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ABSTRACT

The purpose of this paper is to establish the existence and uniqueness
of common fixed points of a family of self~mappings satisfying gener-
alized rational contractive condition in 2-Banach spaces. An example
is included to justify our results. We approximate the common fixed
point by Mann and Picard type iteration schemes. Further, an applica-
tion to well-posedness of the common fixed point problem is given. The
presented results generalize many known results on 2-Banach spaces.
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1. INTRODUCTION

The Banach Contraction Principle [5] is one of the pivotal results in nonlinear
analysis which guarantees the existence and uniqueness of fixed points of map-
pings. There is a great number of extensions of the Banach contraction princi-
ple using different forms of contractive conditions in various generalized metric
spaces, we refer the reader to [1, 2, 6, 17, 13, 14, 20, 23, 24, 25, 27, 28, 29, 30].
Some of such generalizations are obtained through rational contractive condi-
tions. Das and Gupta [8] studied the extention of Banach contraction in term
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of rational inequality and derived a fixed point result for a self mapping which
runs as follows:

Theorem 1.1. Let f be a mapping of a complete metric space X into itself
such that

(i)

Ay, fW)[1 +d(z, ()
(1 (@), S(0) < 0TI

forallz,ye X,a>0,8>0,a+8<1 and
(ii) for some xo € X, the sequence of iterates {f™(xo)} has a subsequence

12 (o)} with € = Tim_f7 (o).
Then £ is a unique fixed point of f.

+ Bd(z,y),

Meanwhile Pachpatte [19] extended it to a pair of self mappings. Recently,
Azam et al. [4] obtained fixed point theorems for a pair of contractive mappings
using an analogical rational inequality of [8] in a complex-valued metric space
setting. Also, in [18], Nashine et al. studied some common fixed point theorems
for a pair of mappings under certain rational contractions in complex valued
metric spaces. In [33], Shahkoohi and Razani established the existence of fixed
point of a self mapping satisfying rational Geraghty contractive mappings in
partially ordered b-metric spaces. For related study [3, 32].

In the 1960’s, Gahler [10, 11, 12] generalized the idea of metric space and
introduced a new theory of 2-metric space. On the other hand, White [35]
started the investigation on the concept of 2-Banach spaces. Since then, many
authors have focused on these spaces and presented papers that dealt with
fixed point theory for single-valued and multi-valued operators in 2-Banach
spaces (see [7, 15]). Recently, Pitchaimani and Ramesh Kumar [21] obtained
common fixed points under implicit relation in 2-Banach spaces and proved
some common and coincidence fixed point theorems for asymptotically regular
mappings in [22].

Inspired by the concept of 2-Banach spaces and notion of rational type con-
ditions, an attempt has been made in this paper to prove the existence and
uniqueness of common fixed point of a family of self mappings satisfying the
generalized rational contractive condition in 2-Banach spaces with an example
which illustrates our result. Further, the approximation of the common fixed
point by means of Mann and Picard iteration method is given. Finally, we
prove the well-posedness of the common fixed point problem.

2. PRELIMINARIES

In this section, we recall the notions which will be required in the sequel.
Throughout this paper, N denotes the set of all positive integers and R denotes
the set of all real numbers.

Definition 2.1. Let X be a real linear space and |-, || be a non-negative real
valued function defined on X x X satisfying the following conditions:
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(i) ||z, y|| = 0 if and only if x and y are linearly dependent;
i) 2.yl = lly, 2], for all 2,y € X;
(ili) ||z, ay|l = |al|lz, yl|, for all z,y € X and a € R;

(1v) ||z, y + z|| < [Jz, yl| + ||z, 2|, for all z,y, z € X;
Then ||, -|| is called a 2 - norm and the pair (X, ||-, -||) is called a linear 2-normed
space.

Some of the basic properties of 2-norms are that they are non-negative sat-
istying ||z, y + az|| = ||z, y||, for all z,y € X and a € R.

Definition 2.2. A sequence {z,} in a linear 2-normed space (X, |-, -||) is called

a Cauchy sequence if lim ||z, — z,,y|| =0 for all y € X.
m,n—oo

Definition 2.3. A sequence {z,} in a linear 2-normed space (X, ||-,-||) is said
to converge to a point z € X if lim ||, —z,y|| =0 for all y € X.
n—00

Definition 2.4. A linear 2-normed space (X, |-,-]|) in which every Cauchy
sequence is convergent is called a 2-Banach space.

Example 2.5. Let X = R? and a 2-norm ||, -|| be defined as follows:
i J ok
.yl = |z xyl=det | =1 2o a3
yr o Y2 Y3

where © = (21,22, 23),y = (y1,Y2,¥y3) € X and Z, 3, k are the unit vectors along
the axes. Note that (X, |-, -]|) is a 2-Banach space.

Definition 2.6. A sequence {z,} in a 2-Banach space X is said to be asymp-
totically T- regular if lim |z, — Txz,,y|| =0 for all y € X.
n—oo

Definition 2.7. Let X be a nonempty set and S, T : X — X be self mappings.
Then

(i) an element x € X is said to be a fixed point of T" if z = T'z.
(ii) If x = Sz = Tz then z is called a common fixed point of S and 7.
Let C be a nonempty convex subset of a 2-Banach space (X,]-,-]|) and
T: X — X be a mapping then
(i) the sequence {x, } defined by

z0 € C, Tn+1 = (1 - ﬂn)xn + BnT(In)v Vn >0,
where {8,} satisfies 0 < B, < 1, Vn and > f, = o0, is called the

n=0
Mann iteration scheme.
(ii) the sequence {x,} defined by

20 € C, xpy1 =T (zyn), Yn >0,

is called the Picard iteration scheme which is particular case of the
Mann iteration scheme.
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3. MAIN RESULTS

In this section, we prove the existence and uniqueness of common fixed point
of a family of self mappings.

Theorem 3.1. Let (X, ||-,-||) be a 2-Banach space and S,T : X — X be two
self mappings such that

ly = Ty, ull[1 + [l — Sz, ull] | |lo = Sz, ull[1 + ||y — Ty, ul]

[Sz —Ty,ul < +b
L+ [z =y, ul| L+ [lz =y, ull
|z — Ty, ull[L + lly — Sz, ull] | lly — Sz, ull[L+ |2 — Ty, u]
L+ [z =y, uf L+ [lz =y, uf

(3.1) +ellz — y,ul,

forallz,y,u € X, x # y, where a,b, c,d, e are non negative constants such that
a+b+c+d+e<1. Then S and T have a unique common fized point in X.

Proof. For xy € X, define a sequence as follows:
Ton+1 = STon, Tontz = TTont1,n=20,1,2,...
Now for all u € X, using (3.1), we get
[2nt1 — on,ull = [[S22n — Toon—1,ull

|T2n—1 — zop, ul|[1 + || 20 — T2pt1, ul]

<
1 + ||I2n - xanlqu

[#2n = Zony1, ulll + [[22n — Zon—1, ull]

1 + H$2n - xanlqu

+b

Hﬂfzn — X2n, UH[l + |\332n—1 — X2n+1, U||]

+c
14 (|22 — Tan—1,ul|

|T2n—1 — o1, ul|[1 + [[22n — Ton, ul]
1 + ||I2n - xanlqu

+d

+ellzon — Ton—1,ul,
which gives
||I2n+1 - xQnyuH S an:EZn — T2n—1, u||7
(a+d+e)+elza, — z2n—1,ul
(1—=b—d)+ (1 —a—0b)||z2n — xan_1,u|’
Note that k,, < 1, as a+b+c+d+e < 1. Repeating the same argument several
times, we obtain

where k,, =

[@2n11 — on, ul| < (kn)*"[lz1 — @0, ul.

Now, for n > m, we have

”xn - xmvu” < Hxn - xn—la“” + Hxn—l - xn—27uH AR + ”xm-i-l - xmvu”
< ((Ra) A (k)" 2 e + (kn)™)lz1 — 2o, u|
k m
< B ol
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(Fn)™
1—ky,
that {z,} is a Cauchy sequence in X. Hence, there exists a point w € X such
that x,, — w as n — oo. Further, we get

Thus ||z, — Zm,u|| — 0 as m,n — oo, since

— 0 as m — oo. This shows

N

lw—Tw,ul| < ||w—2emg1,ul| + |[T2nt1 — Tw,ull
= |lw—2ons1,ull + [[Sz2n — Tw, ul

lw —Tw,ul|[1+ ||zon — Ton+1, ull]
1+ ||I2n —w, u”

IN

|w = z2nt1,ull +a

20 — Tong1, ul[1 4 [[w — Tw, ul]
1+ ||=T2n - ’LU,UH

+b

H$2n - TU), u”[l + H’LU - x2n+lH]
1+ ||zan — w,ul

[w — @onq, ul[1 + [Jz2n — Tw, ul]
1+ [[z2n — w, ul

+d

+ellzan — w,ull.
Letting n — oo, we have
oo = Tw,ul| < (a+ ) Jw — Tw,ul,

which implies that Tw = w, as (a + ¢) < 1 for all u € X. Similarly, we get
w = Sw. Thus w is a common fixed point of S and 7.
For the uniqueness, assume that v € X is another common fixed point of S
and T, that is, v = Sv = Tw. Then
lw—wv,ul = ||Sw—To,u
Mo =To |1+ [lw — Sw, uf]
1+ ||lw—v,ul
[[w = Sw, ul[[L + [[v— T, ul]
1+ ||lw—v,ul
|w —Tv, ul[[1 4 [[v — Sw, ul]
14 |Jw—v,ul
lv = Sw, ul|[1 + |lw = T'v, ul]
1+ ||lw—v,ul

<

+b

+c

+d

+ellw —v,ul,
which yields

lw —v,ul + |w—v,ul|* < (c+d+e)||Jw—v,ul| + (c+d+e)|w—v,ul?

which is a contradiction, since ¢ + d + e < 1. Hence w is the unique common
fixed point of S and T. O

Taking S =T in Theorem 3.1, we obtain the following result.
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Corollary 3.2. Let (X, |-,-]|) be a 2-Banach space and T : X — X be a self
mapping such that

ly = Ty, ull[1 + [lo — T, ul] MW—T%UMLHW—T%MH

[Tz —Ty,ul <

- 1+ z —y,ul 1+ |z —y,ul
|z — Ty, ul|[1+ [ly — T, ul] JW—T%UMLHW—T%MH
L+ [lz =y, ul L+ [lz =y, uf
(3.2) Fellz —y,ul,

for all x,y,u € X, x # y, where a,b,c,d,e are non negative constants and
a+b+c+d+e<1. ThenT have a unique fized point in X.

Proof. The proof follows from Theorem 3.1. O

Remark 3.3. In the case b = ¢ = d = 0, Corollary 3.2 reduces to Theorem 1.1.

Now we extend the Theorem 3.1 to the case of pair of mappings SP and T
where p and g are some positive integers.

Theorem 3.4. Let (X, ||-,-||) be a 2-Banach space and S,T : X — X be two
self mappings such that

Hy—T%ﬂMU+ﬂI—S%MM]+IW—S%MMﬂ+Hy—T%ﬂM

5Pz — T, ul <

L+ [lz =y, ul L+ [lz =y, ul
Hw—T%ﬂMﬂ+Hy—S%HM]+JW—S%MMU+Hw—T%ﬂW
1+ [z =y, ull L+ =z —y,ul

3:3)  tellx —y,ul,

for all x,y,u € X, © # y, where p and q are some positive integers and
a,b,c,d, e are non negative constants with a+b+c+d+e < 1. Then S and T
have a unique common fixed point in X .

Proof. Note that SP and T satisfy the conditions of Theorem 3.1, so S? and
T have a unique common fixed point. Let w be the common fixed point. Then

SPw=w = S(SPw)=Sw,
SP(Sw) = Sw.
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If Sw = zg then SP(z¢) = x¢. So, Sw is a fixed point of SP. Similarly, T9(Tw) =
Tw. Now, we have

lw — Tw, ul] [|SPw — TYTw), ul|
JNTw = TU(Tw), ul|[L + [|w — SPw, u]
1+ ||lw—Tw,ull

[w — SPw,u||[1 4+ |[Tw — T9(Tw), ul]
14 ||w—Tw,ul

yollw = TU(Tw), u|l[L + | Tw — SPw, ul]
1+ |lw—Tw,u

[Tw = 5w, ul|[1 + [|w — T(Tw), ul]
1+ |lw—Tw,ul

+ellw — Tw, ul|,

IN

+b

+d

which implies that
|lw—Tw,u| + Hw—Tw,uH2 < (e+d+e)|w—Tw,ul|+ (c—i—d—i—e)”w—Tw,u||27

which is a contradiction, as we are having ¢ +d + e < 1. Thus, w = Tw for all
u € X. With the similar arguments, we obtain w = Sw.

Finally, in order to prove the uniqueness of v, let w # v be another common
fixed point of S and T. Then clearly w is also a common fixed point of S?
and T'? which implies w = v. Therefore, S and T have a unique common fixed
point. O

Hence we have proved that if xy is a unique common fixed point of S? and
TY, where p,q are some positive integers then x( is a unique common fixed
point of S and T'. Next we extend Theorem 3.1 to a case of family of mappings
satisfying the condition (3.1).

Theorem 3.5. Let (X, |-, -||) be a 2-Banach space and {F,} be a family of self
mappings on X such that

ly — Fpy, ull[1 + ||z — Faz,ull]  |lo = Faz,ull [1+ |ly — Fpy, ul]

|Faz — Fay,ul| < Y
g 1+ [z — g, ull 1+ ||z — y,ul
Il = Fay ull [+ lly = Fow,ul] | lly = o, wl[1+ o = Fay,ul]
1+ |z —y,d] 1+ ||z — g, u]

+ellz =y, ull,

for all a, 8 € A with o # B and z,y,u € X with x # y, where a,b,c,d,e are
non negative constants such that a +b+ c+ d+ e < 1. Then there exists a
unique w € X satisfying Fow = w for all o € A.

Proof. Let us take F,, and Fj in place of S and T respectively in Theorem 3.1,
an application of which gives a unique w € X to satisfy F,w = Fgw = w. For
any other member F.,, uniqueness of w gives F,w = w and this completes the
proof. O
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Remark 3.6. Theorem 3.5 generalizes and improves the results of [4, 8, 18, 19,
32] in 2-Banach space setting.

Example 3.7. Let X = R? and a 2-norm |-, -|| be defined by ||z, y|| = |z1y2 —
x2y1]. Note that (X, ||-,-]|]) is a 2-Banach space. Let S,T : X — X be two self
mappings defined as follows:

rT+Yy T+Yy
S(w,y)=( S )

and

T(u,v) = (gg)

For a,b,c,d,e € [%,1), it can be easily seen that (3.1) is satisfied. Hence, by
3 y

11
Theorem 3.1, S and T have a unique common fixed point in X. Here, (5, 5)

is the unique common fixed point of S and T

4. APPROXIMATION BY MANN AND PICARD TYPE ITERATION

In this section, we approximate the common fixed point of S and T by a
Mann and Picard type iteration schemes.

Theorem 4.1. Let C be a nonempty closed convex subset of a 2-Banach space
X and S,T : C — C be two self mappings such that (1—k)S(C)+kT(C) C S(C)
for 0 < k < 1 and S(C) is closed. Suppose that S and T satisfy all the
conditions of Theorem 3.1, then S and T have a unique common fized point.
Moreover, if, for arbitrary yo € C, the sequence {y,} defined by

(4.1) SWn+1) = (1= Bn)S(Yn) + BuT (yn), Vn >0,

o0

where {Bn} satisfies 0 < B, < 1, Vn and > B, = oo, is asymptotically T-
n=0

reqular, then it converges to the unique common fized point of S and T, with a

rate estimated by
1(S(Yn+1) —w,ul| < X"FIL,

where A € [0,1) and L > 0 are some constants.

Proof. From Theorem 3.1, S and T have a unique common fixed point w € X.
Let yo € C and the sequence {y, } be defined by (4.1). Then, for all u € X and
n > 0, we have the following

H‘S’(yn-i-l) —w, u” = ”(1 — Bn)S(yn) + ﬁnT(yn) - wvu”

IN
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From (3.1), we get

IT(yn) —w,ull = [[T(yn) — Sw,ul|
< = Sw,ull[t + [[yn — Ty, ul]
1+ Hyn - w, u”

yplyn = Tyn, ull + [lw — Sw, uf]]
1+ Hyn - w, u”

yollyn = Sw L+ flw = Tyn, ull
L+ [lyn — w, u

gl =Tyn, wlllL + [lyn — Sw, ul]

1+ Hyn - w, u”
Fellyn —w,ul.
Since {y,} is asymptotically T-regular and Sw = Tw = w, letting n — oo, we
have
ITyn—w, ull + | Tyn—w, ull* < (c+d+e)l|Tyn—w, ul| +(c+d+e)|Tyn—w,ul,
which is not possible as ¢+ d+ e < 1. Hence lim ||T(y,) — w,u|| = 0.
n—oo
Now it follows from (4.2) that
IS s2) —w,ull < (1= Bu)Sy) — w,ul.

Continuing in this way, we have
(4.3) 1(S (yn-+1) = w,ul| < X"FL,
where A = (1 — 3,) € [0,1) and L = ||Syo — w,u| > 0 are some constants.
Since A € [0,1), from (4.3) we get

nlggo ”(S(yn-i-l) - w, u” — 0.
This completes the proof. (]

Corollary 4.2. Let C be a nonempty closed conver subset of a 2-Banach space
X and T : C — C be a mapping satisfying all the conditions of Corollary 3.2.
Then T has a unique fixed point w € X. In addition, if for arbitrary xg € C,
the sequence {x,} defined by

(4.4) Tnt1 = (1= Bn)xn + BT (Tn, ..., Tn), Yn >0,

o0

where {Bn} satisfies 0 < B, < 1, Vn and > B, = oo, is asymptotically T-
n=0

reqular, then it converges to the unique fived point of T', with a rate estimated

by
|zn —w,ul| <AL,

where A € [0,1) and L > 0 are some constants.

Remark 4.3. From Corollary 4.2, we obtain an approximation of fixed point of
a self mapping by the Mann iteration scheme in 2-Banach spaces. Note that
the result holds even if {z,} is asymptotically S-regular.
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Corollary 4.4. Let (X, ||-,-||) be a 2-Banach space and S,T : X — X be two
mappings such that T(X) C S(X) and S(X) is a closed subset of X. Suppose
all the conditions of Theorem 3.1 are satisfied, then S and T have a unique
common fized point w € X. Further, if for arbitrary xg € C, the sequence {yn}
defined by
Yn = S(xn) =T (xn-1), YneN

is asymptotically T-reqular, then it converges to the unique common fized point
of S and T, with a rate estimated by

[yn — w,ul < A"L,
where A € [0,1) and L > 0 are some constants.

Corollary 4.5. Let (X,|-,-]|) be a 2-Banach space and T : X — X be a
mapping such that all the conditions of Corollary 3.2 are satisfied. Then T has
a unique fized point X. In addition, if for arbitrary xg € C, the sequence {zp}
defined by
zn =T (xp-1), Vn €N,
is asymptotically T-regular, then it converges to the unique fixed point of T,
with a rate estimated by
|zn — w,u]| <AL,

where A € [0,1) and L > 0 are some constants.

Remark 4.6. From Corollary 4.5, we obtain an approximation of fixed point of
self mapping by the Picard iteration scheme in 2-Banach space.

5. APPLICATIONS

The notion of well-posedness of a fixed point problem was introduced in
[9] and has generated much interest to several mathematicians, for example
[16, 26, 31]. In this section, we study well-posedness of the common fixed point
obtainined in Theorem 3.1.

Definition 5.1. Let (X, |-, -]|) be a 2-Banach space and T be a self mapping
on X. Then the fixed point problem of T is said to be well-posed if

(i) T has a unique fixed point zp € X

(ii) for any sequence {x,} C X and nll)rrgo |xn, — Tan, u|| = 0, we have

lim ||, — xo,ul = 0.
n—00

Let CFP(S,T, X) denote a common fixed point problem of self mappings T
and f on X and CF(S,T) denote the set of all common fixed points of 7" and

f.

Definition 5.2. CFP(S,T,X) is called well- posed if CF(S,T) is singleton
and for any sequence {z,} in X with

e CF(S,T) and lim ||y — Szp,ul| = lim ||z, — Tan,ul| =0
n—00 n—00
implies £ = lim x,.

n—oo
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Theorem 5.3. Let (X,],-]|) be a 2-Banach space, S and T be two self map-
pings on X as in Theorem 3.1. Then the common fized point problem of S and
T is well posed.

Proof. From Theorem 3.1, the mappings S and T have a unique common fixed

point, say w € X. Let {z,} be a sequence in X and lim ||Sz, — xn,ul =
n—oo

lim ||Tx, — zn,ul| = 0. Without loss of generality, assume that w # x,, for

n—oo

any non-negative integer n. Using (3.1) and Sw = Tw = w, we get

||w—acn,u|| < HT’U—TLL'n,uH + HTxn_iUn,UH
= |Txp — zp,ul| + ||Sw — Ty, ul

[0 = Tap, ul|[1 + [|w = Sw, uf]

IN

T —
H Ln .’L’,H’U,H—f—a 1+Hw_$n7u|‘

[w = Sw, ull[1 + ||#n = T, ul]]

+b
14+ ||w— zp, ul
0 = Tz, wll[L + 10 — S, ]
+c
14 ||w— 2p,ul
+de" = Sw,ull[1 + flw — Ty, ull]

14 ||w— 2p,ul

+ellw — xp, ull.
Taking limit n — oo, we get
lw— 2, ul + |w = zp, ul|® < (c+d+e)||w =z, ul| + (c+d+e)|Jw— zpn,ul|?

which gives the contradiction as ¢+ d + e < 1. This completes the proof. [

Corollary 5.4. Let (X, ||-,-]|) be a 2-Banach space and T be a self mapping
on X as in Corollary 3.2. Then the fized point problem of T is well posed.

Remark 5.5. Notice that well-posedness of the common fixed points obtained
in Theorems 3.4 and 3.5 can easily be viewed.
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