@ Appl. Gen. Topol. 18, no. 1 (2017), 75-90
ar doi:10.4995/agt.2017.5869

[—
L © AGT, UPV, 2017
APPLIED GENERAL TOPOLOGY

A new cardinal function on topological spaces

DEWI KARTIKA SARI®? AND DONGSHENG ZHAO ®

@ Mathematics and Mathematics Education, National Institute of Education, Nanyang Techno-
logical University, Singapore (niel5dewi2662@e.ntu.edu.sg, dongsheng.zhao@nie.edu.sg)

b Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas Gadjah
Mada, Indonesia.

Communicated by J. Galindo

ABSTRACT

Using neighbourhood assignments, we introduce and study a new cardi-
nal function, namely GCI(X), for every topological space X. We shall
mainly investigate the spaces X with finite GCI(X). Some properties
of this cardinal in connection with special types of mappings are also
proved.
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1. INTRODUCTION

A neighbourhood assignment on a topological space is a function that
assigns an open neighbourhood to each point in the space. A number of classes
of topological spaces can be characterized by means of neighbourhood assign-
ments (for example, compact spaces, D-spaces, connected spaces, metrizable
spaces)[14, 3, 5, 9]. Neighbourhood assignments have also been employed to
characterize special type of mappings, in particular those that are linked to
Baire class one functions [1][13]. In [2], using neighbourhood assignments, a
compactness type of topological property (called gauge compactness), was de-
fined. This property is weaker than compactness in general and equivalent
to compactness for Tychonoff spaces. In order to refine the classification of
gauge compact spaces, here we define a cardinal GCI(X) for every topological
space X, called the gauge compact index of X. As we shall see, this cardinal
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indeed reveals some subtle distinctions between certain spaces. An immediate
and natural task is to determine the spaces X with GCI(X) equal to a given
value. The layout of the paper is as follows. In Section 2, we define the gauge
compact index and prove some general properties. Section 3 is mainly about
T1 spaces having gauge compact index 2. In Section 4, we study spaces having
gauge compact index 3. Section 5 is devoted to the links between gauge com-
pact indices and special types of mappings between topological spaces. One of
the results is that every M-uniformly continuous mapping (in particular, every
continuous mapping) from a space with gauge compact index 2 to a T} space
is a constant function.

From the results proved in this paper, it appears that having a finite gauge
compact index is a property more useful for non-Hausdorff spaces than to
Hausdorff spaces. Although in classical topology, the main focus was on Haus-
dorff spaces, the interests in non-Hausdorff spaces had been growing for quite
some time. This is particularly the case in domain theory which has a strong
background in theoretical computer science. The most important topology in
domain theory is the Scott topology of a poset, which is usually only Ty (it is
T, iff the poset is discrete). See [8] for a systematic treatment of non-Hausdorff
spaces from the point of view of domain theory. This paper contains some
results about the gauge compact indices of Scott spaces of algebraic posets.
More investigation on gauge compact indices of Scott spaces (poset with their
Scott topology) are expected.

2. THE GAUGE COMPACT INDEX OF A SPACE

In what follows, in order to be consistent with the definition of gauge com-
pactness, a neighbourhood assignment on a space will be simply called a gauge
on the space and the symbol A(X) will be used to denote the collection of all
gauges on the space X.

All topological spaces considered below will be assumed to be non-empty.

A space X is called gauge compact if for any § € A(X) there exists a finite
subset A C X such that for every x € X, there exists a € A so that either
x € 6(a) or a € §(x) holds [2]. Equivalently, X is gauge compact if and only if
for any § € A(X), there is a finite set A C X such that é(x) N A # & holds for
every ¢ € X — U o(a).

a€A

Let A, B be non-empty subsets of space X and § € A(X). We write A <M B
if for any x € A, there exists y € B such that x € §(y) or y € §(z). Also
{z} <M {y} will be simply written as x <} y (thus @ <} y iff either x € §(y)
or y € 0(x)). So a space X is gauge compact if and only if for any § € A(X),
there is a finite set A C X satisfying X <M A.

Definition 2.1. The gauge compact index of a space X, denoted by GCI(X),
is defined as

GCI(X) = inf{B: Vs € A(X),3A4 C X so that |A] < 8 and X <} A},
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where § is a cardinal number and |A| is the cardinality of set A.

Remark 2.2.

(1) A space X is gauge compact if and only if GCI(X) < N,.

(2) Since all topological spaces considered here are non-empty, the gauge
compact index of a space is at least 2.

(3) If 7y and 5 are two topologies on X such that 7 C 7o, then GCI(X, 1) <
GCI(X, TQ) .

(4) If X is a discrete finite space with |X| = n, then GCI(X) = n + 1.
Conversely, if | X| =n and GCI(X) = n + 1 with n finite, then X is a
discrete space.

(5) If there exists § € A(X) such that for any A C X, X <M A implies
|A] > m, then GCI(X) > m + 1.

Let B be a base of the topology of space X and Ag(X) be the collection
of all gauges 0 € A(X) satisfying 6(z) € B for every x € X. The following

lemma shows that to determine the gauge compact indices we can only consider
o€ AB(X)

Lemma 2.3. Let B be a base of the topology of space X. Then
GCI(X) = inf{B: VA € Ap(X),IAC X,|A| < B and X <3T A}.

Proof. Let ap = inf{B : VA € Ag(X),34 C X, |A] < Band X <} A}. We
need to show that GCI(X) = . For any ¢ € Ag(X), J is also in A(X), so
there is A C X satisfying |A| < GCI(X) and X <} A. This implies that
ap < GCI(X).

Now, for any 6§ € A(X), we can construct a A € Ag(X) so that A\(x) C §(z)
for each # € X. Then there exists A C X such that |A| < ap and X <} A.
But then X <M A also holds. Hence GCI(X) < ap. All these show that
GCI(X) = a. O

Example 2.4. Let X = (R, 1), where 7, is the upper topology on R (U € 7,
it U=02,U=R,orU = (a,+0) for some a € R). Then for any § € A(X)
and z € R, 0 € §(z) if z < 0 and = € 6(0) if 0 < 2. Hence X <} {0} holds
and so GCI(X) = 2. Note that X is not compact.

We first prove some general results on gauge compact indices.

Theorem 2.5. The gauge compact index of a Hausdorff space X equals a finite
integer n if and only if | X|=n—1.

Proof. Let GCI(X) = n. Firstly, as every finite Hausdorff space is discrete, so
by Remark 2.2(4), |X| £ n — 1.

Now assume that |X| > n— 1. Take n distinct elements 1, za,- - , 2, in X.
Since X is Hausdorff, we can choose disjoint open sets v(x;) with z; € ()
(i=1,2,---,n). Define the gauge § on X as follows:
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v(z:), if x € y(w;);

X —{z1,29,- ,xn}, fzeX— U’y(xz)
i=1

o(z) =

Then z <Y z; if and only if z € y(z;). Also, as y(z;)’s are n disjoint sets, for
any n— 1 distinct elements y1,ys2, - ,yn—1 in X, there must be an iy such that

{yhyQa o 7yn—1} m’Y(‘TiO) =a.

So, z;, <M y; does not hold for each i. Hence X <M {y1,y2, -+ ,Yn-1}
fails, which contradicts the assumption that GCI(X) = n. It thus follows that
| X|=n-—1.

Conversely, if X is a Hausdorff space such that |X| = n — 1, then X is a
discrete space. By Remark 2.2(4), GCI(X) = n. O

From Theorem 2.5 and Remark 2.2(1), we obtain the following.

Corollary 2.6.

(1) If X is Hausdorff, then every subspace Y C X with a finite gauge
compact index is discrete.

(2) Ewvery Hausdorff space with a finite gauge compact index is finite and
therefore compact.

(3) If X is a gauge compact Hausdorff space and X is an infinite set, then
GCI(X) = Ng.

The example below shows that the converse of Corollary 2.6(1) is not always
true.

By Proposition 9 of [2], a topological space X is gauge compact if and only
if for any net {z,} in X, either the net is gauge clustered or it has a cluster
point. Here, a net {z,} is called gauge clustered if for any § € A(X), there is
a subnet {z,, } such that ﬂ d(xn,) # .

k

Example 2.7. Let X be the set of all real numbers equipped with the topology
generated by the Euclidean open sets and the co-countable sets. Let Y =
X x{0,1} and B = {(U x {0,1}) — F : U is open in X and F C Y is finite}.
It is easy to see that the space Y equipped with the topology generated by
the base B is T1. However the two points (0,0) and (0, 1) do not have disjoint
neighbourhoods in Y, hence Y is not Hausdorff.

Let Z be an infinite subset of Y. Without loss of generality, we assume that
the set {(z,0) : (z,0) € Z} is infinite (otherwise we consider {(x,1) : (z,1) €
7Z}), and we further assume that there is a sequence {(z,0) : k=1,2,---} C Z
satisfying zxy1 > xy for all k (otherwise we consider a decreasing sequence).

For any (z,i) € Z, there exists n, such that x # z for all £ > n,. Then

U,y = (((z = Lz + )\ {(2£,0) }r>n,) x {0,1}) N Z
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is an open neighbourhood of (,7) in Z. Since (zx,0) & U ;) holds for all large
enough k, (z,4) is not a cluster point of the sequence {(z,0): k=1,2,---} in
Z.

Now, define 6 € A(Z) by

5(2) = { (mn+2$n—17 1n+;n,+l) X {O, 1}, if 2 = (;gm());

Z, if z # (2,,0) for any n.

Since the sets §(xy,0) are pairwise disjoint, ﬂd(xkj,O) = o for every subnet
k;j

{(zx;,0)}. Thus {(xx,0)} is not gauge clustered. By Proposition 9 of [2],

the subspace Z is not gauge compact, thus GCI(Z) is not finite. Hence every

subspace Z of Y with a finite gauge compact index is a finite set and hence

discrete because Y is a T space.

Proposition 2.8. Let X and Y be two disjoint spaces whose gauge compact
indices are finite. Then GCI(X @Y) = GCI(X) + GCI(Y) — 1, where X ®Y
is the sum of X and Y .

Proof. Assume that GCI(X) = n and GCI(Y) =m. Let A € A(X @ Y). For
any ¢ € X and y € Y, let Ax(x) = A(z) N X and Ay (y) = A(y) NY. Then
Ax € A(X) and Ay € A(Y). Thus, there exist sets {z1,z2, -+ ,xn—1} € X
and {y1,¥2, * ,Ym—1} C Y such that

X <§JX {I1,$27' . ,In_l} and Y <§/{/ {yl,yz,' . aym—l}-
Let C = {21,272, ,Zn_1} U{y1,%2,"* ,Ym—1}. Then X ® Y < C. There-
fore, GCI(X ®Y) <n+m — 1.

Next, as GCI(X)=n and GCI(Y) =m, there exist dx € A(X) and Jy € A(Y)
such that there are no A C X, B C Y with |A] <n—1and |Bl <m—1
satisfying X <§f{ Aand Y <§ff/ B. Let dx @ éy be the gauge on X @ Y
such that 0x @ 0y|X = dx and 0x @ oy|Y = dy. Forany C C X @Y, if
XY <§§@5Y C, then X —<§f{ XNC and Y <§§ Y N C. Thus by the
assumption on dx and dy, we have [ X NC|>n—1,]Y NC|>m — 1. So,

IC|>(n—1)+(m—1)=(m+n)—2.
By Remark 2.2(5), GCI(X @Y) > (m+n—2)+1=m+n—1. It follows that
GCI(X®Y)=n+m—1=GCI(X)+ GCL(Y) — 1. O

Corollary 2.9.

(1) Let X; (i = 1,2,---,m) be pairwise disjoint spaces such that each
GCI(X;) is finite. Then

GCI(é X;) = Em:GCI(XZ-) — (m—1).

=1 =1

(2) Let X be a topological space with a finite gauge compact index. IfY is
a clopen proper subspace of X, then GCI(Y) < GCI(X).
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Proof. (1) can be proved by repeating the use of Proposition 2.8.

(2) Let Y be a proper clopen subspace of X and GCI(X) = n be finite. For any
dy € A(Y), we can extend dy to a 6 € A(X) by letting §(x) = dy (x) forx € YV
and 6(z) = X —Y for x € X —Y. Then there is a subset A of X such that
|A] <nand X <}’ A. Then we have Y <}? Y NA. Since [ANY| < |A| <n—1,
so GCI(Y) < n. Similarly, GCI(X —Y) < n. Then, using Proposition 2.8,
we have GCI(X) = GCI(Y ¢ (X —-Y)) = GCI(Y)+ GCI(X —-Y) -1 >
GCI(Y) 4+ 2 —1 > GCI(Y), as desired. O

Remark 2.10. Note that if at least one of two cardinals «, 8 is infinite, then
o+ 8 = max{a, 8}. From this, we deduce that if X and Y are disjoint spaces
such that at least one of GCI(X) and GCI(Y) is infinite, then GCI(X ®Y) =
max{GCI(X), GCI(Y)}.

The product of two gauge compact spaces need not be gauge compact [2,
Example 10]. The example below shows that the product space need not be
gauge compact even the two factor spaces have finite gauge compact indices.

Example 2.11. Let X =Y = (R, 7). By Example 2.4, GCI(X) = GCI(Y) =
2. Define the gauge 6 on X x Y as follows:

5((,y)) = (& — 1,+00) x (y — 1,400), (z,y) € X x Y.

Now, for any finite number of elements (z1,y1), (z2,%2), ** , (Tn,Yn) in X XY
with n > 1, let

*

¥ = min{z;:i=1,2,--- ,n} — 2,
y* = max{y;:i=1,2,--- ,n}+2.

Then for every 1 < i < n, (z;,y;) € 6((z*,y*)) and (z*,y*) &€ 6((xs,v:)). It
follows that for any A C X x Y with |[A] < Ry, X x Y <} A does not hold.
Therefore GCI(X x Y) £ RNy, hence GCI(X x Y) > N;. On the other hand,
for any gauge n on the product space X x Y, let A = {(a,a) : a is an integer}.
Then |A] <Ry and X x Y <! A holds. Thus GCI(X x Y) = ;.

Now a natural question is: which spaces X have the property that for any
space Y with a finite gauge compact index, GCI(X x Y) is finite. Note that
a space X is compact if and only if for any § € A(X), there exists a finite set
A C X such that X = U o(x).

z€A

Proposition 2.12. Let X be a space such that GCI(X x Y') is finite for all Y
with a finite gauge compact index . Then GCI(X) is finite and X is compact.

Proof. Since the product of X with the trivial space {e} with exactly one
element is homeomorphic to X and GCI({e}) = 2, by the assumption it follows
that GCI(X) = GCI(X x {e}) is finite.

Let Y = (N, 7) be the space where N is the set of all natural numbers
excluding 0 and 7 = {&, N}U{tn : n € N}. Then GCI(Y) = 2. So GCI(X xY)
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is finite. For any § € A(X), consider the A € A(X x Y') defined by
Mz,m) =6(x)x tm, (x,m)e X xY.

Then there exist a finite set A = {(z1,m1), (2, m2), -+, (xk, my)} such that
X xY <M A, We claim that X = (J{0(z;) : i = 1,2,--- ,k}. To see this,
assume that xg & §(x;) for any i. Then (zg,m1 + -+ my + 1) &€ A(z;,m;)
and (x;,m;) & AMwxo,m1 + -+ + my + 1) for every i, which contradicts the
assumption on the set A. Therefore X = (J{d(z;) : ¢ =1,2,--- ,k}. Hence X
is compact. O

3. SPACES WHOSE GAUGE COMPACT INDICES EQUAL TO TWO

We first consider the gauge compact indices of some spaces arising from
intrinsic topologies on posets (partially ordered sets). Let (P, <) be a poset. A
subset U of P is called an upper set if U =tU = {y€ P : y > « for some z€U}.
Dually U C P is a lower set, if U ={U = {y € P : y < z for some z € U}.

A topology on a poset P is order compatible if the closure of each point
x € P with respect to this topology equals the lower part of x, that is,

cd{z}) =lz ={y e P:y <z}.

The finest order compatible topology on P is the Alexandroff topology ~v(P)
which consists of all upper subsets of P. The coarsest order compatible topology
on P is the upper interval topology (or weak topology) v(P), of which {P—]A :
A is a finite subset of P} is a basis (see [12, Proposition 1.8]). Thus all open
sets in an order compatible topology are upper sets.

An element a of a poset P is called a linking element if it is comparable with
any element in P: for any = € P, either a < x or « < a holds.

If a € P is a linking element and 7 is an order compatible topology on poset
P, then for any § € A(P,7) we have P <} {a}, so GCI(P,7) = 2.

The following is an example of poset P which does not have a linking element
but GCI(P,v(P)) = 2.

Example 3.1. Let P = NU {a, b}, where N is the set of all natural numbers
excluding 0. Define the partial order < on P by

(i) 1 % a,b=a.

(ii) For m,n € N, m < n iff m <n (in the ordinary sense).

1 b
FIGURE 1. Poset P =NU {a,b}
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For any finite subset A of the poset (P, <), | A is a finite set. As {P— |A:
A C P is finite} is a base of the upper interval topology v(P), by Lemma 2.3,
to determine GCI(P, v(P)), we only need to consider § € A(P,v(P)) satisfying
d(z) = P— JA, for some finite subset A, C P with x €| A,. Then as |A,U |4,
is a finite subset of P, there exists mg € N — ([ A,U |A;), implying mg € é(a)
and mg € d(b). For any other n € N, n € §(myg) if mg < n, and mg € §(n)
if n < mg. Therefore P <} {mg}, implying GCI(P,v(P)) = 2. However, the
poset (P, =) clearly does not have a linking element.

For the Alexandroff topology on a poset, we have a better result.

Proposition 3.2. For any poset P, GCI(P,v(P)) = 2 if and only if P has a
linking element.

Proof. Again, we only need to prove the necessity.

Assume that GCI(P,y(P)) = 2. Define 6(z) =tz for each x € P. Then ¢ is
a gauge on (P,v(P)). So there is an element e € P such that P <} {e}, which
implies immediately that e is a linking element of P. O

Another order compatible topology on a poset P is the Scott topology which
is the most important topological structure in domain theory. A non-empty
subset D of a poset P is a directed set if every two elements in D have an
upper bound in D.

A subset U of a poset P is called a Scott open set if (i) U =1U, and (ii)
for any directed set D C P, \/D € U implies D N U # & whenever \/D exists.
The family o(P) of all Scott open sets of P is indeed a topology on P [4]. The
space P = (P,o(P)) is called the Scott space of P.

For two elements a and b in a poset P, a is way-below b, denoted by a < b,
if for any directed subset D of P, if \/D exists and b < \/D then there exists
d € D such that ¢ < d. An element x is compact if x < x. The set of all
compact elements of P is denoted by K(P). For any k € K(P), 1k is Scott
open.

A poset P is called algebraic, if for any a € P, {z € K(P) : ¢ < a} is
directed and a = \/{z € K(P) : « < a}. For any algebraic poset P, the
family {fu : u € K(P)} is a base of the Scott topology on P (see [4, Corollary
11-1.15)).

Lemma 3.3. An element e of an algebraic poset P is a linking element if and
only if for any x € K(P), x < e ore < x holds.

Proof. If e is a linking element of P, then clearly for any € K(P), we have
either r <eore <uzx.

Conversely, assume that e satisfies the condition. Let b be any element of
P. Since P is algebraic, b = \/{y € K(P) : y < b}. If there is a y € K(P) such
that y < b and y £ e, then e < y, which implies that e < b. Otherwise, for
every y € K(P) with y < b, we have y <e. Sob=\/{y € K(P) :y <b} <e.
All these show that e is a linking element of P. O
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Proposition 3.4. Let P be an algebraic poset. Then GCI(XP) = 2 if and only
if P has a linking element.

Proof. We only need to prove the necessity. Note that for every u € K(P),
tu € o(P).

Assume, on the contrary, that P has no linking element. Let P — K(P) =
{a; :i € I'}. Then no a; is a linking element. By Lemma 3.3, there is u; € K(P)
such that a; € u; € a;. Since a; = \/{z € K(P) : x < a;}, there is v; € K(P)
such that v; < a; and v; € u;. Now define a gauge 6 on P (with respect to the
Scott topology) as follows:

| Tz, ifze K(P);
JOM { Mg, if x = a;.

Since GCI(XP) = 2, there is z9 € P such that P <M {z¢}. If 2 is a
compact element, then 6(zg) =Tzg. For any y € K(P), we must have either
xo € §(y) or y € §(xp), implying y < xg or 29 < y. By Lemma 3.3, zg is a
linking element, contradicting our assumption.

Therefore, g = a; for some ¢ € I. But then w; ¢tv; = d(a;) and a; ¢tu; =
0(u;), contradicting the assumption on zg. All these show that P must have a
linking element. (Il

Given a set X, the weakest T topology on X is the co-finite topology,
denoted by 7¢of, Where U € 7.0 if and only if either U = @ or X — U is a finite
set.

Lemma 3.5. For any infinite set X, GCI(X, Teof) = 3.

Proof. Let § € A(X). Take any a € X. If 6(a) = X, then X <} {a}. If
d(a) # X, then X — 6(a) = {a1,a2, - ,a,} is a finite set and n > 1. Since
X —U{0(a;) :i=1,2,--- ,n} is finite, we have ({0(a;) : i =1,2,--- ,n} # &.
Choose any element

c€ﬂ{5(ai):i:1,2,~-- ,n}.

For each z € X, if z € 6(a) then x <M a. If z ¢ 6(a), then x = a; for some i,
so ¢ € §(a;) = §(z) which implies z <! ¢. Hence X < A where A = {a,c}.
Thus GCI(X, Teor) < 3.

Now, we will show that GCI(X, 7.of) # 2. First note that if two sets have
the same cardinality, then their corresponding co-finite topological spaces are
homeomorphic. Since |X| = |X x {1,2}|, so the two spaces (X, 7ef) and
(X*, Teot) are homeomorphic, where X* = X x {1,2}. Define the gauge ¢ on
X* as follows:

5((xv 1)) = X7 _{(x’Z)}v
6((z,2)) = X" —{(z,1)}.
For any z € X, (x,1) <¥ (z,2) does not hold. So X* <M {u} does not hold

for any u € X*. Thus, GCI(X, Teor) = GCI(X*, Teor) # 2. Hence we conclude
that GCI(X, 7eor) = 3. |
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If a T} space X is finite and GCI(X) = 2, then it is Hausdorff (every finite
T space is discrete), thus | X| = 1.

Lemma 3.6. If X is a Ty space such that GCI(X) = 2 and | X| > 1, then X
is an infinite set.

Theorem 3.7. For any Ty space (X,7), GCI(X,7) = 2 if and only if | X| = 1.

Proof. Trivially, if | X| = 1, then GCI(X) = 2.

For the sufficiency, if GCI(X,7) = 2 and |X| # 1, then by Lemma 3.6, X is an
infinite set. Since (X, 7) is T1, 7 is finer than or equal to the co-finite topology
Teof 011 X. Hence, by Remark 2.2(3), GCI(X, 7) > GCI(X, 7cot). However, by
Lemma 3.5, GCI(X, 7¢ot) = 3, thus GCI(X,7) > 3, a contradiction. Hence
|X] =1 holds. |

Given any space X and z € X, if Y = cl({z}), it is easy to show that for
any § € A(Y), Y <M {z}. Therefore, we have the following result.

Corollary 3.8. A topological space X is Ty if and only if for any subspace
Y C X, GCI(YY) = 2 implies |Y| = 1.

4. SPACES WHOSE GAUGE COMPACTNESS INDEX IS THREE

In this section, we prove more results on spaces whose gauge compact indices
are 3.

A topological space X is called hyperconnected [11] if no two non-empty
open sets are disjoint; equivalently, if X is not the union of two proper closed
sets. Every hyperconnected space is connected.

Theorem 4.1. Let X be a Ty space with |X| > 2. If GCI(X) = 3 then X is
hyperconnected.

Proof. Let X be a Tj space with |X| > 2 and GCI(X) = 3. If X is not
hyperconnected, then there are two non-empty open subsets U and V of X
such that UNV = @. Choose a € U and b € V. If U = {a} and V = {b}
then |U| = |V| = 1. Moreover, X is Ty so U UV is closed. Then X =
UUV U(X — (UUYV)) is the union of three non-empty disjoint open sets,
which then implies GCI(X) > 4, by Corollary 2.9(1). Thus we can assume
that |U| > 1 (otherwise |V| > 1). Since U, with the subspace topology, is a T}
space, by Theorem 3.7, GCI(U) > 3. Then there exists a gauge 8 on U such
that for every x € U there exists y € U such that x <£4 y does not hold. Now,
define the gauge § on X as follows:

(1) if z € U, let 6(z) = B(x);

(2) ifzeV,let 6(z) =V,

(3) if x € (UUYV), choose an open set d(x) such that x € §(z) and a,b ¢

d(z).
Since GCI(X) = 3, there exists {z1,22} C X such that X <M {z1,2,}

holds. It is easy to see that one of z;’s must be in U and another be in V' (if
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a <M g then z € U, and if b < z then 2 € V). Assume that z; € U and
x9 € V.

By the assumption on f, there exists x € U such that z; —<g/[ x does not
hold, equivalently = <?f 1 does not hold, therefore x <§/[ x1 does not hold.
Clearly z <Y x5 does not hold either. This contradicts that X < {x1,z2}.
Hence X must be hyperconnected. (I

Remark 4.2. A T space with only two elements is not hyperconnected but its
gauge compact index is 3. So, the condition |X| > 2 in the above theorem is
not removable.

Definition 4.3. A space X is called an F-space if for any § € A(X) and any
proper non-empty closed subset F,

ﬂ{é(m):xeF};ﬁ@.

Example 4.4.

(1) For any infinite set X, (X, Teof) is an F-space.

(2) The set R of real numbers with the co-countable topology is an F-space.

(3) Let |X| = a be a regular cardinal and 7 be the topology on X such
that U € 7 if and only if U = @ or |X — U| < |X|. Then (X, 7) is an
F-space.

(4) The space (P,v(P)) considered in Example 3.1 is an F-space.

Proposition 4.5. If f : X — Y is a surjective continuous mapping and X is
an F-space, then'Y is an F-space.

Proof. Let A € A(Y) and K be a closed non-empty proper subset of Y. Define
the gauge § on X as follows:

§(z) = fH\(f(z))) for any z € X.

The set F' = f~!(K) is a closed non-empty proper subset of X. Since X is an
F-space, so ﬂ 0(x) # &. Take one element ¢ € ﬂ d(z) = ﬂ YO (@))).

zEF zel zeF
Now for every y € K, since f is surjective, there is z € F such that f(z)=y. So,

we have f(c) € A(f(x)) = Ay). Thus, f(c) € m A(y), implying ﬂ AMy) # .
yeK yeK
Hence Y is an F-space. (I

Proposition 4.6. Fvery clopen subspace of an F-space is an F-space.

Proof. Let X be an F-space and A C X be clopen. Given any gauge § on A
and a non-empty proper closed subset K of A, we extend ¢ to a gauge x on X
by letting

() = o(x), ifexeA,
M=V X -4, ifag¢ A
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Since A is clopen, K is closed in X. Moreover X is an F-space, so ﬂ k(z) # 2.
rzeK
Since K C A, then ﬂ k(z) = ﬂ d(z) # @. Thus, A is an F-space. O

rzeK zeK

Remark 4.7. Let X be the set of all real numbers equipped with the co-
countable topology. Then A = {1,2,3,---} is a closed subset of X. Let
0(x) = {a} for all x € A. Now, K = {2,4,6,---} is a proper non-empty
closed subset of A and m 0(z) = @. It follows that A is a closed subspace

rEK
of the F-space X, and A is not an F-space. Hence a closed subspace of an

F-space need not be an F-space.
Theorem 4.8. If X is a Ty F-space with |X| > 2, then GCI(X) = 3.

Proof. Firstly, by Theorem 3.7, we have that GCI(X) # 2 because |X| # 1. It
now remains to show that GCI(X) < 3. If X is finite, then X is a discrete space.
Hence for every = € X, {«} is clopen. Let § be the gauge on X defined by
d(z) = {z}. Choose one a € X and consider the proper closed set F' = X —{a}.

Since X is an F-space, ﬂ{é(cc) :x € F} # . But this is true only when F
has only one element. It thus follows that | X| = 2. Thus, GCI(X) = 3.

Now, assume that X is infinite. Let § € A(X) and a € X such that d(a) # X
(if 6(a) = X, then X <M {a}). Hence, F = X —§(a) is a proper closed set. By
the assumption on X, ﬂ{é(z) :z € F} #£@. Take c € m{é(z) :z € F}. For
any z € X, if v € F we have c € §(z); if v ¢ F, x € §(a). Hence X <¥ {a,c}.
It follows that GCI(X) < 3. Therefore GCI(X) = 3. O

Remark 4.9. The set of real numbers R with the upper topology is a Ty F-space
whose gauge compact index is 2. Thus Theorem 4.8 need not be true if the
space is not T7.

We still haven’t been able to obtain a complete characterization of T} spaces
whose gauge compact indices equal 3. We previously conjectured that every
such space is an F-space. Unfortunately, the example below gives a negative
answer.

Example 4.10. Let Z be the set of all integers equipped with the topology
T={0}U{ACZ:Z\ Ais finite} U{B C 2Z : 2Z\ B is finite}. The topology
7 is finer than the co-finite topology, so it is 17 .

Let § € A(Z,7). If 5(1) = X, then Z < {1}. If §(1) # X, then X —§(1) =

{z1,22,23, "+ ,2,} is a finite set and n > 1. Since X — Ud(zz) is finite,
i=1

N{o(z) : € 6(1)} # &. Choose one element ¢ € ({d(z) : = & 6(1)}, then

Z <M {1,¢}. Hence GCI(Z,7) < 3. But as Z is an infinite T} space, by

Theorem 3.7, GCI(Z,7) # 2, so GCI(Z,7) = 3. Now, consider the gauge

A€ A(Z,7) given by Mz) =Z —{z—2,2+1},(x € Z). Theset F =Z — 27

is a proper non-empty closed set and |J{Z — A(z) : = € F} = Z. Hence
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({\(z) : x € F} = @. Thus (Z,7) is a T} space with a gauge compact index
of 3 but not an F-space.

5. PROPERTIES OF GAUGE COMPACT INDICES IN RESPECTIVE TO MAPPINGS

In this section we study the relationship between the gauge compact indices
of X and Y where there is a certain type of surjective mapping f: X — Y. As
remarked at the beginning of the Section 2, all spaces considered in this paper
are non-empty.

Recall from [2] that a mapping f : X — Y from a topological space X
to a topological space Y is said to be M-uniformly continuous, if for every
A € A(Y) there exists § € A(X) such that for any z,y € X, 2 <M y implies
f(z) <3 f(y). Every continuous mapping is M-uniformly continuous. The
converse is true for all X iff Y is an Ry space [2].

Theorem 5.1. If there is a surjective M -uniformly continuous mapping f :
X =Y, then GCI(Y) < GCI(X).

Proof. Let A € A(Y). Since f is M-uniformly continuous, there is a § € A(X)
such that z; <M x5 implies f(z1) <37 f(z2). Then there exists a subset
A C X with |A| < GCI(X) such that X <} A. Furthermore, for every y € Y,
there exists z € X such that f(z) = y. Then z <¥ a for some a € A. So
y = f(z) <} f(a). It follows that Y <4 f(A). Since |f(A)| < |4] < GCL(X),
we obtain GCI(Y') < GCI(X). O

A mapping between topological spaces that maps open subsets to open sub-
sets is called an open mapping [14]. Open mappings need not be continuous.

Corollary 5.2. If there is a bijective open mapping from a space X to a space

Y, then GCI(X) < GCI(Y).

Proof. Let f be a bijective open mapping from the space X to a space Y. Then
the inverse mapping f~! : Y — X is bijective and continuous. By Theorem
5.1, we have GCI(X) < GCI(Y). O

The combination of Theorem 5.1 and Corollary 5.2 deduces the following.

Corollary 5.3. If there is a bijective, open and M -uniformly continuous map-
ping f: X =Y, then GCI(X) = GCI(Y).

The example below shows that a bijective, open and M-uniformly continuous
mapping need not be a homeomorphism.

Example 5.4. Let P = (R, <) be the poset of real numbers with the ordinary
order of numbers. Let X = (P,o(P)) and Y = (P,v(P)). Note that o(P) =
{&,R} U {(a,+0) : a € R} and v(P) = o(P) U {[a,+0) : a € R}. For any
gauge A on Y and y1,y2 € Y, if y1 < y2 then yo € A(y1), so y1 <37 y2 holds for
any two elements y;,y2 € Y. It then follows immediately that every mapping
f: X — Y is M-uniformly continuous. In particular, the identity mapping
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id: X =»Y, x> x, is M-uniformly continuous. As o(P) C v(P), the identity
mapping is open.

Now U = [0, +0) € ¥(P), but i }(U) = U ¢ o(P). So id is not continuous,
thus not a homeomorphism.

Theorem 5.5. If GCI(X) = 2, then every M -uniformly continuous mapping
from X to a Ty space is a constant function.

Proof. Let GCI(X) = 2, f: X — Y be M-uniformly continuous, and Y be
T;. By Theorem 5.1, GCI(f(X)) < GCI(X) = 2, implying GCI(f(X)) = 2.
The set f(X), with the subspace topology, is a Ty space. By Theorem 3.7,
|f(X)| = 1. Thus, f is a constant function. O

One might conjecture that the converse of Theorem 5.5 also holds. Below,
we give a counterexample to this conjecture.
In order to simplify the explanation, we first prove a simple lemma.

Lemma 5.6. Let f : X — Y be an M-uniformly continuous mapping from
a space X to a Ty space Y. Then for any x1,22 € X, x1 € cl({xz2}) implies

f(x1) = f(z2).

Proof. Assume, on the contrary, that 1 € cl({z2}) and f(z1) # f(z2). Chose a
gauge A € A(Y) satisfying A(f(21)) = ¥ —{f(z2)} and A(f(z2)) = Y —{ f(a1)}.
Since f is M-uniformly continuous, there is a gauge § € A(X) such that u <X v
implies f(u) <Y f(v). From z; € cl({z2}) we have x5 € §(z1), so x1 <Y xs.
Therefore f(z1) <3 f(z2). But this is not true by the definition of A(f(z1))
and A(f(z2)). This contradiction proves that f(z1) = f(z2) must hold. O

Example 5.7. Let P = {a,b,c,d} be the poset in which b < a,b < ¢ and

d<c.
a C
b d

FIGURE 2. Poset P = {a,b,c,d}

For any gauge § € A(P,v(P)), we have P <M {a,c}. So, GCI(P,v(P)) < 3.
Also for the gauge A\ given by

Aa) = P— Le, \(b) = P— Ld, A(c) = \(d) = P— la,
there is no z € P satisfying P < {z}. So, GCI(P,v(P)) # 2 and therefore
GCI(P,v(P)) = 3. Also in the space (P,v(P)), it holds that cl({a}) = {a,b}
and cl({c}) = {b,¢,d}. If f: (P,v(P)) — Y is an M-uniformly continuous

mapping from (P,v(P)) to a Ty space Y, then by Lemma 5.6, we have f(a) =
7(5) from cl({a}) = {a,b} and f(b) = f(c) = f(d) from el({c}) = {b,c,d}.

Hence f is a constant function.
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6. REMARKS ON SOME FURTHER WORK

We end the paper with some remarks and possible future work.

(1) If X is a Hausdorft space such that GCI(X x Y') is finite for any Y with a
finite gauge compact index, then by Proposition 2.12, GCI(X) is finite. So, X
is finite. We still do not know whether this conclusion holds for non-Hausdorff
spaces, that is whether the following statement is valid:

“If X is a Ty space such that GCI(X x Y)) is finite for any Y with a finite
gauge compact index, then X is a finite set.”

(2) We have proved that if P is an algebraic poset, then GCI(XP) = 2 iff
P has a linking element, where X P is the Scott space of P. We do not know
whether this conclusion is still valid for other classes of posets, such as the
continuous directed complete posets (see [4] on continuous posets).

(3) Quite a number of different other cardinal functions on topological spaces
have been introduced and investigated, for example “weight”, “density”, “Lin-
deldf degree”, “extent” (the extent e(X) of X is the supremum of the cardinals
of its closed discrete subsets), etc. The two cardinal functions more relevant to
gauge compact index are the Lindelof degree and extent. We still do not have
any significant result on their connections with gauge compact index. We leave
that exploration to our future work.
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