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ABSTRACT

In this article, we introduced the best proximity point theorems for Z-
contraction and Suzuki type Z-contraction in the setting of complete
metric spaces. Also by the help of weak P-property and P-property,
we proved existence and uniqueness of best proximity point. There is a
simple example to show the validity of our results. Our results extended
and unify many existing results in the literature. Moreover, an appli-
cation to fractional order functional differential equation is discussed.
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1. INTRODUCTION

When we study about fixed points of different mappings satisfying certain
conditions, then it is observed that this theory has enormous applications in
various branches of mathematics and mathematical sciences and hence become
the source of inspiration for many researchers and mathematicians working in
the metric fixed point theory (see for instant [5, 16, 12, 26]). When a self
mapping in a metric space has no fixed points, then it could be interesting to
study the existence and uniqueness of some points that minimize the distance
between the point and its corresponding image. These points are known as best
proximity points. Best proximity points theorems for several types of non-self
mappings have been derived in [1], [2], [3], [6], [7], [8], [10], [9] and [24]. The best
proximity points were introduced by [13] and modified by Sadiq Basha in [7].
The results about best proximity point theory have been found very briefly in
the work of [6] to [9]. Now, after the new generalization of Banach contraction
principle given by khoj. et al. in [15] by defining a notion of Z-contraction,
after that Kumam et. al. in [16] introduced Suzuki type Z-contraction and
unified many fixed point results. Some recent contribution in this field can be
found in ([18, 17, 4, 20, 21, 22, 23]). Because of its importance in nonlinear
analysis, we extend these generalizations and contractions to find out the unique
best proximity point in metric spaces and introduced these notions for non self
mappings in the light of Yaq. et al. [25] by using some suitable properties.
Some examples and an application to fractional order functional differential
equation is given to illustrate the usability of new theory.

2. PRELIMINARIES

In this section, we collect some notations and notions which will be used
throughout the rest of this work.
Let A and B be two nonempty subsets of a metric space (X, d). We will use
the following notations:

d(A, B) :=inf{d(a,b) : a € A,b € B};
Ap:={a € A:d(a,b) =d(A, B) for some b € B};
By :={be B:d(a,b) =d(A, B) for some a € A}.

Definition 2.1. An element z* € A is said to be a best proximity point of
the non-self-mapping T': A — B if it satisfies the condition that d(z*, Tx*) =
d(A, B).

Remark 2.2. Tt can be observed that a best proximity reduces to a fixed point

if the underlying mapping is a self-mapping.

Definition 2.3 ([15]). Let ¢ : [0,00) x [0,00) — R be a mapping, then ( is
called a simulation function if it satisfies the following conditions:

(1) ¢(0,0) =0;
(2) ¢(t,s) <s—t for t,s>0;
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(3) if {tn}, {sn} are sequences in (0, c0) such that

lim t, = lim s, >0,
n— o0 n— o0

then
lim sup {(ty, sn) < 0.

n—oo

We denote the set of all simulation functions by Z.

Definition 2.4 ([15]). Let (X, d) be a metric space, F': X — X is a mapping
and ( € Z. Then F is called a Z-contraction with respect to ( if the following
condition holds:

(2.1) ((d(Fz, Fy),d(z,y)) >0

where x,y € X, with x # y.

Definition 2.5 ([16]). Let (X, d) be a metric space, F': X — X is a mapping

and ¢ € Z. Then F is called a Suzuki type Z-contraction with respect to ( if
the following condition holds:

1
(2.2) Sd(e, Fo) < dla,y) = C(d(Fx, Fy),d(z, ) > 0
where x,y € X, with x # y.

Definition 2.6 ([19]). Let (A, B) be a pair of nonempty subsets of a metric
space (X, d) with Ay # ¢. Then the pair (A, B) is said to have the P-property
if and only if

d(z1,y1) = d(A, B) and d(z2,y2) = d(A, B) = d(z1,22) = d(y1,Y2),
where x1, 22 € Ag and y1,y2 € By.
Definition 2.7 ([27]). Let (A,B) be a pair of nonempty subsets of a metric

space (X,d) with Ag # &. Then the pair (A,B) is said to have weak P-property
if and only if for any x1,22 € Ag and y1,y2 € By

d(z1,y1) =d(A,B)
d(%;Zz) - d(A,B) } = d(x17x2) S d(y17y2).

Theorem 2.8 ([16]). Let (X,d) be a complete metric space. Define a mapping
F: X — X satisfying the following conditions:

(1) F is Suzuki type Z-contraction with respect to (;
(2) for every bounded Picard sequence there exists a natural number k such
that $d(Tmy, Tmy+1) < ATy, Tny,)  for me >ng > k.

Then there exists unique fixed point in X and the Picard iteration sequence
{zn} defined by
Ty = Fr,_1,n=12,..

converges to a fixed point of F,

Remark 2.9 ([15]). Every Z-contraction is contractive and hence Banach con-
traction.
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Theorem 2.10 ([5]). Let (X,d) be a complete metric space. Then every con-
traction mapping has a unique fized point. It is known as Banach contraction
principle.

3. MAIN RESULTS

In this section, we will introduced the notion of generalized contraction prin-
ciple for non self mappings by combining Suzuki and Z- contraction mappings
and will find the unique best proximity point.

Definition 3.1. Let (X, d) be a metric space, F' : A — B is a mapping and
¢ € Z. Then F is called a Z-contraction with respect to ( if the following
condition holds:

(3.1) C(d(Fz, Fy),d(z,y)) = 0
where A, B C X and x,y € A, with = # y.

Definition 3.2. Let (X, d) be a metric space, F' : A — B is a mapping and
¢ € Z. Then F is called a Suzuki type Z-contraction with respect to ¢ if the
following condition holds:

1
where A, B C X and z,y € A, with  # y.

Remark 3.3. Since the definition of simulation function implies that {(¢,s) < 0
for all t > s > 0. Therefore F is Suzuki type Z contraction with respect to ¢,
then

1
id(m, Fzx) <d(z,y) = d(Fz, Fy) < d(z,y)
for any distinct =,y € A.
Remark 3.4. Every Suzuki type Z-contraction is also a Z-contraction.

Now, we are in a position to prove best proximity point theorems for Z and
Suzuki type Z-contractions in metric spaces.

Theorem 3.5. Let (A, B) be the pair of nonempty closed subsets of a complete
metric space (X,d) such that Ay is nonempty. Define a mapping F : A — B
satisfying the following conditions:

(1) F is Z-contraction with F(Agp) C Bo;
(2) the pair (A, B) has weak P-property.

Then there exists unique best proximity point in A and the iteration sequence
{za,} defined by

Ton41 = Fx2n7 d(x2n+27x2n+1) = d(A7 B)7 n= 07 1) 27

converges, to x*, for every xg € Ap.
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Proof. First of all, we have to show that By is closed. For this, let us take
{yn} C By a sequence such that y, — t € B. Since the pair (4, B) has weak
P-property, it follows from the weak P-property that

A(YnyYm) = 0= d(xp, ) — 0,

as m,n — 00, and &, &, € Ay and  d(zn,yn) = d(Tm, ym) = d(A4, B).

Thus {z,} is a Cauchy sequence and converges strongly to a point s € A. By
the continuity of the metric d, we have d(s,t) = d(A, B), that is t € By and
hence By is closed.

Let Ag be the closure of Ag; now we have to prove that F\(Ag) C By. If we take
x € Ag\ Ay, then there exists a sequence {x,,} C Ag such that z,, — z. By the
continuity of F' and the closeness of By, we get as Fx = lim,,_,o, F'z,, € By.

That is, F(Ag) C Bo.
Since F' is Z-contraction,which implies that
0 S C(d(Fxl, Fxg), d(xl, Ig))
< d(Il, IQ) — d(F$1, FIQ),
implies that
(3.3) d(Fxq, Fxa) < d(z1, z2).
Define an operator Py, : F(Agy) — Ag, by Py ={z € Ao : d(z,y) = d(A, B)}.
Since the pair (A, B) has weak P-property and using (5), we have
d(PAOFl‘l,PAOFSL'Q) S d(Fl‘l,FIL'Q)
< d(Il, IQ)
for any x1,r9 € A,. Hence ((d(Pa,Fx1, Pa,Fxs),d(x1,72)) > 0. So, Pa,F :
Ay — Ap is a Z-contraction from complete metric subspace Ag into itself.
Since by using Remark (2.1), every Z-contraction is a contraction and hence
a Banach contraction. Thus by using theorem (2.2), P4, F has unique fixed
point, that is P4, Fz* = 2* € Ay, which implies that
d(z*, Fz*) = d(A, B).
Therefore, z* is unique in Ay such that d(z*, Fz*) = d(A, B). It is easily seen
that z* is unique one in A such that d(z*, Fa*) = d(A, B). The Picard Iterative
sequence
Tpt1 = Pa,Fxn, n=0,1,2,..
converges, for every xg € Ag, to z*. The iteration sequence {x2,}, for n =
0,1,2,... defined by,
Toan+1 = FxQn; d(x2n+27x2n+1) = d(A7 B)7 n= 07 1) 27
is exactly a subsequence of {z,}, so that it converges to z*, for every zy €

Ay. O

Theorem 3.6. Let (A, B) be the pair of nonempty closed subsets of a complete
metric space (X,d) such that Ay is nonempty. Define a mapping F : A — B
satisfying the following conditions:
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(1) F is Suzuki type Z-contraction with F(Ag) C By;

(2) the pair (A, B) has the weak P-property.
Then there exists unique x* in A such that d(z*, Fa*) = d(A, B) and the
iteration sequence {xa,} defined by

Toan+1 = Fx2n7 d(x2n+27x2n+1) = d(A7 B)7 n= 07 1) 27

converges, for every ro € Ay to x*.

Proof. First of all, we have to show that By is closed. For this, let us take
{yn} € By a sequence such that y, — g € B. Since the pair (A4, B) has weak
P-property, it follows from weak P-property that

A(YnyYm) = 0= d(xp, ) — 0,

as m,n — 00, and T, T, € Ag and d(xn,Yn) = d(Tm, ym) = d(4, B).

Thus {z,} is a Cauchy sequence and converges strongly to a point f € A. By
the continuity of the metric d, we have d(f,g) = d(A, B), that is g € By and
hence By is closed.

Let Ag be the closure of Ag; now we have to prove that F((Ag) C By. If we take
x € Ag\ Ao, then there exists a sequence {x,,} C Ag such that z,, — z. By the
continuity of F' and the closeness of By, we get as Fx = lim,,_,o, F'z,, € By.
That is, F(Ag) C Bo.

Define an operator Pa, : F(Ag) = Ag, by Py = {x € Ao : d(z,y) = d(A, B)}.
Since F' is Suzuki type Z-contraction, such that for %d(xl,Facl) < d(z1,y1),
we have

C(d(Fa1, Fy),d(z1,91)) > 0.
Now, we claim that P, F is Suzuki type Z-contraction. For this, we have to
prove that %d(xl, Pa,Fx1) < d(z1,y1), for all z,y € A. Since F' is Suzuki type
Z-contraction, that is d(Fx, Fy) < d(x,y). By using P-property, P~y = {z €
Ap : d(x,y) = d(A, B)} and triangular inequality, we obtain

1 1
Ed(-fhPAoFIl) < =ld(z1,y1) + d(y1, Pa, Fx1)]

2
= %[d(xlvyl) +d(y1, z1)]
= d(z1,y1)
= d(Fz1,Fy)
< d(z1,y1)
Hence,
(3.4) ld(:cl, Pa Fa1) < d(x1,y1).

2

for any z1,y; € Ag. Which shows that ((d(Pa, Fx1, Pa,Fy1),d(z1,y1)) > 0,
where z1,y1 € Ag. Thus, Py F Ay — Ay is a Suzuki type Z-contraction from
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complete metric subspace Ay into itself. Consequently, one may write by using
the fact that P4, F is a Suzuki type Z-contraction and remark (3.1) as

:>d(PAOFI1,PAOFy1) < d(Il,yl).

Then by using Theorem (2.1), P4, F has unique fixed point, that is P4, Fx* =
r* € Ap, which implies that

d(z*, Fz*) = d(A, B).

Therefore, z* is unique in Ay such that d(z*, Fz*) = d(A, B). It is easily seen
that z* is unique one in A such that d(z*, Fa*) = d(A, B). The Picard Iterative
sequence

Tny1 = PagFan, n=0,1,2,..

converges, for every xg € Ag, to x*. The iteration sequence {x2,}, for n =
0,1,2,... defined by,

Tont1 = Foon, d(£2n+2ax2n+1) = d(Aa B)a n=0,1,2..
is exactly a subsequence of {x,}, so that it converges to z*, for every xy €

Ap. (]

Corollary 3.7. Let (X,d) be a complete metric space. Define a mapping
F: X — X satisfying the following conditions:

(1) F is Z-contraction.

Then there exists unique fixed point in X and the iteration sequence {xan}
defined by

Toan+1 = FxQna d(x2n+2ax2n+1) - d(Aa B)a n= 07 ]-a 27

converges to x*, for every xg € Ayp.

Proof. Taking self mapping A = B = X in Theorem (3.1), then we get desired
result. O

Remark 3.8. By Taking self mapping in Theorem (3.2), we obtain Theorem
(2.1).

There is an example to justify our results and remarks.

Example 3.9. Consider X = R?, with the usual metric d. Define the sets
A={(z,1) : 2 >0} and B = {(x,0) : © > 0}. Let Ap = A and By = B
and clearly, the pair (A4, B) has the P-property, also satisfies weak P-property.
Also define f: A — B as:
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we take Ag = A # @, By = B, f(Ao) C By. Then,

2 2
Ty )

141 x4 1|

|LL’%(£L’2 +1) - z%(xl +1) _ (122 + z1 + z2) (22 — 1)
(r1 + 1)(z2 + 1) [(x1 + 1) (a2 + 1)]

T1T2 + 21 + 22
(x1+1)(x2+ 1)

T1T2 + 1 + X2

= |z1 — 22

T1T2 + o1 + 22+ 1

< |$1 —I2| = d((xl,l),(xg,l)).

d(f(l’l,].),f(l‘g,].)) - |

|z1 — 2]

ie. d(f(x1,1), f(ze,1)) < d((x1,1), (x2,1)),

which implies that ((d(f(x1,1), f(x2,1)),d((z1,1), (z2,1))) > 0, i.e. fis (-
contraction. Thus, all the conditions of the Theorem (3.1) are satisfied, and the
conclusion of that theorem is also correct, that is, f has a unique best proximity
point z* = (0,1) € Ay such that d(z*, fz*) = d((0,1),(0,0)) = d(A, B) = 1.
On the other hand, it is clear that the iteration sequence {z2r}, k=0,1,2, ...
defined by

22k+1 = f{ZQk}, d(22k+2’ ZQkJrl) = d(A7 B) = ]-7 k= 07 ]-a 27 ceey
converges for every zg € Ag,to z*, since

2
Lok

—=F 1) = (0,1).
Top + 1 ) (0,1)

Za(k41) = (T2re41), 1) = (

.2
%, we know that xor4+1 < ok, so there exists a

_ (@9)?
T oxr41

In fact, from wy(441) =

and hence z* = 0.

number z* such that xor — x*. Furthermore, x*

Example 3.10. Consider X = R?, with the usual metric d. Define the sets
A={(z,1) : 2 >0} and B = {(x,0) : © > 0}. Let Ap = A and By = B
and clearly, the pair (A4, B) has the P-property, also satisfies weak P-property.
Also define f: A — B as:
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we take Ag = A # @, By = B, f(Ao) C By. Then,

1 1 i
Zd 1 1 = =d 1 0
2 (($1, )7f(x15 )) 2 (($1, )’(1-1+17 ))
1 a3
= -1 -
2| + (x1 :c1+1)|
= 1|1+ : |
2 142
1|]‘+1+1:C1|
T
1 |$1+2|
= |x1_x2|

2[(z1 — w2)(z1 + 1)

<oy = w2| = d((21,1), (22,1)).
Thus, d((xlv 1); f(mla 1)) < d((l‘l, 1); (1'2a 1))7 which implies that C(d(f(mla 1)7
f(z2,1)),d((x1,1), (x2,1))) > 0, and f is Suzuki type Z-contraction with re-
spect to ¢. Thus, all the conditions of the Theorem (3.2) are satisfied, and the
conclusion of that theorem is also correct, that is, f has a unique best proxim-
ity point z* = (0,1) € Ay such that d(z*, fz*) = d((0,1),(0,0)) = d(4,B) =1
On the other hand, it is clear that the iteration sequence {z2r}, k=0,1,2, ...
defined by

22k+1 = f{ZQk} d(22k+2722k+1) = d(A7B) = 1) k= 07 1) 27 ey

converges for every zg € Ag,to z*, since
2

X
Zo(kt1) = (To(k41), 1) = (kaQ—T— 171) —(0,1).

2
%, we know that xor4+1 < ok, so there exists a

(z*)?
x*+1

In fact, from wy(441) =

and hence z* = 0.

number z* such that xor — x*. Furthermore, z* =

Example 3.11. If we change the defined mapping on same conditions of above
example and on little change on given sets like for A = {(1,y) : y > 0} and
B={(0,y):y >0} and Ap = A and By = B. Define f : A — B as:

2

_ Y

as given in [25], then also with this defined mapping there exists a best prox-
imity point for both Z and Suzuki type Z-contractions, also after such change
in the conditions, examples (3.1) and (3.2), theorems (3.1) and (3.2) ver-
ified, and that best proximity point is (1,0) for both, that is, d(z, fx) =
d((1,0),(0,0)) = d(A,B) = 1. If there are two best proximity points for
same sets, (1,0) and (0,1), then their uniqueness can be proved easily as
d((1,0),(0,0)) = d(A, B) and d((0,1), (0,0)) = d(A, B) = 1, then one can write
as: d((1,0),(0,0)) =d((0,1),(0,0)) = d(A, B), this implies that (1,0) = (0,1).
Hence, existence and uniqueness of best proximity point in the metric space
has proved.
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4. APPLICATION

In this section, we present an application of our fixed point results derived
in previous section to establish the existence of solution of fractional order
functional differential equation.

Consider the following initial value problem (IVP for short) of the form

(4.1) D%y(t) = f(t,ys), foreacht € J =1[0,0,0 < a < 1,

(4.2) y(t) = ¢(t),t € (=00, 0]

where D¢ is the standard Riemann-Liouville fractional derivative, f : J x B —
R, ¢ € B,¢(0) = 0 and B is called a phase space or state space satisfying
some fundamental axioms (H-1, H-2, H-3) given below which were introduced
by Hale and Kato in [14].

For any function y defined on (—oo,b] and any t € J , we denote by y: the
element of B defined by

ye(0) =yt +6),0 € (—o0,0].

Here y;(-) represents the history of the state from —oo up to present time ¢.

By C(J,R) we denote the Banach space of all continuous functions from J
into R with the norm

ylloo == sup{ly(t)] : t € J}
where | - | denotes a suitable complete norm on R.

(H-1) If y : (—o00,b] = R, and yo € B, then for every t € [0,b] the following
conditions hold:
(i) yt is in B,
(i) Nl < K(t) supdy(s)| -0 < s < ¢+ M(®) 1ol
(i) ly(®)] < Hllwl5,
where H > 0 is a constant, K : [0,b] — [0,00) is continuous, M :
[0,00) — [0, 00) is locally bounded and H, K, M are independent
of y(-).
(H-2) For the function y(-) in (H-1), y: is a B-valued continuous function on
[0, ]
(H-3) The space B is complete.
By a solution of problem (4.1)-(4.2), we mean a space Q = {y : (—00,b] —
R : yl(—co,0 € B and yljo is continuous}. Thus a function y € Q is said to be
a solution of (4.1)-(4.2) if y satisfies the equation D*y(t) = f(¢,y:) on J, and
the condition y(t) = ¢(¢) on (—o0,0].

The following lemma is crucial to prove our existence theorem for the pro-
blem (4.1)-(4.2).
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Lemma 4.1 (see [11]). Let 0 < o <1 and let h: (0,b] — R be continuous and
hm h(t) = h(0T) € R. Then y is a solution of the fractional integral equation

W) = g | (=9 b

if and only if y is a solution of the initial value problem for the fractional
differential equation
Day(t) = h(t)at € (Oab]a

y(0) = 0.
Now we are ready to prove following existence theorem.

Theorem 4.2. Let f:J x B— R. Assume
(H) there exists ¢ > 0 such that

lf(t,u) — f(t,v)| <qllu—v||p, forteJ and everyu,v € B.

If li’zxaijf’lq) = A < 1 where

Ky = sup{[K(¢)] : t € [0,0]},
then there exists a unique solution for the IVP (4.1)-(4.2) on the interval
(—00,b].

Proof. To prove the existence of solution for the IVP (4.1)-(4.2), we transform
it into a fixed point problem. For this, consider the operator NV : Q — Q defined
by
¢(t) te (700, O]a
N t) = t ae
W)®) { o S =) (s, p)ds te 0,0,
Let z(-) : (—00,b] — R be the function defined by

o(t) t € (—00,0],
m(t){o te0,b).

Then o = ¢. For each z € C([0,b],R) with z(0) = 0, we denote by z the
function defined by

o~ J 0 if t € (—00,0],
2(t) { 2(t) if £ € [0,b].
If y(-) satisfies the integral equation

1 t
t)=— [ (t—s)" )d
1) = e [ (=90 Hs)is
we can decompose y(-) as y(t) = 2(t)+xz(t),0 < t < b, which implies y; = Z; 4+,
for every 0 <t < b, and the function z(-) satisfies
1 /t 1 _
2(t) = — t—s8)* " f(s,Zs + xs)ds
=17 | (5,5 +2.)

o

Set
Co =1z € C([0,],R) : 29 = 0},
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and let || - || be the seminorm in Cy defined by
lIz[lo = [l20l| 8 + sup{[z(t)|;0 < t < b} = sup{[z();0 <t < b}, = € Co.

Cy is a Banach space with norm ||-||s. Let the operator P : Cy — Cy be defined
by

1 t
(4.3) (Pz)(t) = —/ (t —s)* 1 f(s,2s + x5)ds, t € [0,0].

I'(a) Jo

That the operator N has a fixed point is equivalent to P has a fixed point, and
so we turn to proving that P has a fixed point. Indeed, consider z, z* € Cj.
Then we have for each t € [0, b]

1 t
P()() - P(")(E)] < o~ / (£ = 89| f (5, 5+ 20) — (5,5 + )| ds
F(Oé) 0
< L/t(ts)al 12, — 2%l ds
>~ F(a) 0 ql1zs slB
< i [ 9 s (1)~ ()] 4
< = —s q sup ||z(s) — 2" (s s
(@) Jo el
Ky, [* .
< - —5)” Ay
< I‘(a)/o(t s) qds ||z —2"|p
Therefore WK
. qgb* Ky .
_ < _
1P(:) = Pl < pssllz = =l
i.e.

A(P(2), P(=")) < Ad(z, 2").
Now we observe that the function ¢ : [0,00) x [0,00) — R defined by ((¢,s) =

As—t for allt, s € [0,00), is in Z and so we deduce that the operator P satisfies
all the hypothesis of corollary (3.7). Thus P has unique fixed point. O
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