez and in red the two others
. (ii)- System parameters (blue), coordinates of e3 (black) and associated eigenvalues (red). (iii)-Density evolution vs time

transient phase and (iv) permanent phase.

(i)- Trajectories of NPZ-System

(ii)-Params

a= 0.956
B= 0.614
zClL y= 0.626
n= 0.515
Un = 0.569
131 4 py,= 0.145
Uy= 0.546
k,= 0.138
0.01 no= 0.694
0.06 2z 6.18 S= 0.879
(iii)-Densities Vs Time (Transient) (iv)- (Permanent) ﬁ3 =0.33
© n(t) p3=1.72
4 — g(‘tt)) 23=0.57
> Vp1 =-0.01+-0.26]i
o Vp2 =-0.01+0.26
0 1 2 270 280 200 30973~ 14001
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Fig. 6: Same as caption in Figure El Case where equilibrium e3 is stable.

0.29 ) with a growing standard deviation through
S (Figure [7).
V. CONCLUSION
To study the dynamics of nutrients, phytoplank-
tons and zoo-planktons, we focused on a system of

ODE (@). There is a space of admissible parame-
ters where solutions are well defined. We also have

Biomath 10 (201), 2101067, http://dx.doi.org/10.11145/j.biomath.2021.01.067

an interior equilibrium point. In the case where
the equilibrium is unstable, there is a stable limit
cycle which means periodical solutions. We had
algebraically determined four equilibria, of which
eq ¢ Ri. This is due to the sufficient conditions
stated on positivity of three others (9). It would be
interesting to look for positivity conditions for the
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Mean Primary Production Vs S

1.00 4

0.75 A

0.50 A

0.25 A

< PP >

0.00 A

—0.25 A

—0.50 A

3.5 4.0

Fig. 7: Average primary production

four equilibria and to study if necessary, the bi-
stability of e3 and e4. A biological interpretation
of the parameter and time spaces would strengthen
understanding of the model. Finally, it would be
enriching to consider transport-diffusion effect and
to couple the NPZ-model with an upwelling equa-
tion.

APPENDIX

Tables [T, V] and [V] show a list of some
functions used to perform this paper. There are
three python codes ﬂ : NPZ _ Sympy_ Calcul.py
, NPZ_ Prog.py, Hurwitz_ Prog.py . Tables below
give functions and their outputs

TABLE III: NPZ _ Sympy_ Calcul.py

Function Output

Coef_ Jacobienne() Jacibian Matrix
SolveNZZero() ni ) 1;)1, ’;fLQ, ;)2
SolveNZOriginal() N3 , ;)3, N4 , f) n
Val _ Propres() Eigenvalues

Coef_ Hurwitz() Elements of Hurwitz Matrix

%File attached as support materials.

Biomath 10 (201), 2101067, http://dx.doi.org/10.11145/j.biomath.2021.01.067

4.

5 5.5

S

5.0

according to the upwelling intensity S.

TABLE IV: NPZ _ Prog.py

Function Output

Test_ param()
Condition _ Lasalle()

Range of admissible parameters
A = B? —4AC

dist_ equ3(n) Figure
plot _ snapshot() Figures I] 150, |§|
plot _ orbit() Figure |3

TABLE V: Hurwitz _ Prog.py

Function Output
plot _ prim _ production ()  Figure
plot _ orbite _ projection ()  Figure [§]
plot _ val _ pro _ color Figure |2
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