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ABSTRACT
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1. INTRODUCTION

We study various adjacency relations for Cartesian products of multiple dig-
ital images. We are particularly interested in “product properties” - properties
that are preserved by taking Cartesian products - and “factor properties” for
which possession by a Cartesian product of digital images implies possession
of the property by the factors. Many of the properties examined in this paper
were considered in [9] for adjacencies based on the normal product adjacency.
We consider other adjacencies in this paper, including the tensor product adja-
cency, the Cartesian product adjacency, and the composition or lexicographic
adjacency.
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2. PRELIMINARIES

Much of the material that appears in this section is quoted or paraphrased
from [9, 12], and other papers cited in this section.

We use N, Z, and R to represent the sets of natural numbers, integers, and
real numbers, respectively,

A digital image is a graph. Usually, we consider the vertex set of a digital
image to be a subset of Z" for some n € N. Further, we often, although not
always, restrict our study of digital images to finite graphs. We will assume
familiarity with the topological theory of digital images. See, e.g., [3] for many
of the standard definitions. All digital images X are assumed to carry their
own adjacency relations (which may differ from one image to another). When
we wish to emphasize the particular adjacency relation we write the image as
(X, k), where k represents the adjacency relation.

2.1. Common adjacencies. To denote that x and y are k-adjacent points of
some digital image, we use the notation = <>, y, or x <> y when k can be
understood.
The c,-adjacencies are commonly used. Let z,y € Z", © # y. Let u be an
integer, 1 < u <n. We say = and y are cy,-adjacent, z <., v, if
e there are at most u indices ¢ for which |z; — y;| = 1, and
e for all indices j such that |z; — y;| # 1 we have z; = y;.

A c¢y-adjacency is often denoted by the number of points adjacent to a given
point in Z™ using this adjacency. E.g.,
e In Z!, ci-adjacency is 2-adjacency.
e In Z2, ci-adjacency is 4-adjacency and co-adjacency is 8-adjacency.
e In 73, c;-adjacency is 6-adjacency, cp-adjacency is 18-adjacency, and
cs-adjacency is 26-adjacency.

For Cartesian products of digital images, the normal product adjacency (see
Definitions 2.1 and 2.2) has been used in papers including [22, 6, 11, 9] (errors
in [22] are corrected in [6]). The tensor product adjacency (see Definition 2.3),
Cartesian product adjacency (see Definition 2.4), and the lexicographic adja-
cency (see Definition 2.6) have not to our knowledge been studied in digital
topology, so their respective roles in digital topology remain to be determined.

Given digital images or graphs (X, k) and (Y, \), the normal product ad-
jacency NP(k, ), also called the strong product adjacency (denoted k.(k,\)
in [11]) generated by x and A on the Cartesian product X x Y is defined as
follows.

Definition 2.1 ([1, 28]). Let z,2’ € X, y,3' € Y. Then (x,y) and (2/,y’) are
NP(k,A)-adjacent in X x Y if and only if

e x=1x'and y <) ¢; or

e v+, and y =9'; or

o r <. x and y <y ¥,

As a generalization of Definition 2.1, we have the following.
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Definition 2.2 ([9]). Let u and v be positive integers, 1 < uw < v. Let
{(Xi, ki) }Y_q be digital images. Let NP,(k1,...,ky) be the adjacency defined
on the Cartesian product ITY_, X; as follows. For z;, 2} € X;, p = (z1,..., %)
and ¢ = (2}, ...,2)) are NP, (K1, ..., ky)-adjacent if and only if

e for at least 1 and at most w indices i, z; <>y, 2}, and

e for all other indices 4, x; = .

Definition 2.3 ([20]). The tensor product adjacency on the Cartesian product

ITY_, X; of (X;,k;), denoted T'(k1, ..., Ky), is as follows. Given z;,z} € X;, we

have (z1,...,2,) and (2},...,2)) are T(k1, ..., Ky)-adjacent in ITY_, X; if and
/

only if for all 4, z; <>, ;.

(a) (b) ©

Ficure 1. A digital simple closed curve and its Cartesian
product with [0,1]z. (a) shows the simple closed curve
MSCg C (Z?,¢co) [21]. (b) shows the set MSCs x [0,1]7 C
73 with either the cy x ¢;- or the NPji(cq,cp)-adjacency.
(c) shows the set MSCs x [0,1]z C Z? with the T(c2,c1)-
adjacency, where adjacencies are shown by the solid lines. If
the points of MSCys are circularly labeled py,...,ps, then
the T'(c, c1)-neighbors of (p;,t) are (pi—1) mod 6,1 —t) and
(P(i+1) mod 6,1 —1),t € {0,1}.

Definition 2.4 ([26]). The Cartesian product adjacency on the Cartesian

product II?_; X; of (X;,k;), denoted X}_;K; or K1 X ... X Ky, is as follows.

Given z;, 2} € X;, we have (z1,...,2,) and (2),...,2)) are x?_; x;-~adjacent in

II}_, X; if and only if for some 4, x; <., @, and for all indices j # i, z; = /.
The following has an elementary proof.

Proposition 2.5. For IIY_(X;, k;), X_1ki = NPi(K1,...,Ky).

Definition 2.6 ([19]). Let (X;, ;) be digital images, 1 < i < wv. Let z;,2; €
Xi. Letp=(21,...,2),p = (2,...,2),). Wesay p and p’ are adjacent in the
composition or lexicographic adjacency on ITY_; X; if x1 <>, of, or if for some
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index j, 1 < j <w, we have (z1,...,7;) = (¥1,...,2}) and @41 <y, Ty
The adjacency is denoted L(k1, ..., ky).

(]

[ R

FIGURE 2. An illustration of lexicographic adjacency. This is
[0,1]z x {—2,0,2}, with both factors regarded as subsets of
(Z,c1), and the L(c1, 1) adjacency.

Remark 2.7. Notice that for p and p’ to be L(ki,...,ky)-adjacent with xy,
and ), ki-adjacent, for indices m > k we do not require that z,, and z,
be either equal or adjacent. See, e.g., Figure 2, where (0,0) and (1,2) are
L(cq, c1)-adjacent. This is unlike other adjacencies discussed above.

2.2. Connectedness. A subset Y of a digital image (X, k) is k-connected [25],
or connected when k is understood, if for every pair of points a,b € Y there
exists a sequence {y;}, C Y such that a = yo, b = ym, and y; <> y;41 for
0<i1<m.

For two subsets A, B C X, we will say that A and B are adjacent when there
exist points a € A and b € B such that a and b are equal or adjacent. Thus
sets with nonempty intersection are automatically adjacent, while disjoint sets
may or may not be adjacent. It is easy to see that a finite union of connected
adjacent sets is connected.

2.3. Continuous functions. The following generalizes a definition of [25].

Definition 2.8 ([4]). Let (X,x) and (Y, ) be digital images. A function
f:X — Y is (k, A)-continuous if for every s-connected A of X we have that
f(A) is a A-connected subset of Y.

When the adjacency relations are understood, we will simply say that f is
continuous. Continuity can be reformulated in terms of adjacency of points:

Theorem 2.9 ([25, 4]). A function f : X =Y is continuous if and only if, for
any adjacent points x,x’ € X, the points f(x) and f(a') are equal or adjacent.

Note that similar notions appear in [14, 15] under the names immersion,
gradually varied operator, and gradually varied mapping.
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Theorem 2.10 ([3, 4)). If f : (A,k) — (B,A) and g : (B,\) — (C, ) are
continuous, then go f : (A, k) = (C, p) is continuous.

Example 2.11 ([25]). A constant function between digital images is continu-
ous.

Example 2.12. The identity function 1x : (X, k) — (X, k) is continuous.

Definition 2.13. Let (X, k) be a digital image in Z". Let z,y € X. A k-path
of length m from x to y is a set {x;}>, C X such that x = x9, z, =y, and
x;—1 and z; are equal or k-adjacent for 1 <i < m. If x = y, we say {z} is a
path of length 0 from x to x.

Notice that for a path from z to y as described above, the function f :
[0,m]z — X defined by f(i) = z; is (¢1, k)-continuous. Such a function is also
called a k-path of length m from x to y.

2.4. Digital homotopy. A homotopy between continuous functions may be
thought of as a continuous deformation of one of the functions into the other
over a finite time period.

Definition 2.14 ([4]; see also [23]). Let (X,x) and (Y, ') be digital images.
Let f,g: X — Y be (k, k')-continuous functions. Suppose there is a positive
integer m and a function F': X x [0, m]z — Y such that

e forall z € X, F(x,0) = f(z) and F(z,m) = g(z);
e for all z € X, the induced function F, : [0,m]z — Y defined by
F,(t) = F(x,t) for all t € [0, m]z

is (2, k’)—continuous. That is, F(¢) is a path in Y.

e for all ¢t € [0,m]z, the induced function F; : X — Y defined by
Fi(z) = F(x,¢t) forallz € X
is (k, k')—continuous.
Then F is a digital (x, ') —homotopy between f and g, and f and g are digitally

(K, k")—homotopic in Y. If for some zy € X we have F(zo,t) = F(x0,0) for all
t € [0,m]z, we say F holds z¢ fixed, and F is a pointed homotopy.

We denote a pair of homotopic functions as described above by f =~ ./ g.
When the adjacency relations x and x’ are understood in context, we say
f and g are digitally homotopic (or just homotopic) to abbreviate “digitally
(k, k")—homotopic in Y,” and write f ~ g.

Proposition 2.15 (23, 4]). Digital homotopy is an equivalence relation among
digitally continuous functions f: X — Y.

Definition 2.16 ([5]). Let f : X — Y be a (k, &’)-continuous function and let
g:Y — X be a (x/, k)-continuous function such that

ng =rt ! 1x and gOf Zkk ly.
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Then we say X and Y have the same (k, k’)-homotopy type and that X and
Y are (k, x")-homotopy equivalent, denoted X =~ .+ Y or as X ~ Y when &
and k' are understood. If for some z¢p € X and yo € Y we have f(zo) = o,
9(yo) = xp, and there exists a homotopy between f o g and 1x that holds
xo fixed, and a homotopy between g o f and 1y that holds y fixed, we say
(X, x0, k) and (Y, yo, ') are pointed homotopy equivalent and that (X, z() and
(Y, y0) have the same pointed homotopy type, denoted (X, x¢) ~ « (Y, y0) or
as (X, o) ~ (Y, yo) when k and &’ are understood.

It is easily seen, from Proposition 2.15, that having the same homotopy
type (respectively, the same pointed homotopy type) is an equivalence relation
among digital images (respectively, among pointed digital images).

2.5. Continuous and connectivity preserving multivalued functions.
Given sets X and Y, a multivalued function f: X — Y assigns a subset of Y
to each point of x. We will write f : X — Y. For A C X and a multivalued
function f: X — Y, let f(A) = U cq f(7).

Definition 2.17 ([24]). A multivalued function f : X — Y is connectivity
preserving if f(A) C Y is connected whenever A C X is connected.

As is the case with Definition 2.8, we can reformulate connectivity preser-
vation in terms of adjacencies.

Theorem 2.18 ([12]). A multivalued function f : X — Y is connectivity
preserving if and only if the following are satisfied:

e For every x € X, f(x) is a connected subset of Y.

e For any adjacent points x,x’ € X, the sets f(x) and f(x') are adjacent.

Definition 2.17 is related to a definition of multivalued continuity for subsets
of Z™ given and explored by Escribano, Giraldo, and Sastre in [16, 17] based on
subdivisions. (These papers make a small error with respect to compositions,
that is corrected in [18].) Their definitions are as follows:

Definition 2.19. For any positive integer r, the r-th subdivision of Z™ is
Zy ={(z1/r,...,zn)7) | 2i € ZL}.

An adjacency relation k on Z™ naturally induces an adjacency relation (which
we also call k) on Z" as follows: (z1/r,...,2n/7),(21/7,..., 2} /r) are adjacent
in Z7 if and only if (21,...,2,) and (2], ..., z},) are adjacent in Z".

Given a digital image (X, k) C (Z", k), the r-th subdivision of X is

S(X,r)={(x1,...,20) €Z} | (|21],..., |2n]) € X}.

Let E, : S(X,r) — X be the natural map sending (z1,...,2,) € S(X,r) to
(lz1], -y |2n))-
Definition 2.20. For a digital image (X, k) C (Z", k), a function f : S(X,r) —
Y induces a multivalued function F : X —o Y if x € X implies

Fe)= |J @)y

z'€E 1 (z)
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Definition 2.21. A multivalued function F' : X — Y is called continuous

when there is some 7 such that F' is induced by some single valued continuous
function f: S(X,r) = Y.

X 5(X.2)

bl
P |
ko
—

FIGURE 3. [12] Two images X and Y with their second sub-
divisions. (Subdivisions are drawn at half-scale.)

Note [12] that the subdivision construction (and thus the notion of continu-
ity) depends on the particular embedding of X as a subset of Z". In particular
we may have X, Y C Z" with X isomorphic to Y but S(X,r) not isomorphic
to S(Y,r). E.g., in Figure 3, when we use 8-adjacency for all images, X and
Y are isomorphic, each being a set of two adjacent points, but S(X,2) and
S(Y,2) are not isomorphic since S(X,2) can be disconnected by removing a
single point, while this is impossible in S(Y,2).

The definition of connectivity preservation makes no reference to X as being
embedded inside of any particular integer lattice Z".

Proposition 2.22 ([16, 17]). Let F : X — Y be a continuous multivalued
function between digital images. Then

e for all x € X, F(x) is connected; and
e for all connected subsets A of X, F(A) is connected.

Theorem 2.23 ([12]). For (X,k) C (Z™,k), if F : X — Y is a continuous
multivalued function, then F' is connectivity preserving.

The subdivision machinery often makes it difficult to prove that a given
multivalued function is continuous. By contrast, many maps can easily be
shown to be connectivity preserving.

2.6. Other notions of multivalued continuity. Other notions of continu-
ity have been given for multivalued functions between graphs (equivalently,
between digital images). We have the following.

Definition 2.24 ([27]). Let F : X — Y be a multivalued function between
digital images.
e F has weak continuity if for each pair of adjacent z,y € X, f(x) and
f(y) are adjacent subsets of Y.
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e F has strong continuity if for each pair of adjacent x,y € X, every point
of f(z) is adjacent or equal to some point of f(y) and every point of
f(y) is adjacent or equal to some point of f(x).

Proposition 2.25 ([12]). Let F : X — Y be a multivalued function between
digital images. Then F is connectivity preserving if and only if F has weak
continuity and for oll x € X, F(x) is connected.

Example 2.26 ([12]). If F' : [0,1]z — [0,2]z is defined by F(0) = {0,2},
F(1) = {1}, then F has both weak and strong continuity. Thus a multivalued
function between digital images that has weak or strong continuity need not
have connected point-images. By Theorem 2.18 and Proposition 2.22 it follows
that neither having weak continuity nor having strong continuity implies that
a multivalued function is connectivity preserving or continuous.

Example 2.27 ([12]). Let F' : [0,1]z — [0,2]z be defined by F'(0) = {0,1},
F(1) = {2}. Then F is continuous and has weak continuity but does not have
strong continuity.

Proposition 2.28 ([12]). Let F': X — Y be a multivalued function between
digital images. If F has strong continuity and for each x € X, F(x) is con-
nected, then F is connectivity preserving.

The following shows that not requiring the image of a point F(p) to be
connected can yield topologically unsatisfying consequences for weak and strong
continuity.

Example 2.29 ([12]). Let X and Y be nonempty digital images. Let the
multivalued function f: X —o Y be defined by f(z) =Y for all x € X.

e f has both weak and strong continuity.
e f is connectivity preserving if and only if Y is connected.

As a specific example [12] consider X = {0} C Z and Y = {0, 2}, all with ¢;
adjacency. Then the function F : X — Y with F(0) = Y has both weak and
strong continuity, even though it maps a connected image surjectively onto a
disconnected image.

2.7. Shy maps and their inverses.

Definition 2.30 ([5]). Let f : X — Y be a continuous surjection of digital
images. We say f is shy if
e for each y € Y, f~1(y) is connected, and
e for every yo,y1 € Y such that yo and y; are adjacent, f~*({yo,y1}) is
connected.

Shy maps induce surjections on fundamental groups [5]. Some relation-
ships between shy maps f and their inverses f~! as multivalued functions were
studied in [7, 12, 8]. Shyness as a factor or product property for the normal
product adjacency was studied in [9]. We have the following.
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Theorem 2.31 ([12, 8]). Let f : X — Y be a continuous surjection between
digital images. Then the following are equivalent.
e f is a shy map.
e For every connected Yo CY, f~1(Yy) is a connected subset of X .
o f71:Y —o X is a connectivity preserving multi-valued function.
o [71:Y — X is a multi-valued function with weak continuity such that
forally €Y, f~(y) is a connected subset of X.

2.8. Other tools. Other terminology we use includes the following. Given a
digital image (X, k) C Z" and = € X, the set of points adjacent to x € Z" and
the neighborhood of x in Z™ are, respectively,

N.(z) ={y € Z" | y is k-adjacent to x},

Ni(z) = Ni(z) U{z}.
3. MAPS ON PRODUCTS

In this section, we consider various product adjacencies with respect to con-
tinuity of functions.

3.1. General properties.

Definition 3.1. Let k1 and k2 be adjacency relations on a set X. We say k1
dominates kg, K1 >g ka2, OF kg 18 dominated by k1, kg <g k1, if for z,2’ € X, if
x and 7’ are ki-adjacent then x and 2’ are xo-adjacent.

Example 3.2. We have the following comparisons of adjacencies.
For X CZ" and 1 <u <v<n,cy >4 Cy-
For ITY_, (X, k;) and 1 <u < v < n,
Npu(ﬂl, e Iiy) Zd pr(lil, e Hv).

For H;—JZI(XZ', Iii), T(Hl, . Hv) Zd NPU(Hl, . Iiy).
For ITY_, (X;, ki), we have:

— NPy(K1,y-- ko) Zd L(K1,. .., Ky) for 1 <u < v

— T(K1y.--y k) 2d LK1, -y Ko);

— XY 1K =g L(K1, ..., Ky).

Proof. These follow immediately from the definitions of these adjacencies. [

The next example shows that there are adjacencies that can be applied to
the same set X such that neither dominates the other.

Example 3.3. In X = Z°% = Z3 x Z3, neither of T(cz,c2) nor T(cy,c3) domi-
nates the other.

Proof. Consider the points p = (0,0,0,0,0,0) and ¢ = (1,1,0,1,1,0). We have
P 7(ca,e0) @ DUt p and g are not T'(cy, c3)-adjacent. Therefore T'(cz,c2) does
not dominate 7T'(cq, c3).

Now consider = (1,0,0,1,1,1). We have p <7, ¢,) 7 but p and r are not
T'(ca, c2)-adjacent. Therefore T'(c1, c3) does not dominate T'(cg, c2). O
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Domination, and being dominated, are transitive relations among the adja-
cencies of a graph. L.e., we have the following.

Proposition 3.4. Given adjacencies k, A, u for a graph, if K <g XA and A\ <4 u,
then k <4 .

Proof. Elementary, and left to the reader. O

Proposition 3.5. Let f: X — Y be a function.

o Let Ay and A2 be adjacency relations on Y. If f is (k, A1) continuous
and A\ >4 A2, then f is (k, A2) continuous.

e Let k1 and ko be adjacency relations on X. If f is (k1, A)-continuous
and k1 <4 K2, then f is (ka, \)-continuous.

Proof. The assertions follows from the definitions of continuity and the >4
relation. O
Given functions f; : (X;, ki) = (Y3, Ai), 1 <@ < v, the function
I fi : I, X — I, Y;
is defined by
(I, fi)(@1, ..oy 20) = (fi(x1), ..., fo(zy)), where z; € X;.

3.2. Normal product. Here, we recall continuity properties of the normal
product adjacency.

Theorem 3.6 ([9]). Let f; : (Xi, ki) = (Yi,\i), 1 < i <w. Then the product
map

f = H}L'lefi : (H;jlei, NPU(Kl, ey K,U)) — (HleYi, NPU()\h ceey )\U))
is continuous if and only if each f; is continuous.

Theorem 3.7 ([9]). Let X =1IV_ X;. Let f; : (Xi, ki) = (Vi ), 1 <i<w.

e Forl <u <w, ifthe product map f =TIY_, f; : (X, NPy(K1,...,Ky)) =
(ITY_,Y;, NP, (A1, ..., Ky)) s an isomorphism, then for 1 <i <w, f; is
an isomorphism.

o If fi is an isomorphism for all i, then the product map f = IIJ_, f; :
(X,NP,(K1,.-. k) = (IIL_,Y;, NP,(A1, ..., Ky)) is an isomorphism.

Theorem 3.8 ([22, 9]). The projection maps p; : (IIj_1 X, NPy(k1,. .., ky)) =
(Xi, k) defined by pi(x1,...,xy) = x; for x; € (X4, ki), are all continuous, for
1<u<w.

3.3. Tensor product. For the tensor product adjacency, we have the follow-
ing.

Proposition 3.9. Suppose X = IIY_, X; has a pair of T(ka,...,ky)-adjacent
points. Then

e cach X; has 2 k;-adjacent points; and
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o If fi (X, T (K1, h0)) = (HF, Y, T (M1, o, Aw)) is continuous and
not constant on some component of X, then for every j, Y; has 2 \;-
adjacent points.

Proof. Let p = (z1,...,2,) and p' = (2),...,2)) be T(k1,...,ky)-adjacent
in X. Then for each i, z; and 2z} are k;-adjacent in X;, which establishes
the first assertion. Further, if f is as hypothesized, the continuity of f implies
there are T'(k1, . . ., ky)-adjacent p, p’ such that f(p) = (y1,...,yw) and f(p') =
(Y4, -.,y.,) are unequal, hence T'(Aq, ..., Ay)-adjacent. Therefore, for all j, y;
and y; are \;-adjacent. O

It is easy to construct examples showing that the assertions obtained from
Proposition 3.9 by substituting the normal product adjacency NP, for T are
false.

Theorem 3.10. Let X =1I7_, X;, Y =1I7_,Y;. If the product map
f = H;jzlf’i : (XaT(Kla CER) KU)) — (KT()‘la o 7)"11))
is continuous, then for each i, f; : (X;, ki) = (Yi, \;) is continuous.

Proof. If x;, x} are k;-adjacent in X;, then p = (x1,...,z,) and p’ = (z},...,2))
are T'(Kk1,. .., ky)-adjacent in X. Thus f(p) and f(p’) are equal or T'(A1, ..., Ay )-
adjacent in Y. This implies f;(z;) and f;(z}) are equal or A;-adjacent in Y;.

Thus f; is continuous. (I

However, the converse to Theorem 3.10 is not generally true, as shown in
the following.

Example 3.11. Let f : [0,1]z — [0,1]z be the identity function. Let g :
[0,1]z — [0, 1]z be the constant function g(z) = 0. Then, using Examples 2.12
and 2.11, f and g are each (cy, ¢1)-continuous, but f x g : [0,1]z x [0,1]z —
[0,1])z x [0,1]z is not (T'(c1,c1), T (c1,¢1))-continuous.

Proof. This follows from the observations that (0,0) and (1,1) are T'(c1,¢1)-
adjacent, but (f x ¢)(0,0) = (0,0) and (f x g)(1,1) = (1,0) are neither equal
nor T'(cq1, ¢1)-adjacent. O

A partial converse to Theorem 3.10 is obtained by using the following notion.

Definition 3.12. A continuous function f : (X, k) — (Y, ) is locally one-to-
one if f|N:(x,1) is one-to-one for all x € X.

Note any function between digital images that is one-to-one must be locally
one-to-one.

Theorem 3.13. Suppose f; : (X, ki) = (Yi, \i) is continuous and locally one-
to-one for1 <1 <w. Then the product function f =1I}_, f; : II;_, X; — II}_|Y;
18 (T (K1, ...y 60), T(M1, ..., \y))-continuous and locally one-to-one.
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Proof. Suppose f; : (X, ki) = (Yi, \;) is continuous and locally one-to-one
for 1 < i <w. Let p=(x1,...,2) and p' = (af,...,2) be T(k1,...,ky)-
adjacent, where x; and z) are k;-adjacent in X;. Since f; is continuous and
locally one-to-one, we must have that f;(z;) and f;(z}) are A\;-adjacent in Y;.
Thus, f(p) and f(p’) are T (A1, ..., \,)-adjacent, so f is continuous and locally
one-to-one. (I
Theorem 3.14. Let X =1I7_, X;, Y =1I7_,Y;. Then the product map
f = Hf:lf’i : (XaT(Kla CER) KU)) — (KT()‘la o 7)"11))

is an isomorphism if and only if each f; is an isomorphism.

Proof. If f is an isomorphism, each f; must be one-to-one and onto. Therefore,
f;l :Y; — X, is a single-valued function.
By Theorem 3.10, each f; is continuous. Since f~! = IIY_,; fi_l, it follows
from Theorem 3.10 that each fz-_1 is continuous. Hence f; is an isomorphism.
Conversely, if each f; is an isomorphism, then f is one-to-one and onto, so
=y, f[l is a single-valued function. By Theorem 3.13, f is continuous.
Similarly, f~! is continuous. Therefore, f is an isomorphism. (I

Theorem 3.15. The projection maps p; = (IIV_; Xi, T(K1, ..., k) = (Xi, Kq)
defined by pi(x1,...,2y) = z; for z; € X; are all continuous.

Proof. Let p = (1,...,%y) and p’ = (z,...,2)) be T'(k1,. .., ky)-adjacent in
ITY_, X;, where z;, 2, € X;. Then for all indices ¢, x; = p;(p) and z; = p;(p’)
are k;-adjacent. Thus, p; is continuous. O

A seeming oddity is that a common method of injection that is often contin-
uous, is not continuous when the tensor product adjacency is used, as shown
in the following.

Proposition 3.16. Let (X, k) and (Y, ) be digital images. Lety € Y. If X
has a pair of k-adjacent points, then the function f : X — (X x Y,T(k,\))
defined by f(x) = (x,y) is not continuous.

Proof. This is because given k-adjacent z,z’ € X, f(x) = (z,y) and f(z')
(2, y) are not T'(k, A)-adjacent.

ol

3.4. Cartesian product.

Theorem 3.17. Let f; : (X;,k;) — (Yi, \i) be functions between digital im-
ages, 1 < i <w. Let X =1I!_, X;, Y =1I'_,Y;. Then the product function
f=10fi: X =Y is (X¥V_1ki, Xy Ai)-continuous if and only if each f; is
continuous.

Proof. Suppose f is continuous. Let z; <+, o} in X;. Let p = (z1,...,2y),
P = (x1,...,Tio1, %}, Tit1,...,Ty). Then p XY p’, so either f(p) = f(p')
/

or f(p) «>xv_,x, f(p'). The former case implies fi(x;) = fi(z}) and the latter
case implies f;(x;) <>, fi(z}). Hence f; is continuous.
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Suppose each f; is continuous. Let p and p’ be x}_,k;-adjacent points of
X. Then there is only one index k in which p and p’ differ, i.e., for some
z; € X;and o), € Xy, p = (x1,...,%0), P = (T1,. ., The1, Thy Thp1, - - - Tw),
and zj ¢4, o4. Then f(p) and f(p') have the same i** coordinate for i # k,
and have k' coordinates of fi(zx) and fi(x}), respectively. Continuity of
fr implies either fx(zx) = fe(z)) or fe(zx) <ru, fr(x}). Therefore, f is
continuous. O

Theorem 3.18. The projection maps p; : (IIY_1 X;, XV_1ki) = (X;, k;) defined
by pi(x1,...,2y) = x; for x; € X; are all continuous.

Proof. This follows from Proposition 2.5 and Theorem 3.8. (|
By contrast with Proposition 3.16, we have the following.

Proposition 3.19. Let (X;, k) be digital images, 1 < i < wv. Let z; € X;.
The functions I; : X; — (IIV_, X;, X¥_, k;) defined by

(z,z2,...,2,) fori=1;
Li(z) = ¢ (1, ..,2i-1,2,Tip1 ..., &y) for 1 <i<owv;
(xl,...,$y_1,$) fOTiZU,
are continuous.
Proof. This follows immediately from Definition 2.4. (]

Theorem 3.20. Let X =1I7_, X;, Y =1I7_,Y;. Then the product map
f=I01fi s (X, X k) = (Yo xE2 )
is an isomorphism if and only if each f; is an isomorphism,.
Proof. Suppose f is an isomorphism. Then it follows from Proposition 2.5 and
Theorem 3.7 that f; is an isomorphism.
Suppose each f; is an isomorphism. Then f must be one-to-one and onto,

and by Theorem 3.17, f is continuous. Similarly, f~1 = IT?_, fz-_1 is continuous.
Therefore, f is an isomorphism. (I

3.5. Lexicographic adjacency.
Theorem 3.21. Suppose f; : (X;, ki) = (Yi, \i) is a function between digital
tmages, 1 <i <w. Let f =1I7_, f; : II_ X; — II7_Y; be the product function.
o Iffis(L(Ki,...,6v), L(A1,...,Ay))-continuous, then each f; is (ki Ai)-
continuous. Further, if f is locally one-to-one, then each f; is locally
one-to-one.

e If each f; is a continuous function that is locally one-to-one, then f is
(L(K1y .-y Kw), L(A1, ..., Ay))-continuous.

Proof. Suppose f is (L(k1,-..,5v), L(A1,..., Ay))-continuous. Let z;,z; € X;

such that x; <>, «;. Let pg = (21, 22,...,2,) and let
(2}, 22, ..., 2y) for i =1;
Di=1 (@1, 0, Tim1, &%, Tig1,...,Ty) forl <i<uw;
(T1y.. . Ty_1,T) for i = .
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Notice
(3.1)  po and p; differ only at index ¢ and po <> (s, ,....k,) Pi for 1 <i < w.

Therefore, f(po) and f(p;) are L(\q,..., \,)-adjacent or equal. It follows from
statement (3.1) that f;(x;) and f;(x}) are A;~adjacent or equal. Since {z;,x}} is
an arbitrary set of k;-adjacent members of X;, f; is (ki, \;)-continuous. Further
if f is locally one-to-one, then from statement (3.1), f;(z;) and f;(z}) are not
equal, so f; is locally one-to-one.

Suppose each f; is continuous and locally one-to-one. Let p,p’ € X =
ITY_, X;, where p = (x1,...,2y), p' = (2},...,2), for z;,z, € X;. Assume
P L(ky,....n0) P Let k be the smallest index such that xy <., },. Since f is

locally one-to-one,

(3.2) fi(ar) e fr(ay)-
o If k=1, it follows from Definition 2.6 that f(p) <+p(,,...x,) f(P')-
e Otherwise, i < k implies x; = a}, hence f;(x;) = f;(«}). Together with
statement (3.2), this implies f(p) <>r(n,,...2,) J(P')-
Then f is (L(K1,...,kv), L(A1,...,Ay))-continuous, since p and p’ were arbi-
trarily chosen. O

The following example illustrates the importance of the locally one-to-one
hypothesis in Theorem 3.21.

Example 3.22. Let X; = [0,i]z for ¢ € {1,2}. Let f: X3 — X3 be the con-
stant function with value 0. Then f and 1x, are (¢1,c1) continuous. However,
fx1x,: X1 x Xo — X2 is not (L(cy,c1), L(cy, ¢1))-continuous.

Proof. Consider the points p = (0,0) and p’ = (1,2). These points are L(c1, ¢1)-
adjacent in X7 x X5. However, (f X 1x,)(p) = (0,0) and (f x 1x,)(p") = (0,2)
are neither equal nor L(cy, ¢;)-adjacent in X3. O
Theorem 3.23. Suppose f; : (Xi, k) = (Yi, \i) is a function between digital
tmages, 1 <i <w. Let f =1I7_, f; : II_ X; — II7_Y; be the product function.
Then f is an (L(K1,...,kKy), L(A1, ..., \y))-isomorphism if and only if each f;
is a (Ki, Ai)-isomorphism.

Proof. This follows easily from Theorem 3.21. O

Proposition 3.24. The projection map p1 : (IIV_; X;, L(K1, - - ., ky)) = (X1, K1)
18 continuous.

Proof. Let p <1 (x,,....x,) P INI_ 1 X;. Thenp = (21,...,2,), p" = (27,...,2),)

o
for some x;, 2, € X;, where either z1 = ] or z1 <>, 2. Since p1(p) = z1 and
p1(p') =, it follows that p; is continuous. O

By contrast, we have the following.

Example 3.25. Let v > 1. The projection maps p; : ([0,2]y, L(c1,...,c1)) —
([0, 2]z, 1) are not continuous for 1 < i < wv.
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Proof. Let x = (0,0,...,0), y = (1,2,...,2). Then = <. ) ¥ in [0,2]7,
but ¢ > 1 implies p;(z) = 0 and p;(y) = 2, which are not ¢j-adjacent in [0, 2]z.
The assertion follows. (]

3.6. More on isomorphisms. We have the following.

Theorem 3.26. Let o : {i}Y_; — {i}}_; be a permutation. Let f; : (X, ki) —
(Yo(i), Ao(iy) e an isomorphism of digital images, 1 < i < w. Let 1 < u < v.
Let (k, \) be any of

(NPy(K1,. .y k0), NPu(Ag1)s - Ao())),
(T(K1y -y 60), T(Ao(1)s -+ Aa(w))), O
(Xi=1Kis Xi=1Aa(s))-
Let X =1I_1 Xy, Y =1I_1Y5i). Then the function f: X —'Y defined by
flar, o mo) = (filar), - (fol@))
18 an isomorphism.

Proof. Tt is easy to see that f is one-to-one and onto. Continuity of f and
of f=1 follows easily from the definitions of the adjacencies under discussion.
Thus, f is an isomorphism. O

The following example shows that the lexicographic adjacency does not yield
a conclusion analogous to that of Theorem 3.26.

Example 3.27. Let X; = {0,1} C (Z,c1). Let X3 = {0,2} C (Z,c1). Then
X = (X1 x Xa,L(c1,¢1)) and Y = (X2 x X1, L(cy, ¢1)) are not isomorphic.

Proof. Observe that X is connected, since the 4 points of X form a path in the
sequence

(0,0), (1,0), (0,2), (1,2)
(see Figure 2). However, Y is not connected, as there is no path in Y from
(0,0) to (2,0). The assertion follows. O

4. CONNECTEDNESS

In this section, we compare product adjacencies with respect to the property
of connectedness.

Theorem 4.1 ([9]). Let (X, k;) be digital images, i € {1,2,...,v}. Then
(Xi, k4) is connected for all © if and only (IIV_y X;, NPy(K1,...,Ky)) S con-
nected.

Theorem 4.2. Let (X;, ;) be digital images, i € {1,2,...,v}. If IIY_ X, is
T(k1,...,ky)-connected, then X; is k;-connected for all i.

Proof. These assertions follow from Definition 2.8 and Theorem 3.15. O

However, the converse to Theorem 4.2 is not generally true, as shown by the
following.
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Example 4.3. Let X = {0} C Z, Y = [0,1]z C Z. Then X and Y are each
ci-connected. However:

e X xY ={(0,0),(0,1)} is not T(c1, c1)-connected.

e Y xY has two T'(cy, ¢1)-components, {(0,0),(1,1)} and {(1,0), (0,1)}.

See also Figure 1(c), which illustrates that M.SCs x [0, 1]z is not T'(ca, ¢1)-
connected, although MSCs is co-connected and [0, 1]z is ¢;-connected.
For the Cartesian product adjacency, we have the following.

Theorem 4.4. Let (X;, ;) be digital images, i € {1,2,...,v}. Then IIY_; X,
is X7_yki-connected if and only if X; is ki-connected for all i.

Proof. Suppose X = II{_; X; is x}_;k;-connected. It follows from Proposi-
tion 3.18 that each X is k;-connected.

Suppose each X is s;-connected. Let p = (z1,...,2,) and p’ = (2, ..., 2))
be points of X such that x;, 2] € X;. There are k;-paths P; in X; from z; to

xf. If the functions I; are as in Proposition 3.19, then it is easily seen that

Ui, Li(P) is a x¥_;k;-path in X from p to p'. Since p and p’ were arbitrarily
chosen, it follows that X is x}_,k;-connected. (]
Proposition 4.5. Let (X, x) and (Y, \) be digital images, such that |X| > 1.
Then (X x Y, L(k,A)) is connected if and only if (X, k) is connected.

Proof. Suppose (X, k) is connected. Let p = (z,y), p’ = (¢/,y'), with z, 2" € X,
v,y €Y.
e If x = 2/ then, since | X| > 1 and X is connected, there exists g € X
such that = <+, x9. Therefore, p <. ) (Z0,¥) <Ly (@,Y) =0
e Suppose  # x’. Since X is connected, there is a path in X, P =
{z;}, such that

T =0 g T g v 9 T S T = .
Therefore,

p = (70,y) 7 L(K,\) (z1,9") S L(k,A) (z2,9") SPL(kA) - -

P L(k,\) (xn,y") =

Therefore, (X X Y, L(k, A)) is connected.

Suppose (X, k) is not connected. Then there exist z, 2" € X such that z and
2’ are in distinct components of X. Let y,y’ € Y. By Definition 2.6, there is
no path in (X x Y, L(k, A)) from (z,y) to (2/,y’). Therefore, (X x Y, L(k, \))
is not connected. (I

An argument similar to that used for the proof of Proposition 4.5 yields the
following.

Theorem 4.6. Let (X;,k;) be digital images, 1 < i
smallest index for which |Xy| > 1. Then (ITIY_; X;, L(k
if and only if (Xg, ki) is connected.

< v. Suppose k is the
1,5 Ky)) 18 connected
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5. HoMmoTOPY

5.1. Tensor product. In [9], it is shown that many homotopy properties are
preserved by Cartesian products with the NP, adjacency. We show that we
cannot make analogous claims for the tensor product adjacency.

Example 5.1. There are digital images (X;, x;) and (¥;, A;) and continuous
functions f;,¢9; : X; = Y;, i € {1,2}, such that

Ji =2 gi but f1 X fo (e, ka),T(A A2) 91 X G2

Proof. We can use Example 4.3. E.g., if X3 = Xo = Y7 = Y2 = [0,1]z,
f1 = fo: X3 — Y7 is the identity function, and g1 = g2 : Xo — Y5 is the
constant function taking the value 0, we have fi ~¢ ¢ ¢1 and fo ~¢ ¢ go-
As we saw in Example 4.3, [0,1]2 is not T'(c1, c1)-connected, so its identity
function f; X fa is not homotopic to the constant function g; X gs. O

Example 5.2. There are digital images (X;, ;) and (Y;, \;) for i € {1,2},
such that X; and Y; have the same homotopy type, but (X1 x Xo, T (k1,A1))
and (Y7 x Ys, T(k2, A2)) do not have the same homotopy type.

Proof. We saw in Example 4.3 that [0,1]2 is not T'(c1, ¢1)-connected; however,
it is trivial that {0}2 = {(0,0)} is T(c1, ¢1)-connected. Therefore, we can take
X1:X2:[0,1]ZC (Z,Cl),Y1:Y2:{O}C (Z,Cl). O

5.2. Cartesian product adjacency.

Theorem 5.3. Let f;,g; : (Xi, k) = (Yi, \i) be continuous functions between
digital images, 1 <i<w. Let X =1I_, X;, Y =110 Y;, f=1I!_, fi : X = Y,
g=1_19;: X =Y. Then f ~xv_ w; xv_ x g if and only if for all i, fi >y, x,
gi. Further, f and g are pointed homotopic if and only if for each i, f; and g;
are pointed homotopic.

Proof. Suppose f ~yv_ x; xv_ a, g- Then there is a homotopy

H : H?:lXi X [O,m]z — HleXi
such that H(p,0) = f(p) and H(p,m) = g(p) for all p € X. Let z; € X; and
let H; : X; x [0,m]z — Y; be defined by

Hi(x,t) = p;i(H(I;(x),t)),

where I; is the continuous injection of Proposition 3.19 corresponding to the
point (z1,...,2,) € X and p; is the continuous projection map of Theo-
rem 3.18. Then

H;(2,0) = pi(f(Li(x)) = fi(x) and Hi(z,m) = pi(9(L;(2)) = gi().
Since the composition of continuous functions is continuous (Theorem 2.10), it
follows that H; is a homotopy from f; to g;. Further, if H holds some point
po of X fixed, then we can take pg = (21,...,2,) to be the point of X used in
Proposition 3.19, and we can conclude that H; holds p;(p) = z; fixed.
Suppose for all i, f; ~u, x, ¢i- Let H; : X; x [0,my]z — Y; be a (i, Ai)-
homotopy from f; to g;. We execute these homotopies “one coordinate at a
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time,” as follows. For z = (1,...,2y) € X such that z; € X;, let M; =
> p—q m; for all i and let H : X x[0, M,]z — Y be defined by H(z1,. .., 2y, 1)

o (Hi(z1,1), fa(z2),. .., folzy)) if 0 <t < my;
o (gi(x1)...,gj-1(xj-1), Hj(zj, t=M;j—1), fit1(zj41), .- fo(@y)) i Mg <
t § Mj;
L] (gl(acl) e 791;—1(%—1), Hv(xv,t — Mv—l)) if Mj_l <t< Mj.
It is easily seen that H is well defined and is a homotopy from f to g.
Further, if H; holds x; fixed, then H holds z fixed. ([

Corollary 5.4. Let (X;, ki) and (Y, \;) be digital images, 1 < i < v. Then
X =M1 X; and Y =TI'_,Y; are (X¥_1ki, XP_1\i)-(pointed) homotopy equiv-
alent if and only if for each i, (X;,k;) and (Yi, \i) are (pointed) homotopy
equivalent.

Proof. This follows from Theorem 5.3. O

5.3. Lexicographic adjacency.

Theorem 5.5. Let (X;, r;) be digital images for 1 <i<w. Let X =1IY_; X,.
If there is a smallest index k such that | Xy| > 1, then (X, L(k1,...,ky)) and
(Xk, ki) have the same pointed homotopy type.

Proof. For each i # k, let ©; € X;. Let Iy : Xy — X be the injection of
Proposition 3.19. By choice of k, Ij, is (kk, L(K1, . .., ky))-continuous. Also by
choice of k, the projection map py : (X, L(k1,...,ky)) = (Xk, Kg) is continu-
ous. Notice py o I, = 1x,. Also, the function H : X x [0,1]z — X defined for
p=(y1,....y) € X with y; € X; by

p ift =0;
_ ) (@a,. 1) ift=1and k=1;
Hpt) = (T1ye ooy The1y Yy Thog1s-- -, Tp) ft=1and 1 <k <wv;
(T1,-+ s Tp—1,Y0) ift=1and k=,

is easily seen from the choice of k£ to be a homotopy from 1x to I o p; that
holds fixed the point (z1,...,x,). The assertion follows. O

Corollary 5.6. Let (X,k) and (Y, ) be digital images of different pointed
homotopy types. If | X| > 1 and |Y| > 1, then (X x Y,L(k,\)) and (Y x
X, L(\ k) have different pointed homotopy types.

Proof. This follows immediately from Theorem 5.5. O

Corollary 5.7. Let (X;, ;) and (Y;, \;) be digital images, 1 <i <wv. Let X =
Iy, X;, Y =TIV, Y;. Suppose there exist a smallest index j such that | X;| > 1,
and a smallest index k such that |Yi| > 1. If (X;,k;) and (Yi, ki) have the
same (pointed) homotopy type, then (X, L(K1,...,Ky)) and (Y,L(A1,...,\y))
have the same (pointed) homotopy type.
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Proof. By Theorem 5.5, (X, L(k1,...,ky)) and (X}, ;) have the same pointed
homotopy type, and (Yi,Ar) and (Y, L(A1,...,A,)) have the same pointed
homotopy type. Since we also have assumed (X, x;) and (Yj, A\x) have the
same (pointed) homotopy type, the assertion follows from the transitivity of
(pointed) homotopy type. O

6. RETRACTIONS

Definition 6.1 ([2, 3]). Let Y C (X, k). A (k, k)-continuous function r : X —
Y is a retraction, and A is a retract of X, if r(y) =y forally € Y.

Theorem 6.2 ([12]). Let A; C (Xi, ki), ¢ € {1,...,v}. Then A; is a retract
of X; for all i if and only if IIY_, A; is a retract of (IIV_y X;, NPy (K1, ..., ky)).

6.1. Tensor product adjacency. The following example shows that one of
the assertions obtained by using the tensor product adjacency rather than N P,
in Theorem 6.2 is not generally valid.

Example 6.3. Let X = {(0,0), (1,0), (1,1)} C (Z?,¢cz). Observe that X' =
{(0,0), (1,0)} is a co-retract of X, and {0} is a c¢;-retract of [0, 1]z. However,
X' x {0} is not a T'(cz, c1)-retract of X x [0,1]z.

Proof. Note X x [0,1]z is T'(cg, ¢1)-connected, since
(0,0,0), (1,0,1), (1,1,0), (0,0,1), (1,0,0), (1,1,1)

is a listing of its points in a T'(cg, ¢1)-path; but X’ x {0} = {(0,0,0),(1,0,0)}
is not T'(cg, ¢1)-connected. The assertion follows. O

The question of whether IIY_; A; being a retract of (IIY_, X;, T'(K1, ..., ky))
implies A; is a k;-retract of X, for all 4, is unknown at the current writing.

6.2. Cartesian product adjacency. For the Cartesian product adjacency,
we have the following analog of Theorem 6.2.

Theorem 6.4. Suppose A; C (X;, k). Let X =TIV X;, A=1IY | A;. Then
there is a retraction v; : X; — A;, 1 <i < v if and only if there is a retraction
o (X, XY ki) = (A, XV ki)

Proof. Suppose there is a retraction r; : X; = A;, 1 <i <wv. Let r =1I}_;7; :
X — A. Clearly r(z) € A for all x € X, and r(a) = a for all @ € A. By
Theorem 3.17, r is continuous. Therefore, 7 is a retraction.

Conversely, suppose there exists a retraction r : (X, x¥_,k;) = (A4, X¥_ k).
Let r; = piorol; : (X, ki) = (A4;,k;), where I; is the injection of Proposi-
tion 3.19 and the z; of Proposition 3.19 satisfies z; € A;. Since composition
preserves continuity, Theorem 3.18 and Proposition 3.19 imply r; is continuous.
Further, for a; € A; we clearly have r;(a;) = a;. Thus, r; is a retraction. O
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6.3. Lexicographic adjacency. For the lexicographic adjacency, we do not
have an analog of Theorem 6.2, as shown by the following example.

Example 6.5. {0} is a ¢;-retract of [0, 1]z and [1,4]z is a ¢;-retract of [0, 5]z.
However, A = {0} x [1,4]z is not an L(cy, ¢1)-retract of X = [0, 1]z x [0, 5]z.

Proof. We give a proof by contradiction. Suppose there is an L(cq, ¢1)-retraction
r:[0,1]z x [0,5]z — {0} x [1,4]z. Notice p = (0,1) ¢>1(¢,,¢y) (1,5) = p’. Since
r(p) = p, the continuity of 7 requires that r(p') = p or r(p) <>L(c,,c,) P, hence

r(p’) € {p,(0,2)}.
But also p’ <+ 1(c,,e;) (0,4) = ¢, and since r(q) = ¢, the continuity of r similarly
requires that
r(0') Lienen 16, (0,3)}
Therefore,
r(®) € {p,(0,2)} N {q,(0,3)} = 2.
Since this is impossible, no such retraction r can exist. (I

7. APPROXIMATE FIXED POINT PROPERTY

Some material in this section is quoted or paraphrased from [9, 10].
In both topology and digital topology,

e a fized point of a continuous function f : X — X is a point z € X
satisfying f(z) = x;
e if every continuous f : X — X has a fixed point, then X has the fized
point property (FPP).
However, a digital image X has the FPP if and only if X has a single point [10].
Therefore, it turns out that the approzimate fixed point property is more inter-
esting for digital images.

Definition 7.1 ([10]). A digital image (X, k) has the approzimate fixed point
property (AFPP) if every continuous f : X — X has an approximate fized
point, i.e., a point z € X such that f(z) is equal or k-adjacent to .

The following is a minor generalization of Theorem 5.10 of [10].

Theorem 7.2 ([9]). Let (X;, ;) be digital images, 1 < i < v. Then for any
u € Z such that 1 < u <w, if (IY_,X;, NP,(k1,...,Kky)) has the AFPP then
(Xi, ki) has the AFPP for all i.

Determining whether analogs of Theorem 7.2 for the tensor product adja-
cency, or for the Cartesian product adjacency, are generally true, appear to be
difficult problems. The following examples show that the analogs of converses
to Theorem 7.2 for the tensor product adjacency and for the Cartesian product
adjacency are not generally true.

Example 7.3. Although ([0, 1]z, ¢1) has the AFPP [25], ([0,1]2,T(c1, ¢1)) does
not have the AFPP.
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Proof. Consider the function f : [0,1]2 — [0, 1]2 defined by f(a,b) = (1 —a,b),
ie.,

f(0,0) =(1,0), f(0,1)=(1,1), f(1,0)=(0,0), f(1,1)=(0,1).
One can easily check that f is continuous and has no approximate fixed point
when the T'(c1, ¢1) adjacency is used. O

Example 7.4. Although ([0, 1]z, c1) has the AFPP, ([0,1]2,¢1 X ¢1) does not
have the AFPP.

Proof. Consider the function f : [0,1]2 — [0, 1]2 defined by f(a,b) = (1—a,1—
b), i.e.,

f(0,0) = (17 1), f(oa 1) = (170)a f(l,O) = (Oa 1)7 f(lv 1) = (050)'

One can easily check that f is continuous and has no approximate fixed point
when the ¢; X ¢; adjacency is used. O

We have the following.

Theorem 7.5. Let (X;,k;) be digital images, 1 < i < v. Suppose there is a
smallest index k such that Xy is ki-connected and |X| > 1. If the product
(ITY_, X, L(K1, ..., Ky)) has the AFPP property, then (X, k) has the AFPP
property.

Proof. Let X =1I}_, X;.

Suppose the product (X, L(k1,...,ky)) has the AFPP property. Let g :
X — X be k-continuous. Let z; € X;. Notice this means X; = {z;} for
1 <k.Let X =1I"_, X;. Let G: X — X be defined by

(g(yl)aIQa"'7xU) lfk'zl,
G(yla"'ayv): (Ila'"7xk—17g(yk)7xk+la---am’u) if1<k<v;
(Zla"'axﬂflag(yy)) if Kk =w.
Since g is Kg-continuous, our choice of k implies G is L(k1, .. ., ky)-continuous.

By hypothesis, there is a p = (y},...,y,) € X with y, € X; such that G(p) = p
or G(p) <> p. Therefore, either

9(yr) = pr(G(p)) = pe(p) = Yk or 9(Wi) < s Vi
Thus, yj, is an approximate fixed point for g. ([

8. MULTIVALUED FUNCTIONS

We study various product adjacencies with respect to properties of multi-
valued functions.
The following has an elementary proof.

Proposition 8.1. Let f: (X,k) = (Y, A) be a single-valued function between
digital images. Then the following are equivalent.

e f is continuous.
o As a multivalued function, f has weak continuity.
o As a multivalued function, f has strong continuity.
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For multivalued functions F; : X; — Y;, 1 < ¢ < v, define the product
multivalued function

Y, F; - 1Y, X; — IV Y;
by
(IL_  F) (1, - - .y my) = II_ Fi(24).

8.1. Weak continuity. For NP,, we have the following results.
Theorem 8.2 ([9]). Let F; : (X, ki) — (Yi, Ai) be multivalued functions for

1<i<wv. Let X =1IY_ | X,;, Y =II"_,Y;, and F =1I}_, F; : (X, NPy(K1,...,Kky)) —©

(Y,NP,(A1,...,\)). Then F has weak continuity if and only if each F; has
weak continuity.

For the tensor product, we have the following.

Theorem 8.3. For each index i such that 1 <i <w, let f; : (X, k:) —o (Yi, \)
be a multivalued map between digital images. Let X =1I7_, X;, ¥ =1II7_, Y
If the product multivalued map

= fi (X, T(K1y. .y k) = (Y, T (A1, .00, A)
has weak continuity, then for each i, f; has weak continuity.

Proof. For all indices i, let x; <»., ; in X;. Then, in X, we have p =
(T1, 0003 T0) S T(y,m0) P = (21,...,2),). The weak continuity of f implies
f(p) and f(p') are adjacent subsets of (Y, T (A1, ..., Ay)). Therefore, there exist
y € f(p) and y' € f(p') such that y =y or y <>r(r,,.0,) Y-

Now, y = (y1,...,Y») where y; € fi(z;), and v’ = (v},...,y,) where y] €
fi(z;). If y = 3 then we have y; = y; for all indices i. If y <p(n,,...a) ¥
then we have y; <>, y. for all indices . In either case, we have for all ¢ that
fi(x;) and f;(z}) are adjacent subsets of Y;. It follows that each f; has weak

continuity. (I

The converse of Theorem 8.3 is not generally true, as shown by the following.

Example 8.4. Let f and g be the single-valued functions of Example 3.11. By
Proposition 8.1, f and g have weak continuity. However, Example 3.11 shows
that f x g is not (T'(c1,¢1), T (c1,¢1))-continuous, so by Proposition 8.1, f x g
does not have (T'(cy,¢1),T(c1,c1))-weak continuity.

For the Cartesian product adjacency, we have the following.

Theorem 8.5. Let f; : (X;,k;) —o (Yi, \;) be multivalued maps between dig-
ital tmages, 1 < i < wv. Let X =1II}_,X;, Y = II_,Y;. Then the product
multivalued map

f=T0 i 0 (X, x{_gki) —o (Y, X1 \i)

has weak continuity if and only if for each i, f; has weak continuity.
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Proof. Suppose f has weak continuity. Let x; <>, 2} in X;. Let
= (x1,...,2Ty) € X,
' = (x1,..., 21,2, Tj41,. .., 2) € X for some index j.

We have x vk 2. Therefore, there exist
Yy = (y17 s 7?]11) € f(x) = Hg:lfl(xz);

Y = W0 ¥,) € F(@') = TUZ filwa) x f(s) x Ty fulws)
such that y «<»xv_ , 3. Therefore, we have y; € f;(z;), y; € f;i(z}), and
yj = yj or y; <>x; y;. Thus, f; has weak continuity.

Suppose each f; has weak continuity. Let p <+xv_ ., p' in X, where p =
(X1, oy xy), = (2h,...,2)), z,2, € X;, and, from the definition of the
xi_y ki adjacency, there is one index j such that x; <, :c; and for all in-
dices ¢ # j, x; = ) and therefore f;(x;) = fi(z}). Since f; has weak
continuity, there exist y; € fj(z;) and y; € f;j(«) such that y; = yj or
Yj < Y. For i # j we can take y; € fi(v;). Then y = (y1,...,¥,) and
v = (y1,... 7yj_17y‘;-7yj+1, ..., Yp) are equal or x?_;\;-adjacent, and we have
y € f(p), ¥y € f(p'). Therefore, f has weak continuity. O

For the lexicographic adjacency, Example 8.10 below shows there is no gen-
eral product property for weak continuity, and Example 8.11 below shows there
is not a general factor property for weak continuity.

8.2. Strong continuity.

Theorem 8.6 ([9]). Let F; : (X, ki) — (Yi, Ai) be multivalued functions for
1<i<wv. Let X =Y, X;, Y = I_,Y;, F = I"_,F : (X, NPy(k1,. .., )
— (Y,NP,(AM1,..., ). Then F has strong continuity if and only if each F;
has strong continuity.

For the tensor product adjacency, we have the following.

Theorem 8.7. Let f; : (X, ki) — (Yi, \i) be multivalued maps between digital
tmmages, 1 <i <w. Let X =1I!_, X;, Y = II}_,Y;. If the product multivalued
map

F=I fi (X, T(K1y. .y k0)) = (Y, T (A1, .00, A\))
has strong continuity, then for each i, f; has strong continuity.

Proof. Let z; ., «, in X;. Let p = (x1,...,2,) and p' = (2f,...,2)).
Note p < 7(xy,...k,) P in X. Since f has strong continuity, for every ¢ =
(W1, y0) € f(p) =i, fi(x;) wherey; € fi(z;), there exists ¢ = (y1,...,vs,)
F(") = IIi_, fi(x}) where y; € fi(x]) such that either ¢ = ¢’ or g <>p(x,....a,)
¢’; and therefore y; = y} for all ¢ or y; <>y, vy, for all . Also, for every
= (rl,...,r) € f(p') where r; € f;(x}), there exists r = (r1,...,7) € f(p)
where 7; € fi(x;) such that either r = +" or r <+p(x,,...a,) r’; and therefore
r; =} for all ¢ or r; <>y, r} for all 2. Thus f; has (k;, \;)-strong continuity. O

The converse of Theorem 8.7 is not generally true, as shown by the following.
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Example 8.8. Let f1 : ([0,1]z,¢1) — ([0,1]z, c1) be defined by fi(z) = {0}.
Let f3: ([0,1]z,c1) — ([0,1]z,c1) be defined by fo(x) = {x}. Then f; and fo
both have strong continuity. However, f1 X fo does not have (T'(c1,¢1), T (¢1,¢1))-
strong continuity.

Proof. Tt is easily seen that f; and f» both have strong continuity. However,
in Example 8.4, we showed that fi; x fo does not have (T'(c1,¢1),T(c1,¢1))-
weak continuity. Therefore, f1 X fo does not have (T'(c1,¢1), T (c1,c1))-strong
continuity. (I

Theorem 8.9. Let f; : (Xi,k;) — (Yi, \;) be multivalued maps between dig-
ital images, 1 < i < v. Let X = II}_ X Y =1IIY_,Y;. Then the product
multivalued map

f=T01fi o (X, Xy k) —o (Y, (1 A)
has strong continuity if and only if for each i, f; has strong continuity.

Proof. Suppose f has strong continuity. Let z; <, #} in X;. Then

/ /
b= (xla" ';mv) <_>><;’:1/<;i (xlw' 'amjflaxjaijrla" '79371) =Pp

in X, for some index j. Since f has strong continuity, we must have that for
every q= (ql,...,qv) € f(p) there exists ¢ = (¢},...,q,) € f(p') such that
q=q orq<rxv_x q,80¢ =q;orq < andforeveryr =(r,...,m) €
f(p') there exists r = (r1,--.,7m0) € f(p) such that 7 = 7" or r <>yv_x, 7/, s0
ri =1, or 1; <>z, ;. Therefore, f; has strong continuity.

Suppose for each i, f; has strong continuity. Let p = (21,...,2,) and p’ =
(z,...,2,) with x;, 2} € X; be such that p <>xv_ ., p’. Then for some index
J» ®j <w; x5 and for all indices i # j, z; = x;. Therefore, i # j implies
there exists ¢; € fi(z;) = fi(z}); and since f; has strong continuity, for every
qj € fj(z;) there exists ¢; € f;(a)) such that ¢; = g or ¢; <>, ¢;. Let
¢ =(q1,-,¢-1,4;,+1,---,q). Then ¢ = (q1,...,q) = ¢ or ¢ <>xv_x ¢
with ¢ € f(p), ¢ € f(p'). Similarly, for every 7’ € f(p’) there exists r € f(p)
such that r =7’ or r <>y»_, r’. Thus, f has strong continuity. O

For the lexicographic adjacency, the following shows there is not a general
product property for weak or strong continuity.

Example 8.10. Let fi : ([0, 1]z, 1) — ([0, 1]z, ¢1) be the multivalued function
fi(z) = {0}. Let f2: ({0,2},¢1) — ({0,2},¢1) be the function fa(z) = {z}.
Then f; and fs have weak continuity and strong continuity, but fi; x fy lacks
both (L(e1, 1), L(eq, ¢1))-weak continuity and (L(cq, ¢1), L(e1, ¢1))-strong con-
tinuity.

Proof. Tt is easy to see that fi; and fy have weak continuity and strong conti-
nuity, and that p = (0,0) <> (c,.c;) (1,2) = p’. However

(f1 % f2)(p) = {(0,0)} and (f1 x f2)(»") = {(0,2)},
are not L(cy, c1)-adjacent, so f1 x fa lacks (L(e1, 1), L(eq, ¢1))-weak continuity
and therefore lacks (L(c1, ¢1), L(c1, ¢1))-strong continuity. O
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For the lexicographic adjacency, the following shows there is not a general
factor property for weak or strong continuity.

Example 8.11. Let f1 : ([0, 1]z, ¢1) — ([0, 1]z, ¢1) be the multivalued function
fi(z) =1[0,1]z. Let f2: ([0,1]z,¢1) — ({0,2},¢1) be the multivalued function
fa(z) = {22}. Then f1 x fa:[0,1]2 — [0, 1]z x {0, 2} has (L(c1,c1), L(e1,c1))-
weak and (L(c1,c¢1), L(eq, ¢1))-strong continuity, although fo lacks both weak
and strong continuity.

Proof. Tt is easy to see that fs lacks weak and strong continuity. Since
(fl X f2)(070) = (fl X f2)(1a0) = {(an)v (150)}7

(fl X fQ)(Ov 1) = (fl X f2)(]-a 1) = {(Oa 2)7 (1a 2)}7
it follows easily that fi X fa has both (L(e1,¢1), L(eq, ¢1))-weak continuity and
(L(e1,c1), L(eq, e1))-strong continuity. O

8.3. Continuous multifunctions.

Lemma 8.12 ([9]). Let X C Z™, Y C Z". Let F : (X,c,) — (Y,c) be a
continuous multivalued function. Let f : (S(X,7),cq) — (Y, ) be a continuous
function that induces F. Let s € N. Then there is a continuous function
fs: (S(X,7rs),¢q) = (Y, cp) that induces F.

For the N P, adjacency, we have the following.

Theorem 8.13 ([9]). Given multivalued functions F; : (X;,¢q;) — (Yi, cp,),
1 <i<w, each F; is continuous if and only if the product multivalued function

H;jle‘i : (H;‘jleia NPU(CaU cee acau)) - (H;j:l}/iv Npﬂ(cblv ) cbv))
18 continuous.

For the tensor product, since a single-valued function can be considered
as multivalued, Example 3.11 shows there is no general product rule for the
continuity of multivalued functions. However, we have the following.

Theorem 8.14. Let F; : (X;,¢q;) — (Yi,cp;) be a continuous multivalued
function between digital images, 1 < i < wv. Let X =1II_ X;, Y = II}_,Y;,
F=1II_,F; : X — Y. If for some positive integer r and for all i there is a con-
tinuous locally one-to-one function f; : (S(X;,7),cq;) = (Yi, cp,;) that generates
F;, then F is (T(Cayy---+Cay)s T(Coyy- -y, ))-continuous and is generated by
a function that is locally one-to-one.

Proof. Let f=T1IY_, f; : IIY_, S(X;,r) — Y. It follows from Theorem 3.13 that
fis(T(cays---yCay)s T(Chys--.,cp,))-continuous. Further, given ¢ € F(p) where
p=(x1,...,2) for z; € X; and ¢ = (y1,...,ys) where y; € F;(x;), there exists
xi € S{=zi},r) C S(X;,r) such that fi(z}) = y;. Therefore, f(z},...,z)) =q.

For w <r(c, .. co,) W inS(X,r) =11, S(X;,7), we have w = (wi, ..., wy)
and w' = (wi,...,w,), where w;,w; € S(X;,r) and w; <>, wj. Since f; is
locally one-to-one and continuous, we have fi(w;) ¢, fi (w}). Tt follows that
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flwi, ... wy) T (chyrncry) f(wh,...,w)). This allows us to conclude that f
is (T'(cayy--+sCay), T(Chyy--.,cp,))-continuous. Thus, f generates F'.
Let p' = (2, ...,2,) < 7(ky,...n,) P I0 X, where z; € X;. Since f; is locally

one-to-one, f;(x;) <>, fi(z}) for all i. Therefore, f(p) <>r(x,,..a,) f(@'), s0 f
is locally one-to-one. (I

Deciding whether the converse of Theorem 8.14 is true appears to be a
difficult problem.
For the Cartesian product adjacency, we have the following.

Theorem 8.15. Let F; : (X;, ki) — (Yi, \i) be a multivalued function between
digital itmages, where k; = cq;, N\ = b, 1 <@ < v, Let X = II_, X,
Y =1I_,Y;, F =1I}_1F; : X — Y. If each F; is continuous, then F is
(XY_ ki, XY_1 Ai)-continuous.

Proof. Suppose each F; is continuous. By Lemma 8.12, there exists r € N and
generating functions f; : S(X;,r) — Y; of F;.

We wish to show that f = IIi_, f; generates F. Suppose p ¢>xv_ x, p’ in
S(X,r). Then p = (z1,...,x,) and p/ = (2}, ..., ) where z;, 2} € S(X;,7)
and z; = x for all but one index j, with z; ¢, ac3 Since each f; is (ki, Ai)-
continuous, we have f;(z;) = f;(z}) or fj(z;) <>\, fj(2)) and for all indices
i # j we have fi(x;) = fi(x}). Thus we have f(p) = f(p') or f(p) <>xv_
f(@). Thus, fis (X¥_k;, X?_1A;)-continuous.

Let y = (y1,...,y») € F(X), where y; € Y;. Then there exists z; € S(X;,r)
such that f;(x;) = y;. For p = (x1,...,2,), we have f(p) = (y1,...,¥y»). Thus,
f generates F, so F' is continuous. (I

Deciding whether the converse of Theorem 8.15 is true appears to be a
difficult problem.

For the lexicographic adjacency, there is no general product rule for the conti-
nuity of multivalued functions, as shown in Example 3.22 (since a single-valued
function can be regarded as multivalued). However, we have the following.

Theorem 8.16. Let F; : (X;, ki) — (Yi, \i) be a continuous multivalued func-
tion between digital images, 1 < i <wv. Let X =1I7_ X;, Y =1I'_,Y;, F =
IIY_,F;: X — Y. If each F; is generated by a function f;: (S(Xi,r), ki) = Y;
that is locally one-to-one, then F is (L(K1,...,ky), L(A1,...,Ay))-continuous.
Proof. By Theorem 3.21, the single-valued function f =II¢_, f; : IIY_, S(X;,7) —
Yis(L(k1,-..,kv)s L(A1, ..., Ay))-continuous. Further, giveny = (y1,...,4,) €
F(X) with y; € Y;, there exist ] € S({x;},r) C S(X;,r) such that f;(z}) = y;.
Therefore, y = f(z,...,2)) € F(x1,...,2,). Therefore, f generates F', and

v
the assertion follows. O

The paper [16] has several results concerning the following notions.

Definition 8.17 ([16]). Let (X, x) C Z" be a digital image and Y C X. We
say that Y is a k-retract of X if there exists a k-continuous multivalued function
F: X —Y (a multivalued k-retraction) such that F(y) = {y} ify €Y.
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We generalize Theorem 6.2 as follows.

Theorem 8.18 ([9]). For 1 < i < v, let A; C (Xi, k) C Z™. Suppose
F; : X; — A; is a continuous multivalued function for all i. Then F; is a
multivalued ki-retraction for all i if and only if F =1I7_ F; - IIY_, X; — IIY_, A;
is a multivalued N P, (K1, ..., ky)-retraction.

For the Cartesian product adjacency, we have the following.

Theorem 8.19. Let r; : X; — A; be multivalued r;-retractions, 1 < i < v.
Let X =1I}_, X;, A=1I7_A;, r =1I7_1r; : X — A. Then r is a X}_k;-
multivalued retraction.

Proof. Since r; is a multivalued retraction, we must have that r;(X;) = A;
and r;(a;) = {a;} for all a; € A;. Therefore, r(X) = A and r(a) = {a} for
all @ € A. By Theorem 8.15, r is continuous, and therefore is a multivalued
retraction. (I

8.4. Connectivity preserving multifunctions.

Theorem 8.20 ([9]). Let f; : (X, ki) — (Yi, \i) be a multivalued function
between digital images, 1 < i <wv. Then the product map

Hf:lfi : (H;jlei, NPU(Iil, ceey Iiy)) —o0 (H;):lY;', NPU(Al, ceey )\v))

is a connectivity preserving multifunction if and only if each f; is a connectivity
preserving multifunction.

The tensor product adjacency does not yield a similar result, as shown in
the following.

Example 8.21. Consider {0} C Z, [0,1]z C Z. The multivalued function
f:+ ({0},¢1) — (]0,1]z,c1) defined by f(0) = [0,1]z is connectivity preserv-
ing. However, f x f : {0}? = {(0,0)} —o [0,1]2 is not (T(c1,c1),T(c1,c1))-
connectivity preserving.

Proof. This follows from the observations that {(0,0)} has a single point, hence
must be T'(c1, ¢1)-connected; but, by Example 4.3, (f x £)(0,0) = [0,1]2 is not
T'(cq, ¢1)-connected. O

However, we have the following.

Theorem 8.22. Let f; : (X;, ki) — (Yi, \i) be multivalued functions, 1 <
1t <w. Let X =1I_,X;, Y = 1II_,Y;. Suppose f =1I]_1fi : X — Y is
(T(K1y- -y k0), T(A1, ..., Ay))-connectivity preserving. Then each f; is connec-
tivity preserving.

Proof. Let p = (21,...,%,) € X, where z; € X;. By assumption, f(p) =
Y, fi(x;) is T(A1, . .., Ay )-connected. From Theorem 4.2, it follows that f;(x;)
is \;-connected.

Suppose x} s, x; in X;. Then p' = (21,...,2)) <1, k) p- Since f
is connectivity preserving, f(p’) and f(p) are T (A1, ..., Ay)-adjacent subsets of
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Y. This implies there exist ¢ = (y},...,y5) € f®'), ¢ = (y1,---,y») € f(p)
such that ¢ <>p(x,,....x,) ¢ Or ¢ = q. Therefore, for each index i, y; <+x, y; or
y; = y;. Since y} € fi(z}) and y; € fi(x;), we have that f;(z;) and f;(x;) are

Ai-adjacent subsets of Y;.
From Theorem 2.18, f; is connectivity preserving. O

For the Cartesian product adjacency, we have the following.

Theorem 8.23. Let (X;, ki) and (Y, A;) be digital images, for 1 <1i <wv. Let
fi + Xi — Y; be a multivalued function. Let f =1I_,f; + X = II{_; X; —o
Y =1IY_,Y; be the product function. Then f is (X}_;Kqi, X7_1A;)-connectivity
preserving if and only if each f; is connectivity preserving.

Proof. Suppose f is connectivity preserving. Let p = (z1,...,z,) € X, where
x; € X;. Then f(p) = TY_, fi(z;) is x¥_;\;-connected. By Theorem 3.18,
fi(zs) = pi(f(p)) is A;-connected.

For any given index k, let xj <., ) in Xj. For all indices i # k, let
z; € X;. Then p = (z1,...,2,) and p’ = (z1,...,Tk—1, %), Tht1,...,Ty) are
x¥_,ki-adjacent. Since f is connectivity preserving, f(p) and f(p’) are x¥_; A;-
adjacent subsets of Y. Therefore, Theorem 3.18 implies fx(z1) = pr(f(p)) and
fre(@y,) = pr(f(p')) are Ag-adjacent subsets of Yy. It follows from Theorem 2.18
that fj, is connectivity preserving. Since k was an arbitrarily selected index, f;
is connectivity preserving for all i.

Now suppose each f; is connectivity preserving. Let p = (z1,...,2,) € X
where z; € X;. Then f(p) = IIY_, fi(x;) is, by Theorem 4.4, x?¥_; A\;-connected.

Suppose p «+xv_ x; P in X. Then for some index k, j <>, 7} in Xj and
for i # k there exist x; € X; such that

pP= (Ila e )I’U)7 p/ = (Ila e axk—lax;g7xk+17 cee ;x’u)-
Since f, is connectivity preserving, there exist y, € fr(xx) and y;, € fr(z},)
such that yx <»x, ¥, Or Y = yj. For i # k, let y; € fi(z;). Then ¢ =
(yla s 7y7j) € f(p) and q/ - (yla s aykflay;gaykJrla s ayv) € f(p/) are X;'j:1>\i‘
adjacent or equal. Therefore, f(p) and f(q) are x¥_; A;-adjacent subsets of Y.
It follows from Theorem 2.18 that f is connectivity preserving. O

For lexicographic adjacency,

e Example 3.22 shows that there is no product property for connectivity
preservation; and

e there is no factor property for connectivity preservation, as the follow-
ing example shows.

Example 8.24. Let f; : ({0},c1) — ([0,1]z,¢1) be the multivalued function
f1(0) = [0,1]z. Let fo : ({0},c1) — ({0,2},¢1) be the multivalued function
f2(0) = {0,2}. Then

f=fux f2:{0}* = {(0,0)} — [0,1]z x {0,2}
is (L(e1,¢1), L(c1, c1))-connectivity preserving, but fz is not (c1, ¢1 )-connectivity
preserving.
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Proof. This follows from the observations that the single point (0,0) is con-
nected, and f(0,0) = [0, 1]z x {0,2} is L(eq, ¢1)-connected. O

9. SHY MAPS
We have the following.

Theorem 9.1. Let f: (X,k) — (Y, \) be a shy map of digital images. Then
f is an isomorphism if and only if f is locally one-to-one.

Proof. 1t is obvious that if f is an isomorphism, then f is locally one-to-one.

To show the converse, we argue as follows. Since f is shy, we know f is a
continuous surjection.

To show f is one-to-one, suppose there exist z, 2’ € X such that y = f(z) =
f(a') € Y. Since f is shy, f~!(y) is k-connected. Therefore, if x # 2’ then there
is a path of distinct points P = {z;}™, C f~!(y) such that x = 1, z; <> w11
for 1 <i <m, and x,, = 2. But since f is locally one-to-one, f|n= () is one-
to-one, so f(x2) # f(z), contrary to the assumption P C f~!(y). Therefore,
we must have z = 2/, so f is one-to-one.

Since f is one-to-one, f~! is one-to-one. Since f is shy, given y <+ ¢’ in Y,
f~'({y,y'}) is connected. Thus, f~! is continuous. This completes the proof
that f is an isomorphism. O

The following generalizes a result of [8].

Theorem 9.2 ([9]). Let f; : (Xi, ki) — (Yi, \i) be a continuous surjection
between digital images, 1 < i <wv. Then the product map

H}L'lefi : (H;jlei, NPU(K17 ceey K,U)) — (HleYi, NPU()\I) ey )\U))
is shy if and only if each f; is a shy map.
For the tensor product, we have the following.

Theorem 9.3. Let f; : (X;, ki) — (Yi, \i) be a surjection between digital
images, 1 <i<w. Let X =1I}_, X;, Y =1I'_,Y;. If the product function

f = H;jzlf’i : (XaT(Kla D) KU)) — (KT()‘la o 7)"11))
is shy, then f; is shy for each 1.

Proof. Since f is shy, it is continuous, so by Theorem 3.10, each f; is continuous.
Clearly, each f; is a surjection.
Let y; € Yi. Let y = (y1,...,4,) € Y. Since f is shy, £~ (y) = %, f; “(vi)
is T(K1, ..., ky)-connected. By Theorem 4.2, f;(y;) is x;-connected.
Let y; <»x, yi in Y;. Then ' = (y1,...,¥,) <*1(x,..,2,) Y- Since f is shy,
Py = ) U ') = I f () VI 7 ()

is T(K1, ..., ky)-connected. By Theorem 3.15,
pilf 7 Qs y' D) = £ wa) U £ (wh)

is k;-connected. From Definition 2.30, we conclude that f; is a shy map. O
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The converse to Theorem 9.3 is not generally true, as shown by the following.

Example 9.4. Let f; : ([0,1]z,¢1) — ({0}, ¢1) be the function f;(x) = 0. Let
f2: ([0,1]z,¢1) = ([0,1]z,¢1) be the function fo(z) = 2. Then f; and fo are
shy, but f1 x fo: ([0,1]2,T(c1,¢1)) — ({0} x [0,1]z,T(c1,¢1)) is not shy.

Proof. That f; and fo are shy is easily seen. Further, f; x fo is a surjec-
tion. Notice that (0,0) <7, e,y (1,1), but (fi x f2)(0,0) = (0,0) and
(f1 x f2)(1,1) = (0,1) are neither equal nor T(cy,cy)-adjacent. Therefore,
fix faisnot (T'(c1,c1),T(c1,c1))-continuous, hence is not (T'(c1,¢1), T(e1,¢1))-
shy. O

For the Cartesian product adjacency, we have the following.

Theorem 9.5. Let f; : (Xi, ki) — (Yi, \i) be a surjection between digital
tmages, 1 <i <wv. Let X =1I7_ X;, Y =1I}_,Y;. Then the product function

f=T0fi s (X, X k) = (Yo xi21 )
is shy if and only if f; is shy for each i.

Proof. Suppose f is shy. Then clearly each f; is a surjection, and by Theo-
rem 3.17, f; is continuous.

Let y; € Yi. Let y = (y1,...,4,) € Y. Since f is shy, £~ (y) = IT%_, f; “(:)
is xj_,ki-connected. By Theorem 3.18, the projection map p; is continuous,
so pi(f~1(y)) = £ ' (y:) is K;-connected.

Let y' € Y be such that y’ <»y» , y. Then y’ must be among the points
g = (Y1, Yi-1,Y5, Yit1,- - -, Yu), Where y; € Y; satisfies y] <»x, y;. Since
fis shy, f'{y,qa}) = f~Hy) U f~Yg) is x?_ ki-connected. Since p; is
continuous,

pilf {waah) = pi(f W)U F @) = £ ) U ST ) = £ i wid)

is ki-connected. This completes the proof that each f; is shy.

Suppose each f; is shy. Then clearly f is a surjection, and by Theorem 3.17,
f is continuous.

Let y; € Y;. Let y = (y1,...,4,) € Y. Since f; is shy, f;i '(yi) is r4-
connected. By Theorem 4.4,
(9.1) Fy) =T, ;7 (ys) is xY_, ki-connected.

Let ¥ € Y be such that y' «>xv , y. Then for some index i, y' =
Y15y Yio1, Yh Yit1, - - -, Yo), Where y € Y; satisfies ¢ <+, y;. Similarly,

(9.2) Yy is x?_, Ks-connected.

K2

Since f; is shy, f; ' ({y:,y}}) is connected, so there exist z; € f; ' (y;), o} €
£ (yh) such that x; <., 2} or x; = x. For indices j # i, let x; € fj_l(yj).

Then w = (z1,...,%,) and W' = (X1, ..., Ti—1, 2%, Tit1, ..., Ty) satisty

(9.3) we f(y), wefY), andw <y pn, w orw=uw

From statements (9.1), (9.2), and (9.3), we conclude that f=1({y,y'}) is x¥_; -
connected. Therefore, f is shy. O
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For the lexicographic adjacency, we have the following.

Theorem 9.6. Let f; : (X;, ki) — (Yi, \i) be functions between digital images,
1<i<w Lt X =110 X;, Y =110_,Y,, f =110, fi : (X, L(K1,...,6K0)) =
(Y,L(A1,...,X\)). If each f; is shy, then f is shy.

Proof. Let y = (y1,...,4,) € Y, where y; € Y;. Then f~1(y) = Hlefi_l(yi).
Since each f; is shy, f;'(y:) is w;-connected. By Theorem 4.6, f~'(y) is
L(k1, ..., ky)-connected.

Let p = (y1,---,¥) < L(n,..0,) ¥ i Y. Then for some smallest index £,
Yy <, Yk and if & > 1 then y; = y} for i < k. Since fx is shy, fi ' ({yx,vi})
is kj-connected. Further, if & > 1 then f; ' ({yi,y/}) = f; '(v:) is connected,
since f; is shy. Now,

(9.4) S P) = Wik f; M (wi) % St n) X Wi f7 (i),

(9.5) FH0) = Wack £ (yi) % fi (i) > Wisie f (97)

By the shyness of the f; and Theorem 4.6, each of f~!(p) and f~1(p’) is
L(k1,...,ky)-connected. Further, since y; = y; for i < k and, by shyness of f,
(9.6) fo ' ({yk, v }) is Ki-connected,

from statements (9.4), (9.5), and (9.6) we can conclude that f~!(p) and f~1(p’)
are L(k1, ..., Ky)-adjacent sets. Therefore, f=1({p,p'}) = f~1(p) U f~1(p’) is
L(k1,...,ky)-connected. Therefore, f is shy. O

The following shows that the converse of Theorem 9.6 is not generally true.

Example 9.7. Let f; : ([0,1]z,¢1) = {0} C (Z,c1) be the function fi(x) = 0.
Let f2: ({0,2},¢1) — {0} C (Z, c1) be the function fa(z) = 0. Then

fl X f2 : ([Oa 1]Z X {0,2},[/(01,01)) - ({(050)}7[’(01501))
is shy, but f5 is not shy.

Proof. Since f, *(0) is not connected, fo is not shy. However, [0,1]z x {0,2}
is L(ey, c1)-connected, as discussed in Example 3.27, so, from Definition 2.30,
f1 x fa is shy. O

10. FURTHER REMARKS

We have studied the tensor product, Cartesian product, and lexicographic
adjacencies for finite Cartesian products of digital images. We have obtained
many results for “product” and “factor” properties that parallel results ob-
tained for extensions of the normal product adjacency in [9].

However, there are many properties known [9] for the normal product ad-
jacency whose analogs for the adjacencies studied here are either false or we
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were not able to derive. By comparing the results of [9] with those of the cur-
rent paper, it appears that the normal product adjacency is the adjacency that
yields the most satisfying results for Cartesian products of digital images.
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