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ABSTRACT

Textures are point-set setting for fuzzy sets, and they provide a frame-
work for the complement-free mathematical concepts. Further dimetric
on textures is a generalization of classical metric spaces. The aim of
this paper is to give some properties of dimetric texture space by using
categorical approach. We prove that the category of classical metric
spaces is isomorphic to a full subcategory of dimetric texture spaces,
and give a natural transformation from metric topologies to dimetric
ditopologies. Further, it is presented a relation between dimetric tex-
ture spaces and quasi-pseudo metric spaces in the sense of J. F. Kelly.
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1. INTRODUCTION

Texture theory is point-set setting for fuzzy sets and hence, some properties
of fuzzy lattices (i.e. Hutton algebra) can be discussed based on textures [2, 3, 4,
5]. Ditopologies on textures unify the fuzzy topologies and classical topologies
without the set complementation [6, 7]. Recent works on textures show that
they are also useful model for rough set theory [8] and semi-separation axioms
[10]. On the other hand, it was given various types of completeness for di-
uniform texture spaces [13]. As an expanded of classical metric spaces, the
dimetric notion on texture spaces was firstly defined in [11]. In this paper,
we give the categorical properties of dimetric texture spaces, and present some
relation between classical metric spaces and dimetric texture spaces.
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This section is devoted to some fundamental definitions and results of the
texture theory from [2, 3, 4, 5, 6].

Definition 1.1. Let U be a set and U C P(U). Then U is called a texturing
of U if

(T1) € Uand U € U,

(T2) U is a complete and completely distributive lattice such that arbitrary
meets coincide with intersections, and finite joins with unions,

(T3) U is point-seperating.

Then the pair (U, U) is called a texture space or texture.

For u € U, the p-sets and the g-sets are defined by

P, = m{A ceUlue A}, Qu= \/{A eU|ué¢ A}, respectively.

A texture (U, U) is said to be plain if P, € Qy, Vu € U.

A set A € U\ {@} is called a molecule it A C BUC, B,C € Wimplies A C B
or A C C. The texture (U, U) is called simple if the sets P,, u € U are the only
molecules in U.

Example 1.2. (1) For any set U, (U,P(U)) is the discrete texture with the
usual set structure of U. Clearly, P, = {u} and Q,, = U \ {u} for all u € U, so
(U,P(U)) is both plain and simple.

(2) 3={[0,t] | t € [0,1]} U {[0,¢) | t € [0,1]} is a texturing on I = [0, 1]. Then
(L,79) is said to be unit interval texture. For t € I, P, = [0,t] and Q; = [0,1).
Clearly, (1,J) is plain but not simple since the sets Q,, 0 < u < 1, are also
molecules.

(3) For textures (U, U) and (V,V), U®V is product texturing of U x V' [5]. Note
that the product texturing U® V of U x V' consists of arbitrary intersections of
sets of the form (Ax V)U(U x B), A€ U and B € V. Here, for (u,v) e UxV

P(u,v) =P, xP, and Q(um) = (Qu X V) U (U X QU)

Ditopology: A pair (7,x) of subsets of U is called a ditopology on a texture
(U, U) where the open sets family 7 and the closed sets family k satisfy

U, oer, U g€k
G1,GoeT = Gi1NGy e, K, Ksex = KiUKy; €k
Gieriel = \/Gier, Kienicl = ()K€

i€l iel

Direlation: Let (U, U), (V,V) be texture spaces. Now we consider the product
texture P(U) ® V of the texture spaces (U, P(U)) and (V,V). In this texture,
p-sets and the ¢-sets are denoted by F(u,v) and @(u,’u)’ respectively. Clearly,

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 |204



Metric spaces and textures

Py = {u} x Py and Q(, ) = (U \ {u} x V) U (U x Q,) where u € U and
v € V. According to:

(1) reP(U)®V is called a relation from (U,U) to (V, V) if it satisfies
R1r¢ @(u,v), PogQ, = r¢ @(u’w)'
R2 r ¢ Qq,,) = 3 €U suchthat P, € Qu and r € Q-
(2) ReP(U)®Vis called a corelation from (U,U) to (V,V) if it satisfies
CR1 ﬁ(u’v) g R, P, g Qu’ — F(u/’v) g R.
CR2 P(,.,) £ R = 3/ € U such that P,y ¢ Q, and P, ) € R.
(3) If r is a relation and R is a corelation from (U,U) to (V,V) then the
pair (r, R) is called a direlation from (U,U) to (V,V).
A pair (¢, 1) is said to be identity direlation on (U, U) where i = \/{P(y) | u €
U} and I = ﬂ{Q(u,u) ‘ U /q Qu}

Recall that [5] we write (p, P) C (q,Q) if p C ¢ and Q@ C P where (p, P) and
(¢, Q) are direlations.

Let (p, P) and (g, Q) be direlations from (U, U)to (V,V). Then the greatest
lower bound of (p, P) and (¢, Q) is denoted by (p, P)M(q, @) , and it is defined
by (p, P)M(q, Q) = (pMq, P UQ) where

pq=\/{Puw | Iz €U with P, € Q., andp,q £ Q... }»
PU Q = ﬁ{@(mv) | dzeU WithPZ fd— Qu; andﬁ(%”) g P7Q}
Inverses of a direlation: If (r, R) is a direlation then the inverse direlation

of (r, R)* is a direlation from (V,V) to (U,U), and it is defined by (r, R)* =
(R ,7%) where

= ﬂ{@(v,u) ‘ r 7¢— @(u,v)} and R = \/{P(U,u) | ﬁ(u,v) ,¢— R}

The A-sections and the B-presections under a direlation (r, R) are defined
as

o A=(1Qu | Vur & Q= A S Qu,
R7A=\/{P, | Vu,P(,.) £ R = P, C A},
r B = \/{Pu | Vo,r € Qu,py = P» C B},

RB =({Qu | Y0, Pluw) £ R=> B C Q,}.

The composition of direlations: Let (p, P) be a direlation from (U,U)
to (V,V), and (¢,Q) be a direlation on (V,V) to (W, W). The composition
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(¢,Q) o (p, P) of (p, P) and (¢, Q) is a direlation from (U,U) to (W, W) and it
is defined by (¢, Q) o (p, P) = (¢ o p, @ o P) where

gop= \/{ﬁ(u,w) | Jv eV withp ¢ @(WJ) and ¢ ¢ @(v,w)}7
QoP= ﬂ{é(u’w) | 3v €V with P,,) € P and P, ) € Q}.

Difunction: A direlation from (U,U) to (V,V) is called a difunction if it
satisfies the conditions:

(DF1) Foru,u' € U, P, £ Qu = 3v eV with f € Q(,,) and P(yr ) £ F.

(DF2) For v, € VandueU, f € @(uw) and P, ) £ F = Py € Q.

Obviously, identity direlation (i, I) on (U, U) is a difunction and it is said to be
identity difunction.

It is well known that [5] the category dfTex of textures and difunctions is
the main category of texture theory.

Definition 1.3. Let (f, F) : (U,U) — (V,V) be a difunction. If (f, F') satisfies
the condition

SUR. Forv,v' € V, P, € Qn = Ju € U with f € Q,, .y and Py ) € F.
then it is called surjective.
Similarly, (f, F') satisfies the condition

INJ. For u,u’ € U andv eV, f € Q) and Py € F = Py, & Qu.
then it is called injective.

If (f, F) is both injective and surjective then it is called bijective.

Note 1.4. In general, difunctions are not directly related to ordinary (point)
functions between the base sets. We note that [5, Lemma 3.4] if (U, U), (V,V)
are textures and a point function ¢ : U — V satisfies the condition

(a) PuZQuw = Py & Qu(u)
then the equalities

fo= \/{ﬁ(u,v) | 3z € U satisfying P, € Q. and P,y € Q.},

F, = m{a(u’v) | 3z € U satisfying P, € Q. and P, € Qu(»)},
define a difunction (f,, Fi,) on (U,U) to (V,V). For B€V, F;B = ¢" B =
f& B, where o B = \/{P, | Pyrury € BV € U with P, € Qur}.
Furthermore, the function ¢ = ¢y py : U — V corresponding as above to the
difunction (f, F) : (U,U) — (V, V), with (V,V) plain, has the property (a) and
in addition the property:
(b) P@(u) sz B, BcV — 3u € Uwith P, sz Q. for WhiChPW(u/) 7¢_ B.

Conversely, if ¢ : U — V is any function satisfying (a) and (b) then there exists
a unique difunction (fy,, Fy,) : (U,U) — (V,V) satistying v = ¢(s, F,)-
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On the other hand, if we consider simple textures it is obtained the same class
of point functions.

The category of textures and point functions which satisfy the conditions (a)-
(b) between the base sets is denoted by fTex.

Bicontinuous Difunction: A difunction (f, F) : (U, U, 7y, ky) = (V,V, 7y, kv)
is called continuous (cocontinuous) if B € 7y (B € ky) = F<(B) € 7y (f<(B) €
ku). A difunction (f, F') is called bicontinuous if it is both continuous and co-
continuous.

The category of ditopological texture spaces and bicontinuous difunctions
was denoted by dfDitop in [6].

2. SOME CATEGORIES OF DIMETRICS ON TEXTURE SPACES

The notion of dimetric on texture space was firstly introduced in [11]. In this
section, we will give some properties of dimetric texture spaces, and we present
a link between classical metrics and dimetrics with categorical approach.

Definition 2.1. Let (U,U) be a texture, p,p : U x U — [0,00) two point
function. Then p = (p, p) is called a pseudo dimetric on (U, U) if

M1 B(u, 2) < p(u,v) + (v, 2),
M2 P, ¢ Q, = p(u,v) =0,
DM ﬁ(u,v) = p(”?“)a
CM1 p(u,z) < E(u, v) + p(v, 2),
CM2 P, ¢ Q, = p(u,v) = 0.
for all u,v,z € U. In this case p is called pseudo metric, p the pseudo cometric
of p.

If p is a pseudo dimetric which satisfies the conditions

M3 Pu ngvp(U7y) :OaPy ng :>Pu ng VU,U,Z/,ZG U,
CM3 P, € Qu,p(u,y) =0,P. £ Qy = P, € Qu Yu,v,y,z € U

it is called a dimetric.

If p = (p,p) is (pseudo) dimetric on (U,U) then (U,U,p) is called (pseudo)

dimetric texture space.

Let (U,U,p) be a (pseudo) dimetric texture space. It was shown in [11,
Proposition 6.3] that 8, = {Nf(u) | u € U’,¢ > 0} is a base and 7, =
{MP(u) | u € U, e > 0} a cobase for a ditopology (7,, #,) on (U, U) where

N?(u) = \/{P: | v € U, with, P, & Qu,p(v,2) < e},
M?(u) = ({Q: | Fv € U, with, P, & Qu,p(v,2) < €}.

In this case (U, U, 7,, k,) is said to be (pseudo) dimetric ditopological texture
space.

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 207



S. Dost

Definition 2.2. Let (U,U,p) be a (pseudo) dimetric texture space. Then
G € U is called
(1) open if for every G € @, then there exists € > 0 such that N*(u) C G,
(2) closed if for every P, ¢ G, then there exists € > 0 such that G C M?(u).

We set 0, = {G € U| G is open in (U,U,p)} and €, = {K € U | K is closed
in (U,U, p)}.

Proposition 2.3. Let (U, U, p) be a (pseudo) dimetric texture space. Foru € U
and € > 0,

(i) N2(u) is open in (U, U, p),

(il) M?P(u) is closed in (U, U, p).
Proof. We prove (i), and the second result is dual. Let N?(u) € @, for some
v € U. By the definition of N?(u), there exists y, z € U such that P, ¢ Q, and
P, Z Q.. p(zy) <e. Wesetd =e—p(z,y). Now we show that Nf (v) C NP (u).
We suppose Nf(v) ¢ NFP(u). Then Nf(v) € Q, and P, ¢ NP(u) for some
r € U. By the first inclusion, there exists m,n € U such that P, ¢ Q,,
P, ¢ Q. and p(n,m) < 6. Now we observe that p(z,y) + p(n,m) < € and

p(z,r) < p(z,9) +p(y,v) + p(v,n) +p(n,m) < e
by the condition (M?2). Since P, € Q. and p(z,7) < €, we have the contradic-
tion P, C NP (u). O

Definition 2.4. Let (U;,U;, p;), 7 = 1,2 be (pseudo) dimetric texture spaces
and (f, F') be a difunction from (U, U;) to (Us,Us). Then (f, F) is called
(1) p1 — p2 continuous if P,y € F then N (u) € F*(NF2(v)), Ve > 0
30 > 0,
(2) p1— p2 cocontinuous if f ¢ a(u,v) then f* (M£2(v)) C ME* (u), Ve > 0
36 > 0,
(3) p1 — p2 bicontinuous if it is continuous and cocontinuous.

Proposition 2.5. Let (f, F) be a difunction from (Uy,Us, p1) to (Us,Us, p2).

(i) (f,F) is continuous <= F* (G) € 0,,, VG € O,,.

(ii) (f,F) is cocontinuous <= f<(K) € C, , VK € C,,.
Proof. We prove (i), and the second result is dual.
(=) Let (f,F') be a continuous difunction. Take G € 0,,. We show that
F*(G) is open in (Uy,Us, p1). Let F*(G) € Q, for some u € U. By the
definition of inverse image, there exists v € V such that P, ,) € F and G € Q..
Since G is open, we have Nf(v) C G for € > 0. By the definition of continuity,
there exists 6 > 0 such that N§*(u) € F*< (N£2(v)). Then N{*(u) C F*(G),
and so F(G) € 0,,.
(<=:) Let P(y.) € F. We consider Nf2(v) for some € > 0. Since Nf2(v) €
O,,, we have F* (Nf2(v)) € O, by assumption. Since P, C N£?(v) and
P, & F7(Qu), NF>(v) € F7(Q.). Hence, we have F* (NF2(v)) € Q,. Then
there exists § > 0 such that Nf*(u) C F*<(N£2(v)). O
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Corollary 2.6. Let (U;,U;,p;), 7 = 1,2 be (pseudo) dimetric texture spaces
and (f, F) be a difunction from (Uy,U;) to (Usz, Us).

(1) (f,F) is p1 — p2 continuous <= (f,F) is 7, — T, continuous.

(2) (f,F) is p1 — p2 cocontinuous <= (f, F) is kp, — kp, cocontinuous.

Proof. We prove (1), leaving the dual proof of (2) to the interested reader.
(=) Let (f, F) be p; — pa continuous. Let G € 7,,. To prove F* (G) € 7,,,
we take F*(G) ¢ Q, for some u € U;. By definition of inverse relation,
there exists v € U such that Py, ,) ¢ F and G € Q,. Since G € 7,,, we
have NF2(v) C G for some € > 0. Then F* (Nf2(v)) C F(G). From the
assumption, we have § > 0 such that Nf*(u) C F* (NF2(v)) C F*(G). Thus,
F<(G) € 1p,.

(<=:) Let P, ) € F. We consider N?2(v) for some € > 0. Since P, C N£2(v),
we have N#2(v) ¢ F7(Q,). Hence, F* (Nf2(v)) € Qu, and since F*~ (N£2(v))
is open in (Uy, Uy, p1), we have NF*(u) C F*(Nf?(v)) for some § > 0. Thus,
(f, F) is p1 — p2 continuous. O

Theorem 2.7. (Pseudo) dimetric texture spaces and bicontinuous difunctions
form a category.

Proof. Since bicontinuity between ditopological texture spaces is preserved un-
der composition of difunction [6], and identity difunction on (S,8,p) is p — p
bicontinuous, and the identity difunctions are identities for composition and
composition is associative [5, Proposition 2.17(3)], (pseudo) di-metric texture
spaces and bicontinuous difunctions form a category. O

Definition 2.8. The category whose objects are (pseudo) di-metrics texture
spaces and whose morphisms are bicontinuous difunctions will be denoted by
(dfDiMP) dfDiM.

Clearly, dfDiM is a full subcategory of dfDiMP.
If we take as objects di-metric on a simple texture we obtain the full sub-

category dfSDiM and inclusion functor & : dfSDiM — dfDiM.

Also we obtain the full subcategory dfPDiM and inclusion functor 3 : dfPDiM
— dfDiM by taking as objects di-metrics on a plain texture.

In the same way we can use dfPSDiM to denote the category whose objects
are di-metrics on a plain simple texture, and whose morphisms are bicontinuous
difunctions.

Now, we define G : dfDiM — dfDitop by
(f,F) B (f,F)
9((Ua ua ,0) — (V7 V: ,u)) - (Uv ua Tps HP) — (‘/7 V? Tus Hlt)'

Obviously, G is a full concrete functor from Corollary 2.6. Likewise, the same
functor may set up from dfDiMP to dfDitop.

We recall [11] that a ditopology on (U, U) is called (pseudo) dimetrizable if
it is the (pseudo) dimetric ditopology of some (pseudo) dimetric on (U, U). We

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 |209



S. Dost

denote by dfDitopg,, the category of dimetrizable ditopological texture space
and bicontinuous difunction. Clearly it is full subcategory of the category
dfDitop.

Proposition 2.9. The categories dfDitopgy,, and AfDiM are equivalent.

Proof. Consider the functor G : dfDiM — dfDitop,,,, which is defined above.
It can be easily seen that G is a full and faithfull functor, since the hom-
set restriction function of G is onto and injective. Now we take a dimetrizable
ditopological texture space (U, U, 7, k) such that 7 = 7, and k = k,, where pis a
dimetric on (U, U). Clearly, the identity difunction (i, ) : (U, U, p) — G(U, U, p)
is an isomorphism in the category dfDitopg,,. Hence, G is isomorphism-closed,
and so the proof is completed. O

Corollary 2.10. The category AfDiMP is equivalent to the category of pseudo
dimetrizable completely bireqular [7] ditopological texture spaces and bicontinu-
ous difunctions.

Proof. Let (U, U, p) be a pseudo dimetric space. Then the dimetric ditopology
(U, U, 7,, kp) is completely biregular by [11, Corollary 6.5]. Consequently, the
functor § which is the above proposition is given an equivalence between the
categories dfDiMP and the category of pseudo metrizable completely biregular
ditopological texture spaces. O

On the other hand, since every pseudo dimetric ditopology is Ty [11, Corol-
lary 6.5], so the category dfDiMP is equivalent to the category of pseudo
metrizable T, ditopological texture spaces and bicontinuous difunctions.

Now we give some properties of morphisms in the category dfDiM. Note that
it takes consideration the reference [1] for some concepts of category theory

Proposition 2.11. Let (f, F') be a morphism from (U, U, p) to (V,V, u) in the
category dfDiM (dfDiMP ).
( ) If (f, F) is a section then it is injective.
If (f, F) is injective morphism then it is a monomorphism.
If (f, F) is retraction then it is surjective.
If (f, F) is surjective morphism then it is an epimorphism.
(f, ) is an isomorphism if and only if it is bijective and the inverse
difunction (f, F)* is bicontinuous difunction.

Proof. The proof of (1)—(4) can be obtained easily in the category dfTex by [5,
Proposition 3.14]. We show that the result (5). Note that, (f, F)) is bijective
if and only if it is an isomorphism in dfTex. Since (f, F) is bijective, its
inverse (f, F)* is a morphism in dfTex such that (f, F)* o (f,F) = (iv, Iy),
(f,F)o (f,F)* = (iy,1Iy). Consequently, (f,F) is p — p bicontinuous iff
(f, F)* is p — p bicontinuous. O

Now let (U,d) be a classical (pseudo) metric space. Then p = (d,d) is
a (pseudo) dimetric on the discrete texture space (U,P(U)). As a result, a
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subset of U is open (closed) in the metric space (U, d) if and only if it is open
(closed) in the dimetric texture space (U, P(U), p).
On the other hand, recall that [5] if (f,F) is a difunction from (U, P(U)) to
(V,P(V)), then f and F are point functions from U to V where F' = (U x V) \
f=1r.

The category of metric spaces and continuous functions between metric
spaces is denoted by Met.

According to:

Theorem 2.12. The category Met is isomorphic to the full subcategory of
dfDiM.

Proof. We consider a full subcategory D-dfDiM of dfDiM whose objects are
dimetric texture spaces on discrete textures and morphisms are bicontinuous
difunctions. Now we prove that the mapping T :Met— D-dfDiM is a functor
such that
T(U’ d) = (U’ :P(U)’ p) and ‘I(f) = (f7 f/)

where f is a morphism in Met. Note that (f, f’) is a bicontinuous difunction
in D-dfDiM if and only if f is a continuous point function in Met. It can be
easily seen that if ¢ is identity function on U then (i,I) is identity difunction
on (U,P(U)) where I = (U x U) \ i. Since f'og’ = (fog)’, we have T(fog) =
T(f)o%(g). Hence, ¥ is a functor. Furthermore, ¥ is bijective on objects, and
the hom-set restriction of ¥ is injective and onto. Consequently, T is clearly an
isomorphism functor. O

By using same arguments, the category PMet of pseudo metric spaces and
continuous functions is isomorphic to the full subcategory of dfDiMP.

Now suppose that (U, d) is a classical metric space and (U, Ty) is the metric
topological space. Then the pair (Tg, T9) is a ditopology on (U, P(U)). On the
other hand, we consider the dimetric ditopological texture space (U, P(U), 7,, k)
where p = (d,d). Now we consider the functors M : Met — dfDitop and
N : Met — dfDitop which are defined by

M(U,d) L (V,e)) = (U 2(0), 70, 75) L5 (v, 2(v), 7., 70),
f (f.f)
N(U,d) = (V,e)) = (U, PU), 7p, kp) = (V. P(V), Ty, i)
where p = (d,d) and p = (e, e). According to:

Proposition 2.13. Let 7 : M — N be a function such that assigns to each
Met-object (X, d) a dfDitop-morphism 7(x q) = (i,1) : M(X,d) — N(X,d).
Then T is a natural transformation.

Proof. We prove that naturality condition holds. Let f : (U,d) — (V,e) be a
Met-morphism. From Theorem 2.12, (f, f') : (U, P(U),p) — (V,P(V), ) is a
dfDiM-morphism. Further, it is a dfDitop-morphism by Corollary 2.6.

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 211



S. Dost

T(w,a)=(%,1)
(U,P(U), T4, TG) —2—" (U, P(U), Tp )

(f:£) (£,5)

(V,P(V), Te, T¢)

vy =(ir) (Vva (P(V)7 Ty Hu)
On the other hand, the identity difunction 7y 4y = (i,1) : (U, P(U), Ty, TG) —
(U,PU), 1, k) is bicontinuous on (U, P(U)), and so it is a dfDitop-morphism.
Clearly the above diagram is commutative, and the proof is completed. (I

3. POINT FUNCTIONS BETWEEN DIMETRIC TEXTURE SPACES

As we have noted earlier, however, it is possible to represent difunctions by
ordinary point functions in certain situations. The construct fDitop, where
the objects are ditopological texture spaces and the morphisms bicontinuous
point functions satisfying (a) and (b) which is given Note 1.4, and we will to
define a similar construct of (pseudo) dimetric texture spaces.

Definition 3.1. Let (U, U, p) and (V,V, u) be (pseudo) dimetric texture spaces,
and ¢ on U to V a point function satisfy the condition (a). Then ¢ is called
(1) continuous if ¢ (P,) € Q, implies Nf(u) C o (NF(v)), Ve > 0
36 > 0.
(2) cocontinuous if P, ¢ ¢ (Q,) implies ¢ (MF(v)) € M¥(u), Ve > 0
36 > 0.
(3) bicontinuous if it is continuous and cocontinuous.

Proposition 3.2. Let ¢ be a point function satisfy the condition (a) from
(Ul,ul,pl) to (UQ,UQ,,DQ).

(i) ¢ is continuous <= ¢ (G) € O,,, VG € O,,.

(i) ¢ is cocontinuous <= ¢ (K) € C,,, VK € C,,.

Proof. Let ¢ be a point function satisfy the condition (a) and (f,, F,) be the
corresponding difunction. Then ¢~ (B) = F (B) = f5 (B) for all B € Us.
Now we take G € O,,. We show that ¢ (G) is open in (U1,Us, p1). Let
07 (G) € Q, for some u € U. By the definition of inverse image, there exists
v € V such that P, .y € F and G € Q,. Since G is open, we have Nf?(v) C G
for € > 0. By the definition of continuity, there exists § > 0 such that N}* (u) C
F*(NP2(v)). Then N{*(u) C F<(G), and so F< (G) € 0,,,.

(<=:) Let P(,,) € F. We consider N2(v) for some € > 0. Since N2(v) €
Op,, we have F*(NF?(v)) € O, by assumption. Since P, C N£?(v) and
P, £ F7(Qu), NP2(v) € F7(Q,). Hence, we have F* (N?(v)) € Q.. Then
there exists § > 0 such that Nf*(u) C F< (N£2(v)). O

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 212



Metric spaces and textures

Corollary 3.3. Suppose that ¢ : (Uy,U1) — (Ua, Us) is a point function satisfy

the condition (a) and that py, is a (pseudo) dimetric on (U, Uy), k = 1,2. Then
(1) @ is bicontinuous if and only if (f,, F,) is bicontinuous.

(2) ¢ is p1 — p2 bicontinuous if and only if @ is (Tp,,kp,) (Tpys Kpy) bi-

continuous where (7,,,k,,), j = 1,2 is dimetric ditopological texture

space.
Proof. Since ¢~ (B) = F5 (B) = f5 (B) for all B € Uy, the proof is automati-
cally obtained by Corollary 2.6. (]

The category whose objects are dimetrics and whose morphisms are bicon-
tinuous point functions satisfying the conditions (a) and (b) will be denoted by
fDiM.

Proposition 3.4. Let f be a morphism from (U, U, p) to (V,V, ) in the cate-
gory fDIM.

(1) If f is a section then it is an fDiM-embedding.

(2) If f is injective morphism then it is a monomorphism.

(3) If f is a retraction then it is a fDiIM-quotient.

(4) If f is a surjective morphism then it is an epimorphism.

(5) f is an isomorphism if and only if it is a textural isomorphism and its

inverse 1s bicontinuous.

Proof. Since the category fDiM is a construct, the first four results are auto-
matically obtained.

Recall that f is a textural isomorphism from (U, U) to (V,V) if it is a bijective
point function from U to V satisfying A €¢ U = f(A) € V such that A —
f(A) is a bijective from U to V. Hence, this is equivalent to requiring that f be
bijective with inverse g, and A € U = f(A) € Vand BeV = ¢(B) € U.
By [5, Proposition 3.15], f is textural isomorphism if and only if f is isomor-
phism in fTex. ([

We define © : fDiM — dfDiM by

(Fo:Fy)
D((U, U, p) = (V,V, ) = (U, U, p) = (V,V, ).

Theorem 3.5. © : fDIM — dfDiM defined above is a functor. The re-
striction ®, : fPDIM — dfPDiM is an isomorphism with inverse U, :
dfPDiM — fPDiM given by

B, (U U, p) L2 (V,V, 1)) = (U, p) 2225 (V, 9, ).
Likewise we have isomorphism between fSDIM and dfSDiM.

Proof. Tt is easy to show that D (1) = (iv, Iy). Now let (U, U), (V,V), (Z,Z) be
textures, ¢ : U — V, ¢ : V — Z point functions satisfying (a) and (b). We have
(fwop Fuop) = (fu, Fy) o (fy, Fp) by [5, Theorem 3.10]. We can also say that
a point function is (texturally) bicontinuous if and only if the corresponding
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difunction is bicontinuous. Thus ® : fDiM — dfDiM is a functor. If we
restrict to ©,, : fPDIiM — dfPDiM we again obtain a functor. Now let us
define ¥, : dfPDiM — fPDIiM by U,(U,U,p) = (U,U, p) and V,(f, F) =
©(,7) Which is also a functor and the inverse of ;. This means that D, is an
isomorphism. The other isomorphisms can be proved similarly. (I

We recall that a quasi-pseudo metric on a set U in the sense of J. C. Kelly
[9] is a non-negative real-valued function p(,) on the product U x U such that
(1) plu,u) =0, (ueU)
(2) plu,2) < plu,v) + p(v, 2), (u,v, 2 € U)
Now let p(,) be a quasi-pseudo metric on a set U, and let ¢(,) be defined by
q(u,v) = p(v,u). Then it is a trivial matter to verify that g(u,v) is a quasi-
pseudo metric on U. In this case, p(,) and ¢(, ) are called conjugate, and denote
the set U with this structure (U, p, q).
Now let (Ui, p1,q1) and (Us, p2, g2) be quasi-pseudo metric spaces. A function
f Uy = U, is pairwise continuous if and only if f is p;—p2 continuous and q1—q2
continuous. So, quasi-pseudo metric spaces and pairwise continuous functions
form a category, and we will denote this category PQMet.
Obviously, Met is a full subcategory of PQMet.

Now let (U,U, p) be a dimetric space with (U,U) plain. Then v = v =
p(u,v) = 0 and p(u,v) = 0, by the dimetric condition (M2). So, (U,p,p) is
pseudo-quasi metric space in the usual sense. Thus we have a forgetful functor
2 : fPSDIMP — PQMet, if we set 2(U, U, p) = (U, 5, p) and A(p) = .

Likewise, the functor ¥ : Met — dfDiM becomes a functor ¥ : PQMet —
dfDiMP on setting T(U, p, q) = (U, P(U), (p,q)) and T(p) = .

Now we consider the following diagram.

/ PQMet \
T A

dfPSDiMP 2, fPSDIiMP

Then:
Theorem 3.6. 2 is an adjoint of Vs 0T and T a co-adjoint of A o V.

Proof. Take (U,p,q) € Ob (PQMet). We show that (v, (U, P(U),(p,q))) is
an 2A-universal arrow. It is clearly an 2f-structured arrow, so take an object
(U, U, ) in fPSDIMP and ¢ € PQMet((U,p,q),(U, T, 1)). Then, by [5,
Theorem 3.12], we know that ¢ € MorfPSTex, and that it is the unique
such morphism satisfying 2(p) oty = ¢, so it remains to verify that ¢ :
(U,PU),(p,q)) = (U, U, p) is bicontinuous. However, for every open set G
in (U, U, pn), we have ¢~ (G) = ¢ YG], by [5, Lemma 3.9], and ¢~ 1[G] is
open in (U, p, q) since ¢ is p—1i continuous. Likewise, for every closed set K in
(U, U, ) we have ¢ (K) =U \ ¢ U \ K] is closed in (U, p, q) since ¢ is ¢
continuous. a
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4. DIMETRICS AND DIRELATIONAL UNIFORMITY

In this section, we will give a relation between dimetrics and direlational uni-
formity by using categorical approach. Firstly, we recall some basic definitons
and results for direlational uniformity from [11].

Let us denote by DR the family of direlations on (U, U).
Direlational Uniformity: Let (U,U) be a texture space and D a family of

direlations on (U, U). Then D is called direlational uniformity on (U, U if it
satisfies the following conditions:

(1) If (r, R) € D implies (¢, 1) C (r, R).

(2) If (r,R) € D, (e, E) € DR and (r, R) C (e, E) then (e, E) € D.
(3) If (r,R), (e, E) € D implies (d, D) M (e, E) € D.
(4)

4) If (r,R) € D then there exists (e, E) € D such that (e, F) o (e, E) C
(r,R).

(5) If (r, R) € D then there exists (¢,C) € U such that (¢,C)* C (r, R).
Then the triple (U, U, D) is said to be direlational uniform texture.

It will be noted that this definition is formally the same as the the usual
definition of a diagonal uniformity, and the notions of base and subbase may
be defined in the obvious way. Further, if [ D = (4,I) then D is said to be
separated.

Inverse of a direlation under a difunction: Let (f,F') be a difunction
from (U, U) to (V,V) and (r, R) be a direlation on (V,V). Then

(f7 F)il(r) = \/{P(ul,uz) ‘ EIPu1 Sé Qu'l so that ﬁ(u/l,vl) ,:Q_ va ,¢_ @(uz,vg)
= P(vl,vz) - ’I“}

(fv F)il(R) = ﬂ{@(ulﬂ,LQ) | ElPu’1 ,¢— Qu, so thatf g— @(u'l,vlﬁﬁ(umvz) >¢— F,
= R - Q(vl,vz)}
(f, F)""(r,R) = ((f, F)~(r), (f, F)"'(R)).

Uniformly bicontinuos difunction: Let (U, U, D) and (V,V, &) be direla-
tional uniform texture space and (f, F') be a difunction from (U,U) to (V,V).
Then (f, F) is called D€ uniformly bicontinuousif (r,R) € &€ = (f,F)"*(r,R) €
D.

Recall that [12] the category whose objects are direlational uniformities
and whose morphisms are uniformly bicontinuous difunctions was denoted by

dfDiU.

Now let us verify that a pseudo dimetric also defines a direlational uniformity.
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Theorem 4.1. Let p be a pseudo dimetric on (U, U).
i) Fore>0 let

re = \/{ﬁ(u,v) |32 €U, P, € Q. andp(z,v) < e}
R. = m{@(uw) |3z € U, P, € Quandp(z,v) < €}
Then the family {(re, Re) | € > 0} is a base for a direlational uniformity
D, on (U,U).
ii) The uniform ditopology [11] of U, coincides with the pseudo metric
ditopology of p.

A direlational uniformity D on (U, U) is called (pseudo) dimetrizable if there
exists a (pseudo) dimetric p with D = D,.

Lemma 4.2. Let (U;,U;,p;), j = 1,2 be (pseudo) dimetrics and (f,F) be a
difunction from (Uy,Uy) to (Ua,Us). Then (f, F) is p1 — p2 bicontinuous if and
only if (f, F) is D,, — D,, uniformly bicontinuous.

Proof. Let (f,F) be a p; — pa bicontinuous difunction from (U, Uy, p1) to
(U2, Uz, p2). From Corollary 2.6, (f, F) is also bicontinuous from (U, Uy, 7, , Kp, )
to (Uz, Uz, Tp,, kp,) Where (7,,, K, ) is (pseudo) dimetric ditopology on (Uy, Uy),
J =1,2. On the other hand, the uniform ditopology of D, coincides with the
(pseudo) dimetric ditopology of p;, j = 1,2. Further, (f, F) is also uniformly
bicontinuous by [11, Proposition 5.13]. O

Now we define G : dfDiM — dfDiU by

GV p) L2 (V. V,) = (U, D) L5 (v,9,D,).
Obviously, G is a full concrete functor from Lemma 4.2.

We denote by dfDiUy, the category of dimetrizable direlational uniform tex-
tures and uniformly bicontinuous difunctions.

Proposition 4.3. The categories dfDiUy,, and AfDiM are equivalent.

Proof. Tt is easy to show that the functor § : dfDiM — dfDiUy,, which is
defined above is full and faitfull. Now we take an object (U, U, D) in dfDiUy,.
Since it is a metrizable direlational uniform space, then there exists a dimetric
p on (U,U) such that U = U,. Because of the identity difunction (¢,I) :
(U, U, p) — G(U, U, p) is an isomorphism in the category dfDiU 4, the functor
G is isomorphism-closed. Hence, the proof is completed. O

Recall that [11] a direlational uniformity U is (pseudo) dimetrizable if and
only if it has a countable base. If the category of direlational uniformities with
countable bases and uniformly bicontinuous difunctions denote by dfDiUc
then we have next result automatically from Proposition 4.3:

Corollary 4.4. The categories dfDiU¢, and dfDiM are equivalent.
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A direlational uniformity D is dimetrizable if and only if it is separated [11].
We denote the category of separated direlational uniformities and uniformly
bicontinuous difunctions by dfDiUg. From Proposition 4.3, we have:

Corollary 4.5. dfDiUg is equivalent to the category dfDiM.
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