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ABSTRACT

We consider p-cyclic mappings and prove an analogous result to Edel-
stien contractive theorem for best proximity points. Also we give similar
results satisfying Boyd-Wong and Geraghty contractive conditions.
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1. INTRODUCTION

Best proximity theorems has evoked considerable interest in recent years
following the results of [1], where the authors investigate the existence of an
element x satisfying d(x,Tx) = d(4, B) = inf{d(z,y)/z € A,y € B} for the
map T : AUB — AU B satisfying T(A) C B and T(B) C A. In [1] the
authors proved a Banach contraction type result in a uniformly convex Banach
space setting, which was extended by Di Bari et. al. [4] for cyclic Meir-Keeler
contractions. Karpagam et. al. [7] and Vetro [3] considered p-cyclic mappings
T: U A — UP_ | A; satistying T'(A;) C Aipq, for 1 <i <pand Apy; = 4;
and they explored the existence of the best proximity point x € A; satisfying
d(z,Tx) = d(A;, Ai+1). In fact, p-cyclic mappings were first considered by Kirk
et. al. [8] in which they discussed fixed point theorems for mappings satisfying
the contraction condition. They have also considered extensions of fixed point
theorems of Edelstien [5], Boyd-Wong [2] and Geraghty [6].
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In this paper we give analogous results to the above fixed point theorems
using cyclical contractive conditions which does not force NY_; A, # @ as in
[7] and thereby we investigate the existence of best proximity point z € A;
satisfying d(z, Tx) = d(A;, Ai+1). The contractive conditions given in this pa-
per behave differently from the ones used in [7] and [3], in the sense that the
nonexpansive implication is nontrivial as we shall see in section 3.

2. BASIC DEFINITIONS AND RESULTS

In this section we give some basic concepts related to our results. Given two
nonempty subsets A and B of a metric space X, the following notations and
definitions are used in the sequel.

d(A,B) = inf{d(z,y):z€ Ay e B};
d(z,A) = inf{d(z,y):y € A}
Ay = {ze€A:d(x,y)=d(A,B)for some y' € B};
By = {ye€ B:d(a,y)=d(A,B)for some 2’ € A};
Pa(z) = {yeA:d(z,y) =d(z,A)}.

A Banach space X is said to be

(a) uniformly convex if there exists a strictly increasing function § : (0, 2] —
[0, 1] such that for all z,y,p € X, R >0 and r € [0,2R]:

r+y T
lo—pll < RB.lly—pll < Rl =yl > r = || =52 —p|| < (1-6(5) ) B
(b) strictly convex if for all z,y,p€ X and R >0 :

T+
lo=pll < Rolly=pll < Row £y = |52 —p|| < &

Definition 2.1 ([7]). Let Ay, Ao, ..., A, be nonempty subsets of a metric space
X. Then T : UY_ A, — UP_| A; is called p-cyclic mapping if T'(A4;) C A;4q for
i =1,2,...,p, where A,y; = A;. A point z € UY_| A, is said to be a best
proximity point if d(z,Tx) = d(A4;, Ait1)-

Definition 2.2 ([1]). Let Ay, Ao, ..., A, be nonempty subsets of a metric space
X. A p-cyclic map T on UY_, A; is a p-cyclic contraction mapping if for some
k€ (0,1),

forallz € A,y € Aiq,i=1,2,...,p.

Remark 2.3. Note that Definition 2.2 implies that T satisfies d(Tz,Ty) <

d(z,y), for all x € A;,y € A;+1, moreover, the inequality (2.1) can be written
as d(T.I,Ty) — d(Al, Ai+1) < k[d(fb,y) — d(AZ, Ai+1)] for all z € Az,y S Ai+1.
Definition 2.4 ([7]). Let Ay, As,..., A, be nonempty subsets of a metric
space X. Then a p-cyclic mapping T : UY_ | A, — UY_| A; is called a p-cyclic
nonexpansive mapping if d(Tz,Ty) < d(z,y) for all x € A,y € Aiyq1,i =
1,2,...,p.
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The nonexpansive condition ensures the equality of distance between con-
secutive sets.

Lemma 2.5 ([7]). Let (X,d) be a metric space and let Aq,As,..., A, be
nonempty subsets of X. If T : UY_JA; — UY_, A; is a p-cyclic nonezpansive
mappmg then d(AZ, Ai+1) = d(Ai+1,Ai+2) == d(Al, AQ),i = 1, 2, BN ,p—l.

Lemma 2.6 ([1]). Let A be a nonempty closed and convex subset and B be a
nonempty closed subset of a uniformly conver Banach space . Let {x,} and
{zn} be a sequences in A , and let {y,} be a sequence in B satisfying

(i) [lzn = ynll — d(A, B),

(ii) for every € > 0, there exists No € N, such that for all m > n >

Nos [|zm — ynll < d(A, B) + €.

Then, for every €> 0, there exists N1 € N, such that for allm > n > Ny, ||z, —
zZnll < e

Lemma 2.7 ([1]). Let A be a nonempty closed convex subset and B be a
nonempty closed subset of a uniformly conver Banach space. Let{xy,} and{z,}
be a sequences in A and let {y,} be a sequence in B satisfying

() [t~ vl = (A, B)

(i) [lzn = ynl = d(A, B).

Then ||z, — zn|| converges to zero.

Theorem 2.8 ([7]). Let Ay, As, ..., A, be nonempty subsets of a metric space
X andlet T : UP_| A; — UY_| A; be a p-cyclic mapping. If for some x € A;, the
sequence {TP"x} € A; contains a convergent subsequence {TP"ix} converging
to & € A;, then £ is a best proximity point in A;.

Definition 2.9. Let A;, A, ..., A, be nonempty subsets of a metric space X.
A p-cyclic mapping T on |J7_, 4; is said to be a p-cyclic contractive map if
d(Tz,Ty) < d(z,y), for all x € A;,y € A1 satisfying d(x,y) > d(Ai, Aiy1),
foralli=1,...,p.

Definition 2.10. The nonempty subsets Ay, Ag, ..., A, of a metric space X are
said to satisfy cyclical proximal property if there exists x; € A; forall1 <i <p
such that x; = x;4p for all i =1,...,p whenever ||z; — z;41|| = d(A4;, Ait1).

3. MAIN RESULTS

The following lemma shows that any p-cyclic contractive mapping is also

p-cyclic non-expansive.
Lemma 3.1. Let Ay, Ag,..., A, be nonempty closed and convex subsets of a
uniformly convex Banach space X. Let T : | Ji_; A; — Ur_; A; be such that

(1) T(Al) C Ai+1, i=1,2,...,p, where Ap-l-i = A,

(ii) [Tz — Tyl < llz = yll, for all v € A, y € Ajiq and ||z — y|| #

d(AZ, Ai+1).

Then ||Tx — Ty| < ||z —yl|, for all x € A;, y € Aiya.
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Proof. Tt is easy to observe that d(4;, Aiy1) = d(Ait1,Aira), for all ¢ =
1,...,p—1. We shall prove that ||Tz — Ty|| = d(A;, Ai+1), whenever ||z —y|| =
d(Ai, Ait1). Assume that ||z — y|| = d(A;, Ait1), then it is possible to choose
sequences {z,} € A; and {y,} € A;+1 such that ||z, — ynl > d(Ai, Ait1)
and ||z, — ynl| — d(Ai, Aip1) with z, # x,y, # y. Since d(4;, A;i11) <
ITzn, — Tyl < |@n — yll, |T2xn — Tyl — d(Ai, Aiy1). Similar argument as-
serts that || Ty, — Tx|| — d(A;, Aix1). Since ||[Pa,, Ty — Ty|| < || Tz, — Tyl

Txnp — Pa,, Ty and Ty, — Pa, ,Tx. As | Tz, — Ty,| — d(As, Airr), we
have ||Pa,,, Ty —Pa,,,Tx| = d(A;, Aiy1). By uniqueness of the proximal point,
Ty = Pa,,,Tx, Tx = Pa,,, Ty. Hence the lemma. (]

It is necessary to ensure the non-expansive condition as it may not be ex-
plicitly given in the contractive condition for example Theorem 3.4, whereas
the conditions used in Theorem 3.6 directly imply the non-expansive condition.

Theorem 3.2. Let Ay, As, ..., Ay be nonempty closed and convex subsets of a
strictly conver Banach space X satisfying cyclical prozimal property. Further,
assume one of the subsets is compact. Let T : \JI_; A; — U_, Ai be a p-
cyclic mapping such that |Tx — Ty|| < ||z —y|| for all z € A;, y € Aix1 and
|z — y|| # d(A;i, Aix1), then for each i, 1 < i < p, there exists a unique best
prozimity point such that, for any xo € A, (with respect to A;+1), the sequence
{zpn} converges to the best prozimity point.

Proof. Assume A; is compact. Define ¢ : A;; — RT by ¢(y) = d(y,Ty) for
all y € A;,. From the Lemma 2.7 it is easy to observe that 7' is continuous
on A;,. In general, 7™ is continuous on any A;,i = 1,...,p, where m is pos-
itive integer. So ¢ is continuous and hence there exists yo € A;,, such that
d(yo, T'yo) = ¢(yo) = infyea,, d(y, Ty). Suppose d(yo, T'yo) > d(A;, Aiy1), then
d(TPyo, TP yo) < d(yo,Tyo) which is a contradiction. Hence d(yo,Tyo) =
d(A;, Aiy1). Assume that xop € A;,, and {z,,} € 4;y, for alln=1,2,....

Suppose for some n, x,, = Yo, then x,,11 = Txp, = Ty, Assume x,, 7# Yo
for any n. Since || T"yo — T"  yo|| = d(A;, A1) and TPy = yo, by cyclical
proximal property.

d(xpm PAi+1 (yO)) = d(TpIZD"*P’ Tp+1y0) < d(Ipn,p, TyO) = d(‘rp(n—l)aPAi+1 (yO))

Therefore d(xpn, Pa,.,(yo)) is a decreasing sequences converging to some r > 0.
Since A; is compact, it follows that the sequence {z,,} has a subsequence
{Zpn, } converging to some z € A;. If d(z, Pa,,,(yo0)) < d(Ai, Ai11), then there
is nothing to prove. Assume that d(z, Pa,,,(y0)) > d(Ai, Ait1), then

d(z, Pa,y, (o)) = nhféo d(xpn, Pa,,, (%0)) = nILH;o d(TP2pn, Pa,., (%))
- klggo d(Tpxp"k ’ PAz‘+1 (yo)) = d(sz7 TerlyO)

(Since T? is continuous on A4;,)
< d(Z, TyO) = d(zv PA'L+1 (yo))v
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which is a contradiction. Therefore z = yg. Since any convergent subsequence
of {xpn } converges to yo, {xpn } itself converges to yo which is the best proximity
point.

For uniqueness, suppose there exists z € A; with z # yg such that ||z—=Tz|| =
d(A;, Ait1), by cyclical proximal property TPyo = yo, TPz = z. If ||yo — Tz|| —
d(Ai,A»L'+1) > 0 then

[Tyo — T?z|| — d(As, Aiv1) < lyo — Tz| — d(Ai, Aig)
= | TPyo — TP+ 2| — d(A;, Aiyr)
< | Tyo — T?2| — d(A;, Aigr).

which is a contradiction. O

Example 3.3. Let 4; = {(0,0,2) € R3/z > 1}, A2 = {(0,1,2) € R3/x > 1},
As = {(1,1,z) € R3/x > 1}, and Ay = {(1,0,z) € R3®/z > 1} be subsets in
the space R? with euclidean norm. Clearly Ay, Ay, Az and Ay satisfy cyclical
proximal property. Define T' on Uf_, 4; as

1
7(0,0,z) = (0,1,x+—),f0r(0,0,x)6A1,
X
1
T(0,1,2) = (1,1,x+5),for(0,1,:17)€A2
1
T(,1,2) = (1,0,:1:+—),for(1,1,:17)€A3,
X
1
T(1,0,2) = (O,O,x+5),for(1,0,x)€A4.

For any (0,0,2) € Ay, and (0,1,y) € A5.If |(0,0,2)—(0,1,y)|| > d(A;1, A3) =
1, then = # y. Also

170.0.0)-TO1) = 1(0.1e+ 1) = (LLy+ )< 0+ @=9)?)
= ||(0,0,117) - (07 1ay)”

Hence T is a cyclic contractive map. Also for any (0,0,z) € Aq,

[N

1
10,0.2) = 7(0,0,) = [1(0,0,2) = (0, 1.2+ )|

- (4 (2))

Here T' does not admit any best proximity point as none of the sets are compact.

Next we consider two of the famous extensions of Banach contraction theo-
rem due to Boyd-Wong and Gregathy.

Theorem 3.4. Let Ay, As,..., A, be nonempty closed subsets of a complete
metric space (X,d). Let T : UY_ | A; — UP_| A; be a p-cyclic mapping . Suppose
d(T.I,Ty) < 1/)(d($,y) — d(AZ,AZ+1)) + d(Ai,A»L'+1) fO’I’ all T € Ai, Yy € Ai+1,
where 1 : [0,00) — [0, 00) is upper semi-continuous from the right and satisfies
0<(t) <t forallt>0. Then
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(i) d(TPra, TP y) — d(A;, Aivq) asn — oo
(ii) d(TP+D g, TPrHy) — d(A;, Aiy1) as n— 0o

Note: The contractive condition here does not directly guarantee the non-
expansive condition and hence the importance of Lemma 3.1.

Proof. (i) Choose mg € Aj;, set s, = d(TP"xo, TP"xg) — d(A;, Aiv1). Given
P(t) <t for all t > 0, from the Lemma 3.1, it follows that

d(Tp(n+1).TE0, Tp(n+1)+1I0) S d(Tpn{Eo, TanrlI()).
Therefore {s,} is a decreasing sequence and hence converges . Let r be the

limit of s,,. Then r > 0.

Suppose r > 0. Then
d(Tp(nJrl),To, Tp(n+1)+1w0) — d(Al, Ai—i—l) d(Tp(nJrl)il,To, Tp(nJrl)JJQ)

d(Tp(n+1)72$O, Tp(nJrl)fle)

d(Tpn+1I0, Tpn+2$0)
Y(d(TP o, TP )
—d(A;i, Aig1))-

(VAN VAN VAR VAR VAN

Taking lim sup on both sides,
limsup d(TP" Vg, TPOFDHg0) — d(A;, Air)
< Timsup ¢ (d(TP"xo, T+ 1) — d(As, Aita)).

We obtain r < (r), which is a contradiction. Hence d(T?"xq, TP" 1xy) —
d(A;, Aiy1) as n — oo. Similar argument shows that d(TP™ )z, TPrtly) —
d(A;, Ait1) as n — oo. O

Theorem 3.5. Let Ay, As,..., A, be nonempty closed and convex subsets of
a uniformly convexr Banach space X. Let T : \J7_; A; — UL_, Ai be a p-cyclic
mapping such that d(Tz, Ty) < ¥(d(z,y) — d(A;, Ait1)) + d(A4;, Aip1) for all
x € A;, y € Ajy1, where ¢ : [0,00) — [0,00) is upper semi-continuous from
the right and satisfies 0 < (t) < t for all t > 0 and ¥(0) = 0. Then for
each 1,1 < i < p,there exists a unique best proximity point such that, for any
xg € Ay, {TP"x0} converges to the best proximity point.

Proof. Choose zy € A;. Suppose d(A;, A;+1) = 0, then T has a unique fixed
point x € NY_; A;, see in [8]. Assume that d(A4;, A;+1) # 0, then by Theorem 3.4
it follows that ||Tpn$0_Tpn+1$0” — d(Al, AiJrl) and ||Tp(n+1)$0—Tpn+l$0” —
d(A;, Ai11). By Lemma 2.7, it follows that | TP"zy — TPtV ag|| — 0. Sim-
ilarly [|T7PHzg — TP D+ 50| — 0. To complete the proof, we have to
show that for every € > 0, there exists Ny, such that for all m > n > Ny,
|TP™ag — TP Hlag|| < d(A;, Air1) + €. Suppose not, then there exists € > 0,
such that for all & € N there exists my > ni > k for which ||TP™kxy —
TP tlpo|| > d(A;, Aiv1) + €. This my can be chosen such that it is the least
integer greater than nj to satisfy the above inequality and ||Tp(m’<_1)xo —
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TpnkJrlI()H < d(AZ, Ai+1) + €. Consequently ||TpnI0 — Tanrl.I()” — d(AZ, AiJrl)

and || TP+ Vg — TPrHlg|| — d(As, Aip1). By Lemma2.7, it follows that

| TP 20 — TP+ 0| — 0. Similarly || TP 1ag — TP+ g — 0.
d(Ai,AH_l) +€ ||Tpmk$0 —TpnkJrl,’E()H

TP g — TPOw =Dy || 4 || TP~ Do — TPy |

||TpmkI0 — Tp(mk71)$0|| + d(AZ, AiJrl) + €.

This implies that limy_co||TP™* zg — TP Ttxg|| = d(A;, Aip1) + €. Since

IN NN

||Tp(mk+l)x0 _ Tp(nk+1)+lx0|| < ||Tpmk+1w0 _ szk+2x0||’

| TP gy — TP Hlgg|| < || TP™ ag — TP D g + || TP D
_Tp(nk+1)+1xo|| + ||Tp(nk+1)+1$0 — TP |
< |7 — Tp(mk+1)$0||
+||Tpmk+1:E0 _ T:D"k-l-?IOH
+||Tp(nk+1)+1I0 _ T:D"k-l-lIOH
< ||\ TPmEay — Tp(mk—i-l)xO”

_,_w(”Tpmkxo _ szk—l-le”
—d(Ai; Ai1)) + d(Ai; Aiyr)
+||Tp(nk+1)+1x0 _ Tp"k"l‘leH,
which yields that
||Tpmk$0 — Tpnk+1$0|| — d(Al, Ai—i—l)
< TPy — TPAD 1ol 4 (|| TP™ g — TP+ g |
—d(Ai, Air)) + || TP DT gy — TP g .

Therefore lim sup,, | TP™*zo— TP lag|| —d(A;, Aiy1) < limsup,, ¢(||TP™* 20—
TPotlag|| —d(Ai, Aiy)), as || TP™ o — TP+ 0| — 0 and || TP+ g5 —
TPty || — 0. Hence € < 9(e), a contradiction. By Lemma 2.6, {T?"xq} is
a cauchy sequence and converges to x € A;. From Theorem 2.8, it follows that
|z — Tz| = d(Ai, Aiy).
To see that TPz = x, we note that

|z — TP 2| = lim ||TP"zq — TP x|
n—00

< lim TP Vg — Ta|
n—00

= |lz = Tz|| = d(4;, Ait1).

Since A; 1 is convex set and X is uniformly convex Banach space, Tx = TPz,
Consequently

|1 TPz = Tx|| = ||TPx — T"af| < [lo — Tal| = d(Ay, Aisr).

Hence TPx = x. Uniqueness follows as in Theorem 3.2. ([
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The following result on Geraghty contractive condition can be proved in a
similar fashion.

Theorem 3.6. Let Ay, As,..., A, be nonempty closed and convex subsets of
a uniformly convexr Banach space X and let S = {a : RT — [0,1) : a(t,) —
1 =t, -0} Let T : Ub_, A — UL Ai be a p-cyclic mapping such that
1Tz~ Tyll < allz — yl)(Jiz — yl) + (L - alllz — yI))d(As, Agsr) for all = €
A;, y € Aip1, where a € S. Then for each 1,1 < i < p, there exists a unique
best prozimity point such that, for any xg € A;, {TP"x} converges to the best
proximily point.

ACKNOWLEDGEMENTS. The authors are very grateful to the reviewers for their
comments which have been very useful when improving the manuscript.

REFERENCES

(1] A. Anthony Eldred and P. Veeramani, Existence and convergence of best prozimity
points, J. Math. Anal. Appl. 323, no.2 (2006), 1001-1006.

[2] D. W. Boyd and J. S. W. Wong, On nonlinear contractions, Proc. Amer. Math. Soc. 20
(1969), 458-464.

[3] C. Vetro, Best prozimity points: Convergence and existence theorem for p-cyclic map-
pings, Nonlinear Anal. 73 (2010), 2283-2291.

[4] C. Di Bari, T. Suzuki and C. Vetro, Best prozimity points for cyclic Meir-Keeler con-
traction, Nonlinear Anal. 69 (2008) 3790-3794.

(5] M. Edelstein, On fized and periodic points under contractive mapping, J. London Math.
Soc. 37 (1962), 74-79.

[6] M. Geraghty, On contractive mapping, Proc. Amer. Math. Soc. 40 (1973), 604-608.

[7] S. Karpagam and S. Agrawal, Best proximity point theorems for p-cyclic Meir-Keeler
contractions, Fixed Point Theory Appl. 2009 (2009), Article ID 197308.

[8] W. A. Kirk, P. S. Srinivasan and P. Veeramani, Fized points for mapping satisfying
cyclical contractive condition, Fixed Point Theory 4 (2003), 79-89.

© AGT, UPV, 2015 Appl. Gen. Topol. 16, no. 2 126



