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ABSTRACT

In this paper we give two families of non-metrizable topologies on the
group of the integers having a countable dual group which is isomorphic
to a infinite torsion subgroup of the unit circle in the complex plane.
Both families are related to D-sequences, which are sequences of natural
numbers such that each term divides the following. The first family
consists of locally quasi-convex group topologies. The second consists
of complete topologies which are not locally quasi-convex. In order to
study the dual groups for both families we need to make numerical
considerations of independent interest.
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1. INTRODUCTION AND NOTATION

The most important class of topological abelian groups are the locally com-
pact groups. In this class, the most interesting theorems can be proved. In this
paper we consider a wider class of groups, which is the class of locally quasi-
convex groups. Clearly, locally compact groups are locally quasi-convex, since
they can be considered as a dual group (in fact, a locally compact abelian group
is isomorphic to its bidual group) and dual groups are locally quasi-convex.

This paper is part of a project about duality, which intends to solve, among
others, the Mackey Problem (first stated in [8]). This problem asks whether
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there exists a maximum element in the family of all locally quasi-convex com-
patible topologies (see Definition 1.12).

We present two different kinds of topologies on the group of the integers,
having as common feature that topologies in both families have countable dual
group, which is isomorphic to an infinite torsion subgroup of the unit circle in
the complex plane.

On the one hand, the topologies presented in Section 3 are metrizable, non-
complete and locally quasi-convex and the results contained are the natural
further steps of the ones given in [2].

On the other hand, the topologies presented in Section 4 are complete, non-
metrizable but they are not locally quasi-convex. These topologies, introduced
by Graev, were thoroughly studied by Protasov and Zelenyuk. Precisely, in
[16], a neighborhood basis for this topology is given and this allows us to study
these topologies on Z from a numerical point of view. The fact that these
topologies have countable dual group is surprising due to the belief that the
more open sets the topology has, the more continuous characters it should have.

All the groups considered will be abelian and the notation will be additive.

In order to state properly the Mackey Problem, we need first to recall some
notation on duality:

Definition 1.1. We will consider the unit circle as

S RN

We will consider in T the following neighborhood basis:

1 1
T,, := Z : - 7.
{x+ xe[ = 4m”

11

Definition 1.2. Let (G, 7) be a topological group. Denote by G the set of
continuous homomorphisms (or continuous characters) CHom(G, T). This set
is a group when we consider the operation (f+g¢)(x) = f(z)+g(x). In addition,
if we consider the compact open topology on G” it is a topological group. The
topological group G” is called the dual group of G.

We set

Definition 1.3. The natural embedding
ag : G — GA/\7

is defined by
r— ag(r): GN =T,
where
X = x(@).

Proposition 1.4. ag is a homomorphism.
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Proof. ag(z+y)(x) = x(z+y) = x(¥)x(y) = ac(®)()ac(y)(x) = (ac(@)ac(y))(X),
for all x € G".

Thus, ag(z +y) = ag(@)ac(y). O

Definition 1.5. A topological group (G, 7) is reflexive if a¢ is a topological
isomorphism.

Definition 1.6. Let 7,v be two group topologies on a group G. We say that
7 and v are compatible if algebraically (G, 7)" = (G,v)".

Now we include the definition of quasi-convex set, which emulates the Hahn-
Banach Theorem from Functional Analysis:

Definition 1.7 ([17]). Let (G, 7) be a topological group and let M C G be a
subset. We say that M is quasi-convex if for every x € G\ M, there exists
X € G” such that x(M) C T4 and x(z) ¢ T.. We say that 7 is locally quasi-
convex if there exists a neighborhood basis for 7 consisting of quasi-convex
subsets. We denote by Lgc the class of all locally quasi-convex topological
groups.

Definition 1.8. Let 7 be a group topology. We define the locally quasi-convex
modification of 7 as the finest locally quasi-convex group topology (7)iqc among
all those satisfying that they are coarser than 7.

For a deeper insight into the locally quasi-convex modification of a topolog-
ical group, see [10].

Lemma 1.9. Let (G, 7) be a topological group. Then (G,7)" = (G, (T)igc)"-

Definition 1.10. Let (G, 7) a topological group. The polar of a subset S C G
is defined as
S” = {x € G" [ x(5) C T4}
Remark 1.11. It is clear that
@t = v,
veB
where B is a neighborhood basis of 0 for the topology 7.

Definition 1.12 ([12]). Let G be a class of abelian topological groups and
let (G, 7) be a topological group in G. Let Cg(G,7) denote the family of all
G-topologies v on G compatible with 7. We say that u € Cg(G,7) is the G-
Mackey topology for (G,G") (or the Mackey topology for (G, 1) in G) if
v < pforall v e Cg(G, ).

If G is the class of locally quasi-convex groups Lgc, we will simply say that
the topology is Mackey.

The problem whether the Mackey Topology for a topological group (G, 7)
exists was first posed in [8]. This problem is called the Mackey Problem.
During recent years several mathematicians have tried to solve the Mackey
Problem: de Leo [9], Aussenhofer, Dikranjan, Martin-Peinador [4], Diaz-Nieto
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[10], Gabriyelyan [11]. A survey including similarities and differences between
the Mackey topology in spaces and the Mackey Problem for groups has recently
appeared [14]. In [3], the Mackey Problem for groups of finite exponent is
reduced to the problem of finding a top element in the family of compatible
linear topologies (that is, topologies having a neighborhood basis consisting in
open subgroups). In order to solve the Mackey Problem (in the negative) we
try to find all the locally quasi-convex group topologies which are compatible
with a non-discrete linear topology on Z and study if the supremum of all
these topologies is again compatible. So far, it is not known if the supremum
of compatible topologies is again compatible.

Now we give the basic definitions on D-sequences, which are sequences of
natural numbers that encode the relevant information of non-discrete linear
topologies on Z.

Definition 1.13. A sequence of natural numbers b = (b, )nen, € NNo ig called
a D-sequence if it satisfies:
(1) bo =1,
(2) by, # bpyr for all n € Ny,
(3) by, divides b, 41 for all n € Ny.
The following notation will be used in the sequel:
e D:={b:bisa D — sequence}.
e Do, ::{bED:b’g%%oo}.
e D (b) :={c: cis a subsequence of b and ¢ € D }.

and for an arbitrary (fixed) natural number ¢ we define:

o Dl i={beD: bt o0},

n

e D! (b) :={c: cis a subsequence of b and c € D’_}.

Our interest in D-sequences stems from the fact that several compatible
topologies on Z can be associated to D-sequences. This family of topologies
is interesting due to the fact that we don’t know in general, if the supremum
of compatible topologies is again compatible. This is the main difference be-
tween the study of the Mackey Topology in spaces and the Mackey Problem
for groups.

by
n—1"

Definition 1.14. Let b be a D-sequence. Define (g, )nen by ¢n := 3

Definition 1.15. Let b be a D-sequence. We say that
(a) b has bounded ratios if there exists a natural number N, satisfying
that ¢, = bb—" < N.

-1 —
(b) b is basic if g, is a prime number for all n € N.

Definition 1.16. Let b be a D-sequence. We write
k
Z(by,) = { +7Z:k=0,1,...,b, — 1} and Z(b>) := | J Z(bn).

b
n neNp
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As quotient groups, we can write

Z(bn) = <{b1n}>/z and Z(b™) = <{b11n m e NO}>/Z.

In other words, Z(b,) consists of the elements whose order divides b, and
Z(b*) is generated by the elements having order b,, for some natural number
n € Np.

Proposition 1.17. Let b be a D-sequence. Suppose that qj+1 # 2 for infinitely
many j. For each integer number L € Z, there exists a natural number N =
N(L) and unique integers ko, ..., kn, such that:

N
(1) L=> kb,
§=0

2) D> kiby| < b"?“ for all n.
§=0

(3) k; € (—%éi,%},forogjgl\f.

The proof of Proposition 1.17 can be found in [5, Proposition 2.2.1] and [6,
Proposition 1.4]
Definition 1.18. The family
By = {bpZ :n € Ng}

is a neighborhood basis of 0 for a linear (that is, it has a neighborhood basis
consisting in open subgroups) group topology on Z, which will be called b-adic
topology and is denoted by Ap.

This topology is precompact. In [2], it is proved that (Z, A\p)" = Z(b>) and
the following
Lemma 1.19. Let b be a D-sequence. Then b, — 0 in Ap.

The topologies of uniform convergence on the group Z are given by differ-
ent families in Hom(Z, T). Identifying Hom(Z, T) with T, we simply have to
consider families of subsets in T. In this paper, we concentrate on families of
cardinality 1, that is we consider the topology of uniform convergence on {B}
for B C T. We shall write 75 instead of 7ypy. The topology 75 admits the
following neighborhood basis of 0:

Vem ={2€Z:x(z)+Z €T, forall x € B} = ﬂ X H(T).
xEB
A particular case of these topologies is the following.

Definition 1.20. A D-sequence b in Z induces in a natural way a sequence
in T. Namely, for a D-sequence, b = (b, )nen,, define

1
b:= <b+Z:n€N0)CT.

n

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 35



D. de la Barrera Mayoral

Denote by 7, the topology of uniform convergence on b.

2. KILLING Ap NULL SEQUENCES.

In this section we prove that for a D sequence, b with bounded ratios and
any Ap convergent sequence, (a,, ), there exists a strictly finer compatible topol-
ogy (constructed as a topology of uniform convergence on a suitable sequence
in Doo(b)) such that the fixed sequence (a,) is no longer convergent. This
will allow us to find a locally quasi-convex topology which has no convergent
sequences, but it is still compatible.

Theorem 2.1. Let b be a basic D-sequence with bounded ratios and let (x,) C
Z be a non-quasiconstant (that is, no element in (x,) is repeated infinitely

many times) sequence such that x., 28 0. Then there ewists a metrizable locally
quasi-convex compatible group topology 7(= 7c for some subsequence ¢ of b) on
Z satisfying:

(a) T is compatible with \y.

(b) 2, = 0.

(¢) Ap < 7.

Proof. We define 7 as the topology of uniform convergence on a subsequence ¢
of b, which we construct by means of the claim:

Claim 2.2. Since b is a D-sequence with bounded ratios, there exists L € N
such that qn41 < L for all m € N.
We can construct inductively two sequences (n;), (m;) C N such that

T,

njt1 —n; > j and +7Z¢Ty.

bnj+1
Proof of the claim:
j=1.
Choose n; € N such that there exists z,,,, satisfying by, | Tm, but by, +1 1
ZTm,. By Proposition 1.17, we write

N(zm,)

=0

The condition by, | ©,,, implies k; = 0 if i < n; and b,,+1 t x,,, implies

kn, # 0.
Hence,
N(:L’ml) ny
DT
Ty i=0 i=0 kn,
+7Z = +7Z = +7Z=—"-+4+7Z
bn1+1 bn1+1 bn1+1 qni+1

We have that
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Therefore,

T,y 1 1
Z¢Tp=|——-,— 7.
e
j=>J+1L
Suppose we have n;, m; satisfying the desired conditions. Let nj 11 > n;+7
be a natural number such that there exists z,,,,, satisfying b, and
br, 1411 Tm,,,- By Proposition 1.17, we write

j+1 ‘ xm]‘+1

N(zmj+1)

Imj+1 = E kzbz
=0

The condition by, | &y, , implies that k; = 0if i < nj1 and by, 111 Ty,
implies ky, , # 0.

Then,
N(zm;1) nj+1
> kb kib;

Lmja i=0 i=0 K
—— =t L= +7Z= : +7Z
bnjia+1 bnj a1 nj+1+1 Gnjp1+1

From
Ly ol p 1 51
2 qn_j+1+1 an+1+1 L
we get that

Imi 4 ggTy
bn; a1

This ends the proof of the claim.

We continue the proof of Theorem 2.1. Consider now ¢ = (b"j+1)jeN' Let

1
c:{ +Z:jEN}
bnj+1

and let 7 = 7. be the topology of uniform convergence on ¢. Then:

(1) By Proposition [2, Remark 3.3], 7 is metrizable and locally quasi-
convex. By [2, Proposition 3.7], we have A\p < 7.

(2) By the claim, we have proved that z,,, I22° 0 in 7. This implies that
T, - 0in 7.

by
Ot o1,
nj+1+1 2

0. By [2, Theorem 4.4], we have that (Z,7)" = Z(b>).

(3) Since nji1 > nj+j, we get that nj11 —n; > j. Thus,
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3. THE ToPOLOGY I'y.

In Section 2, we use a subfamily of D (b) to eliminate all A\p convergent
sequences. Unfortunately, this subfamily depends on the choices made in Theo-
rem 2.1. This is why we introduce a new topology I'y,, which is the supremmum
of the topologies of uniform convergence on sequences in Dy, (b). The topology
Iy, is well-defined (in the sense that it does not depend on the choices made in
Theorem 2.1).

Definition 3.1. Let b be a basic D-sequence with bounded ratios. We define
on Z the topology
Tp :=sup{7c: ¢ € Do(b)}.

Now we set some results on I'y:
Remark 3.2. Since Do (b) is non-empty, we have that A, < I'y,.

Theorem 3.3. Let b a basic D-sequence with bounded ratios. Then the topol-
ogy I'y has nmo nontrivial convergent sequences. Hence, it is not metrizable.

Proof. Since every I'p-convergent sequence is Ap-convergent, we consider only

Ap-convergent sequences. Let (z,) C Z be a sequence such that x,, & ), By
Theorem 2.1, there exists a subsequence (b, )x satisfying that 7, ) is a locally

T n
quasi-convex topology, (b, ) € Deo(b) and z,, 25 0. Since T, < I'n, we know

r . ..
that x,, -2 0. Hence, the only convergent sequences in I'y, are the trivial ones.
Since I'p, has no nontrivial convergent sequences, it is not metrizable. (I

Corollary 3.4. Let p be a prime number and set p = (p™). Then I'y has no
nontrivial convergent sequences.

Lemma 3.5. Let b be a D-sequence. Then (Z,T'p)" = Z(b*>°).
For the proof of Lemma 3.5 we need the following definition of [5]:

Definition 3.6 ([5, Definition 4.4.4]). Let b be a basic D-sequence with bounded
ratios. We define on Z the topology

dp = sup{7. : c € D’ (b)}.

Proof of Lemma 3.5. Since A\p, < T'p, it is clear that Z(b>

) < (Z,Tp)".
By definition, it is clear that I'y, < &y,. Hence (Z,Ty,)" < (Z, 6

b)" =Z(b>). O
Now we set some interesting questions related to the Mackey Problem and

Fb:

Open question 1. Is 'y = 6 ?

Open question 2. Is 'y, (or 0v, if different) the Mackey topology for (Z,\v) ?

The following lemmas are easy to prove, even for a topological space instead
of a topological group.
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Lemma 3.7. Let K be a countably infinite compact subset of a Hausdorff space.
Then K is first countable, and, hence, every accumulation point in K is the
limit point of some sequence.

Proof. Let K = {z,,n € N}. Fix a € K. Consider for each z,, € K a closed
neighborhood of a (this is possible because K is regular) say V,, C K \ x,,. The
set {V,,n € N} and its finite intersections constitute a neighborhood basis for
a€ K.

In fact, if W is any open neighborhood of a, we have a family of closed sets
given by {K \ W, V,,,n € N} with empty intersection. Since K is compact, the
mentioned family cannot have the finite intersection property. Thus, there is a
finite subfamily {V},j € F'} such that (K \ W) N,er V; = @. O

Lemma 3.8. If a countable topological group G has no nontrivial convergent
sequences, then it does not have infinite compact subsets either.

Proof. Suppose, by contradiction, that K C G is an infinite compact subset.
Since K is first countable and Hausdorff, any accumulation point is the limit
of a sequence in K. SinceK is infinite and compact, it has an accumulation
point, contradicting the fact that there does not exist convergent sequences in
G (nor in K). Hence any compact subset must be finite. ]

Proposition 3.9. Let b be a basic D-sequence with bounded ratios, then the
group G = (Z,Ty) is not reflevive. In fact, the bidual G can be identified
with Z, endowed with the discrete topology.

Proof. The dual group of (Z,T',) has supporting set Z(b>). The I'p-compact
subsets of Z are finite by Lemma 3.8, therefore, the dual group carries the
pointwise convergence topology. Thus, G" is exactly Z(b>) with the topology
induced by the euclidean of T. By [1, 4.5], the group Z(b>) has the same
dual group as T, namely, Z with the discrete topology. We conclude that the
canonical mapping a¢ is an open non-continuous isomorphism. (Il

Corollary 3.10. Since (Z,I'y)"" is discrete, the homomorphism c(z,r, ) is not
continuous. However, it is an open algebraic isomorphism.

Proposition 3.11. Let b € D, and G, := (Z,7,). Then ag., is a non-
surjective embedding from G, into GL.

Proof. Since 1y, is metrizable, ag. is continuous. The fact that 7, is locally
quasi-convex and Z(b>) separates points of Z imply that aq. is injective and
open in its image [1, 6.10]. On the other hand, ag, is not onto, for otherwise
G, would be reflexive. However, a non-discrete countable metrizable group
cannot be reflexive. Indeed, the dual of a metrizable group is a k-space ([1, 7])
and the dual group of a k-space is complete. Hence, the original group must be
complete as well. By Baire Category Theorem, the only metrizable complete
group topology on a countable group is the discrete one. O
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4. THE COMPLETE TOPOLOGY Ty, }

In this section we consider some special families of topologies which were
introduced by Graev and deeply studied in the group of the integers by Protasov
and Zelenyuk ([15, 16]). We need first some definitions about sequences.

Definition 4.1. Let G be a group and g = (g,,) C G a sequence of elements of
G. We say that g is a T-sequence if there exists a Hausdorff group topology
7 such that g, — 0. Since the topology must be Hausdorff, we can consider
that g, # gm if n#m

Lemma 4.2. Let g C G be a T-sequence, then there exists the finest group
T
topology Tyy,y satisfying that g, Laed o,

Since we can describe Ty, ) we are interested in finding a suitable neighbor-
hood basis for this topology.

Definition 4.3 ([16]). Let G be a group and let a = (a,) be a T-sequence in
G and (n;);en a sequence of natural numbers. We define:
o A* :={+tan|n >m}U{0c}.
A(k,m) == {go+ - +grlgi € A}, 1 €{0,...,k}}.
a,...,nk] ={g1+ - +gr:g €Ay i=1,..k}

Ving = U [1,...,nkl.
k=1

Proposition 4.4. The family {V{,,) : (n;) € NV} is a neighborhood basis of O
for a group topology T(a,  on G, which is the finest among all those satisfying
an — 0. The symbol Gy, y will stand for the group G endowed with T,y

Next, we include a theorem of great interest from [16]:

Theorem 4.5 ([16, Theorem 2.3.11]). Let (g5,) be a T-sequence on a group G.
Then, the topology Ty, is complete.

Corollary 4.6. Let b be a D-sequence and c € D’ (b). Then 7. # Tiv,}-
Applying the Baire Category Theorem, we can obtain the following corollary:

Corollary 4.7. Let G be a countable group. For any T-sequence g, the topology
Tig..y is not metrizable.

Since we are mainly interested on topologies on the group of integers, we
include the following results:

Proposition 4.8 ([16, Theorem 2.2.1]). If limy, o 2= = 0o then (a,) is a
T-sequence in Z.

This proposition provides a condition to prove that the following sequences
are T-sequences: (b,) = (2”2), (pn)=(p1-+--- Prn), Where (py) is the sequence
of prime numbers.
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Proposition 4.9 ([16, Theorem 2.2.3]). If limnﬁm% =7 and r is a tran-
scendental number then (a,) is a T-sequence in Z.

Let b be a D-sequence. It is clear (by Lemma 1.19) that b is a T-sequence.
Hence, the topology 73,; can be constructed on Z. By Theorem 4.5, it is a
complete topology.

The following properties of Zy, } are interesting by themselves.

Remark 4.10. Let (ay,) be a T-sequence on Z. Then:

(1) Zyq,y is sequential, but not Frechet-Urysohn ([15, Theorem 7 and The-
orem 6]).
(2) Ziq,y is a ky-group ([16, Corollary 4.1.5] ).

We prove now that, for a D-sequence b with bounded ratios, the locally
quasi-convex modification of Ty, } is Ap. This fact is also proved in [11, Propo-
sition 2.5], but we give here a direct proof. First we study some numerical
results in the group T:

Lemma 4.11. Let k € T and m € N satisfy k,2k,...,mk € Ty. If mk € T,,
then k € Tpp,.

Proof. Write k = z +y where z € Z and y € (—%, %} Since k € T, we have

vl < %

Suppose that k ¢ T,,,,,. This means that ﬁ < |yl < i. Now, mk = mz +
my. Since .= < |my| < 2 and mk € T,,, we have that |my| > 1 — -. Hence,
there exists N < k such that < |[Ny| < 2. Consequently, Nk ¢ T, O

Lemma 4.12. Let k € T and let my, ma,...,m, € N\ {1}. If
k:,2k;,3k,...,mlk,lek‘,...,mlmgkz,...,

n—1 n—1 n
(HmZ) k,2 (Hm) k,..., <Hm> keT,,
=1 i=1 =1
then k € Trr m,-

Proof. Since (Hffll mi> k,2 (H 1 mz> kyo..(Ilieymi)k € Ty and
([Ti=, m;) k € T1, by Lemma 4.11, we have that (H2 1 mz) k€T,
Since (Hn__l m1> k,2 (H?__f mi> k,... (H? " ml) k € Ty and (Hi:_f mi> ke
T, , by Lemma 4.11, we have that (H _ mz) k€Tm,m,_;-
Repeating the argument n times, we obtain that k € Tryr_ . a

Lemma 4.13. Let k € T and let (m;) € N a sequence of natural numbers
satisfying m; > 1 for all i € N. If

k,2k73k,...,mlk,lek,...,mlmgk,...,
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then k =0+ Z.
Proof. By Lemma 4.12, we have that k € [y, THNZI m,- Hence, k = 0+Z. U

Now we can study the polar of the neighborhoods in the topology Ty, ;-

Proposition 4.14. Let b be a D-sequence with bounded ratios and Vi, a
basic neighborhood of T,y Then, there exists N € N such that

A= {bN,ZbN7 . ,bN+1,2bN+1, .. .,bN+2,2bN+2, .. } S ‘/("1)

As a consequence V(‘;i) are finite subsets of T, for any sequence (n;).

Proof. Since b has bounded ratios, there exists L € N such that g, < L for all
n € N.

Let nq1,ng,...,ny be the indexes satisfying that n, <n; if ¢ € {1,2,...,L}
and j ¢ {1,2,...,L}. That is, the terms ni,...,ny are the L smallest ones
in (n;). Let N := max{ni,no,...,nr}. Then by,bni1,--- € Ay for i €
{1,2,...,L} and

AC {bN,QbN,...,LbN,bN+1,2bN+1,...,LbN+1,...} C [nl,ng,...,nL} C V(nl)

Let x € V(lju)' Since A C V{y,), it is clear that V(fli) C A”. Define k := x(bn).
Then x(A4) = {k,2k,...qnk,2qnk, ..., qngN+1kK, ... }. Since x € A®, we have
X(A) € T4. By Lemma 4.13, the fact & = x(by) = 0+ Z follows. Hence
X € Z(by) and V{7,  is finite. O

Corollary 4.15. Let b be a D-sequence with bounded ratios. Then Zfbn} =
Z(b>).

Proof. Since Zy,} = Uy, Vi), We have that Z3, | < Z(b>).

Since b — 0 in Ay, Ap < Tpp,.3 and Z?bn} > Z(b™). O

Finally, we can prove that for a D-sequence, b, with bounded ratios, the
locally quasi-convex modification of Ty is Ap.

Theorem 4.16. Let b a D-sequence with bounded ratios. Then the locally
quasi-convexr modification of Ty} 18 Ap-

Proof. Since the polar sets of the basic neighborhoods of Ty, are finite, the
equicontinuous subsets in the dual group are finite as well. Hence the lo-
cally quasi-convex modification of Ty, y is precompact. Since Ty 3 and its
locally quasi-convex modification are compatible topologies, it follows that
(Ttbu})1ge = Ao O

lgc —

Corollary 4.17. Let b a D-sequence with bounded ratios. Then T,y is not
locally quasi-conver.

Proof. 1f T, y were locally quasi-convex, then (T{b"})lqc = Tip,.}, but (T{bn})lqc
is not complete and T,y is complete. O
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Remark 4.18. Although the examples in Theorem 4.16 are not locally quasi-
convex, there exist examples of Graev-type topologies on Z which are locally
quasi-convex. Indeed, in [13] it is proved that there exist Graev-type topologies
on Z which are reflexive (hence locally quasi-convex).

Remark 4.19. Corollary 4.17 gives a family of examples of:

e Complete topologies whose locally quasi-convex modifications are not
complete.

e Non-metrizable topologies whose locally quasi-convex modifications are
metrizable.

Proposition 4.20. The dual group of Zy, \ coincides algebraically and topo-
logically with the dual group of (Z, Ap); that is, the dual group of Zg, y is Z(b>)
endowed with the discrete topology.

Proof. From Corollary 4.15 the dual group of Zg, y is Z?bn} = Z(b®). Item
(2) in Remark 4.10 implies that Zfbn} is metrizable and complete. By Baire
Category Theorem and since Zfbn} is countable, we get that it is discrete.
Hence, it coincides topologically with (Z, Ap)". a

Now we answer the question whether Zg, y is MAP-Mackey.
Proposition 4.21. The topology Zy,y is not MAP-Mackey.

Proof. 1f Ty, were Mackey, the condition I'y, < Ty;,3 should hold. But, the
topology I'y, has no convergent sequences and b, — 0 in T, 3. O

Open question 3. Let (g,) a T-sequence in Z. If Ty, 1 is locally quasi-conver,
is Tig,y the Mackey Topology?
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