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ABSTRACT. The paper is focused on numerical analysis of mechanical behaviour of auxetic structures
with re-entrant tetrakaidecahedral unit cell subjected to uni-axial quasi-static compression. The
mechanical behaviour was evaluated inversely with respect to selected geometrical parameters of the
unit cell and two different loading modes. Finite element method was used for the numerical analysis of
the problem. A set of fully parametric tools has been developed, which enabled automated execution and
evaluation of virtual experiments. From results of the simulations, Young’s modulus, the characteristics
of the Poisson’s ratio function, and the deformation energy density were estimated. The relation
between these characteristics and geometry of the unit cell, particularly the re-entrant angle and the
relative density, was evaluated. Results of the numerical simulations for the unit cell and representative
volume element of its three-dimensional periodic assembly are presented.
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quasi-static compression.

1. INTRODUCTION

1.1. BACKGROUND

Porous solids, particularly metal foams, are nowadays
often utilized in various kinds of applications due to
their advantageous mechanical properties. For ex-
ample, their relatively low specific weight and thus
high specific strength, make them suitable for applica-
tions requiring mass reduction and simultaneous high
energy absorption [I]. However, for constructions
subjected to extreme ways of loading such as high
strain-rate impacts or blasts, compressive properties
of conventional metal foams are insufficient [2]. Thus,
alternative materials are sought and investigated. One
of possible approaches is development of optimized
auxetic structures [3].

1.2. AUXETIC STRUCTURES

Auxetic materials are materials with negative Pois-
son’s ratio. When stretched laterally, they get thicker
in transverse direction and vice versa. Due to this
unconventional deformation behaviour, auxetics have
unique mechanical properties including the ability
to absorb relatively high amount of deformation en-
ergy [4]. There exist only a few known natural aux-
etic materials, majority of them are produced artifi-
cially based on geometric models with deformation
behaviour analytically described in closed form [5] .
Modern production methods such as additive manu-
facturing allows precise production of structures with
controlled geometry. Therefore, these methods are
used for production of auxetic materials based on
known geometric models [6].

38

1.2.1. RE-ENTRANT TETRAKAIDECAHEDRON

Auxetic structure with unit cell in shape of re-entrant
tetrakaidecahedron was first introduced by Choi and
Lakes in 1995 [7]. In their study, they presented an-
alytical model of mechanical behaviour of the unit
cell as well as simple evaluation experiment for ir-
regular assembly of the unit cells. Both the analyti-
cal and the experimental data provided in the study
indicated auxetic character of the structure with re-
entrant tetrakaidecahedral unit cells.

The geometry of the auxetic unit cell is a modifica-
tion of conventional tetrakaidecahedron with square
faces protruded in the inner space of the cell. Schemes
of both, conventional and re-entrant tetrakaidecahe-
drons can be seen in Figure

FIGURE 1. Geometry of conventional tetrakaidec-
ahedron (left) and re-entrant tetrakaidecahedron
(right) [7]

This geometry of the unit cell was for this study
selected due to its spatial symmetry, which deter-
mines potential of auxetic structure created by three-
dimensional periodic assembly of this unit cell to be
mechanically orthotropic [8]. Therefore, the structure
can exhibit auxetic character in three orthogonal di-
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rections in contrast to other auxetics, which in most
cases exhibit negative Poisson‘s ratio only in one or
two orthogonal directions [5].

Mechanical behaviour of the re-entrat tetrakaideca-
hedral unit cell has been described by Choi and Lakes
in [7]. The model is based on geometrical aspects of
deformations occurring in the structure if square faces
of the cell is loaded. The equations [T] and [2] present
the analytical model for elastic and for plastic defor-
mations [7]. As can be seen from the equations, the
model is based on the angles of the protruded ribs in
the structure. The figure [2] illustrates the re-entrant
angle . The angle 6 represents the angle by which
the rib JK rotate around the point K during larger
deformations.
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FIGURE 2. One quater of cross section of the re-etrant
tetrakaidecahedral unit cell

1.3. Aim

The main aim of the study is to perform numerical
analysis of microstructural characteristcs to inversely
evaluate effective mechanical properties of auxetic
structures with re-entrant tetrakaidecahedral unit cell.
For this reason, simulated uni-axial quasi-static com-
pression testing of the structures was performed using
the Ansys finite element (FE) software.

2. NUMERICAL ANALYSIS

To perform the numerical analysis, a set of fully para-
metric tools has been developed in Ansys software
and automated execution and evaluation of virtual
experiments have been implemented.

2.1. GEOMETRIC MODELS

The numerical simulations were performed using two
different geometric models of the structure. The unit
cell of the re-entrant tetrakaidecahedron itself as well
as a representative volume element (RVE) of the struc-
ture created by three-dimensional periodic assembly of
the unit cells were analysed. The analysis of the unit
cell itself was performed foremost for the comparison
with the analytical model as well as for acquiring the

knowledge of deformation processes on the elementary
level of the structure. However, as can be seen in the
Results section, the results obtained from analysis of
RVE of the structure are rather predicative in terms
of practical utilization of such a structure.

The dimensions of the unit cell itself were 2.3 x
2.3 x 2.3 mm since the dimension of a unit beam in
the structure (one side of the rectangular face) is
1mm. The size of the RVE was estimated based on
analysis of Young‘s modulus of structures created by
increasing number of cells. For lower numbers, the
value of Young's modulus significantly varied. The
higher number of cells was, the Young’s modulus of
the structure rather converged to a specific value and
lowest number of cells for which the value converged
was 12 along each axis. Therefore, the RVE contained
12 unit cell along each axis yielding 1728 unit cells in
total. The dimensions of the RVE were 27.6 x 27.6 x
27.6 mm.

The geometric models were generated with variable
parameters such as the size of the re-entrant angle and
the relative density of the structure. The size of the
re-entrant angle determines the rate of protrusion of
rectangular faces into the inner space of the unit cell
(the larger the angle is, the more the cell is enclosed).
The relative density is given by the volumetric ratio
of solid mass in the structure and in the models, it is
varied by changing the thickness of beams creating the
structure. In the Figure [ can be seen how different
values of these parameters affect the overall design of

the unit cell.
SIS
L <

F1GURE 3. Top: The affect of increasing re-entrant
angle on the design of the unit cell (from left to right).
Bottom: The affect of increasing relative density on
the design of the unit cell (from left to right)

2.2. MATERIAL MODEL

Construction material was simulated with isotropic,
linear elastic material model. Its parameters, particu-
larly Young’s modulus and Poisson’s ratio, were set
according to values corresponding to powder stain-
less steel SS 316L-0407 by Renishaw. The values of
the parameters are noted in Table [Il This material
was selected since it is commonly used for selective
laser sintering (additive manufacturing method) and
based on the results of the study, real samples of the
structure are about to be produced using this specific
material.
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Parameter Value
Young’s modulus 190 GPa
Poisson’s ratio 0.27

TABLE 1. Parameters of material model

2.3. FINITE ELEMENT MESH AND NUMERICAL
BOUNDARY CONDITIONS

In order to perform the numerical analysis, the geo-
metric models were further transformed to the mesh
of finite 3D beam elements with linear shape function
and six degrees of freedom at each node.

Boundary conditions were specified at selected
nodes of the models. All degrees of freedom were
constrained at all nodes with maximal coordinate in
one selected spatial direction forming one support in
the virtual compressive experiment. In terms of load-
ing, there were two different loading modes analysed.
In the first mode, the loads were applied on the nodes
in the vertices of square faces of the unit cell. In the
second mode, the loads were applied on the nodes
in the vertices of the triangular faces. Schemas with
highlighted nodes with specified boundary conditions
in both of the loading modes can be seen in Figure [4
The loading procedure was displacement driven in
both cases. In order to evaluate Young's modulus, the
models were loaded in one load step up to 2% of de-
formation. The other parameters were estimated from
loading in multiple load steps. The model of RVE was
loaded in five load steps to the total deformation of
5% and the model of the unit cell was loaded in 30
load steps to the total deformation of 10 %.

® Load Support

FIGURE 4. Boundary conditions in first loading mode
(left) and in the second loading mode (right).

The first of the loading modes was analysed espe-
cially because the analytical model of the unit cell’s
deformation behaviour is based on this mode [7]. How-
ever, the second mode rather corresponds to the way
in which the loads would be transferred into the struc-
ture during a real compression testing.

3. RESULTS

The results of the numerical simulations has been
utilized for inverse estimation of selected material
characteristics of the structures. Particularly, Young’s
modulus, or relative Young’s modulus (the ratio of
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Young’s modulus of the structure and Young’s modu-
lus of the construction material), Poisson’s ratio and
the deformation energy density were evaluated with
respect to specific geometrical parameters of the unit
cell, such as the re-entrant angle and the relative
density of the structure. Moreover, the mechanical
behaviour of the structure was analysed with respect
to two different loading modes.

3.1. RELATIVE YOUNG’S MODULUS WITH
RESPECT TO RELATIVE DENSITY

The dependency of relative Young’s modulus on rel-
ative density of the structure RVE with re-entrant
angle 70° was analysed in both loading modes. As
can be seen at the resulting diagrams in Figure [f] the
relative Young’s modulus is in both cases proportional
to the relative density of the structure and the curves
have very similar trend for both loading modes.
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FIGURE 5. Relative Young’s modulus of RVE of the
structure plotted against its relative density

The acquired diagrams have similar trend to such
diagrams for conventional porous solids [2]. However,
the values are lower than values estimated for conven-
tional foams with open cells e.g. Gibson-Ashby cells
analysed in [9]. This trend corresponds to the assump-
tion that auxetic structures have lower stiffness and
thus also lower value of Young’s modulus or relative
Young’s modulus than conventional porous solids [10].

3.2. POISSON’S RATIO OF THE STRUCTURE
WITH RESPECT TO THE SIZE OF
RE-ENTRANT ANGLE

Then the dependency of Poisson’s ratio on the size of
re-entrant angle was analysed on the model of RVE
with relative density equal to 0.02. As can be seen on
resulting diagrams in Figure[6] the values of Poisson’s
ratio are inversely proportional to the size of re-entrant
angle in both loading modes. As can be also seen, for
most of the geometries the value of Poisson’s ratio
was not negative within analysed deformation range.
Nevertheless, the trend of the resulting diagram is in
all cases descending and thus it is likely that negative
values could be obtained at larger deformations.

It was not possible to perform the simulations of
larger deformations due to the simplicity of the model
which is used in this study. This model would not
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consider contacts of the parts during larger deforma-
tions. In order to simulate such tasks, the current
model needs to be further modified.
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FIGURE 6. The Poisson’s ratio function (strain de-
pendent Poisson’s ratio) of RVE with respect to the
size of re-entrant angle in first loading mode (top) and
second loading mode (bottom).

3.3. POISSON’S RATIO OF THE STRUCTURE

WITH RESPECT TO ITS RELATIVE DENSITY
The Poisson’s ratio function (strain dependent Pois-
son’s ratio) for the RVE of the structure with re-
entrant angle of size 70° was also analysed with re-
spect to relative density of the structure. In Figure [7]
are depicted resulting diagrams.
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FIGURE 7. The Poisson’s ratio function of RVE with
respect to the relative density of the structure

It can be seen that the values of Poisson’s ratio are
directly proportional to relative density of the struc-
ture. This phenomenon occurs as a result of filling the
total volume of the structure with the construction
material. Thus, the range of deformations within the
structure is limited.

3.4. DEFORMATION ENERGY DENSITY

The deformation energy density A is a mechanical
characteristic representing the ability of material to
absorb deformation energy and its value is given by
the area under the stress-strain curve. The results
obtained for RVE with relative density of 0.02 with
respect to different re-entrant angles are denoted in
the table below. The values of A\; corresponds to
the deformation energy density from the first loading
mode (loading of rectangular faces) and the Ao denotes
the values for the second loading mode (loading of
triangular faces).

Re-entrant angle ¢ | A1[J/m3] \3[J/m?]
60° 6732 118
65° 5973 91
70° 5245 73
75° 4660 56
80° 4119 49

TABLE 2. Deformation energy density of RVE with
respect to re-entrant angle size

The values of deformation energy density are in-
versely proportional to the size of re-entrant angle
for both loading modes. Moreover, there is a signifi-
cant difference between the values with respect to the
loading mode. As has been observed from the models
of the structure after deformation, the mechanical
response of RVE differs for the loading modes. When
the loads are applied on the vertices in rectangular
faces, the structure "densifies" in the area where the
loads are applied. In the other hand, when the ver-
tices of triangular faces are loaded, the deformation
is distributed gradually throughout the structure and
displacements are spread layer by layer. Therefore,
the energy accumulated in the structure is higher in
the first case.

Similarly to conventional porous solids, auxetic
structures have the potential to absorb relatively high
amount of deformation energy especially due to signif-
icant stress plateau, which occurs after yield point [2].
However, the simulations in this study were performed
only in a limited deformation range with only a linear-
elastic material model and thus this phenomenon can
not be observed. Therefore, further investigation of
larger deformation ranges on modified model of RVE
is necessary in order to fully evaluate the ability of
this structure to absorb deformation energy.
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3.5. EVALUATION OF THE ANALYTICAL MODEL

As has already been mentioned, the analytical model
of auxetic unit cell in shape of re-entrant tetrakaidec-
ahedron was first presented by Choi and Lakes in
1995 [7]. Since then, the literature does not provide
any further studies concerning such a unit cell or any
structure based on this unit cell.

The comparison of the Poisson’s ratio function esti-
mated on the basis of the analytical model presented
in [7] and the results obtained from the finite ele-
ment analysis performed in this study can be seen in
Figure [§] The analytical model is defined with load
applied at the square face of the cell. Therefore, the
results of numerical analysis of the first loading mode
were used for the comparison.

It is obvious that in both cases, according to an-
alytical model as well as finite element model, the
Poisson’s ratio of the structure is inversely propor-
tional to the size of the re-entrant angle. Numerical
results varies from the analytical significantly in the
initial deformation zone up to approximately 4 % of
deformation. Nevertheless, for larger deformations
the values of Poisson’s ratio estimated numerically
are similar to the analytical values. Given differences
can be given by the nature of the analytical model,
which is based only on the size of the re-entrant angle
and does not assume any other parameters which can
affect the mechanical behaviour of the structure.
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F1cURE 8. Comparison of Poisson’s ratio functions
obtained from analytical model [7] and from the finite
element analysis performed in this study

4. CONCLUSIONS

This study was focused on numerical analysis of me-
chanical behaviour of auxetic structure with unit cell
in shape of re-entrant tetrakaidecahedron. Simulated
mechanical behaviour of the representative volume
element of the structure as well as the unit cell itself
were analysed. Selected mechanical properties, such
as Young's modulus, Poisson‘s ratio and the deforma-
tion energy density were evaluated with respect to
specific geometrical parameters of the unit cell, such
as the re-entrant angle and the relative density of the
structure. Moreover, the mechanical behaviour of the
structure was analysed with respect to two different
loading modes.
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The results from the analysis of the unit cell were
used for evaluation of analytical model of the cell. The
values of Poisson‘s ratio obtained from the numerical
simulations of deformations larger than 4 % were sim-
ilar to the analytical values and hereby the auxetic
potential of such a geometry was numerically verified.
However, further investigation of the structure is nec-
essary in order to fully verify and maybe modify the
analytical model due to the differences in the Poisson’s
ratio functions obtained from the analytical model
and from the numerical simulations. E.g. verifica-
tion experiments or more complex numerical analyses
should be considered.

The results obtained from the analysis of the RVE
were used to evaluate effective properties of periodical
assembly of unit cells. The knowledge of the relation
between the mechanical properties of the structure
and its geometric parametes can be further utilized
in development of optimization procedures [11]. In
such a process, optimal geometry of the structure
corresponding to required mechanical properties can
be proposed. Moreover, the unit cell geometry can
be further modified in order to obtain deformation
behaviour corresponding to loading of square faces
across the whole periodic assembly of the cells. This
can be achieved e.g. by adding stems between the
square faces of the neighbouring unit cells. Thus, the
cells would not be connected through the vertices of
triangular faces but through the stems between the
square faces and so the deformation would spread
throughout the structure in a different manner.

In a future research, the optimized micro-structural
models will be used for production of samples for ex-
perimental verification of the numerical results during
a series of validation experiments.
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