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ABSTRACT

In this paper we associate a pseudo-metric to a dynamical system on a
compact metric space. We show that this pseudo-metric is identically
zero if and only if the system is chain transitive. If we associate this
pseudo-metric to the identity map, then we can present a characteriza-
tion for connected and totally disconnected metric spaces.
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1. INTRODUCTION

One of the main problems in dynamical systems is the description of the or-
bit structure of a system from a topological point of view [1, 3, 4]. Recurrence
behavior is one of the most important concepts in topological dynamics. Vari-
ous notions of recurrence have been considered in dynamics such as recurrent
points, chain recurrent points and non-wandering points [7].

In this paper (X, d) is a compact metric space and f : X — X is a continuous
map. An e-pseudo-orbit (or e-chain) of f from z to y is a sequence {z;},
with zg =z, z,, = y and

d(f(zk),zky1) <€ fork=0,1,...,n—1.

A point z in X is called chain recurrent if there is an e-chain from z to itself. We
can define an equivalence relation on the set of chain recurrent points in such
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a way that two points x and y are said to be equivalent if for every € > 0 there
exist an e-chain from x to y and an e-chain from y to x. The equivalence classes
of this relation are called chain components. These are compact invariant sets
and cannot be decomposed into two disjoint compact invariant sets, hence serve
as building blocks of the dynamics. The topology of chain recurrent set and
chain components have been always in particular interest [2, 5, 6, 8].
We use the symbol Os(f,x,y) for the set of é-pseudo-orbits {z;}7, of f with
zo = x and x,, = y. For given points 2,y € X we write 2 ~ y if O.(f,z,y) # @
and we write x ~~ y if O.(f, z,y) # @ for each € > 0. We write  «w yif x ~~ y
and y ~» . The set {x € X : © «~ z} is called the chain recurrent set of f and
is denoted by CR(f). If we define a relation R on X x X with x Ry < z «w y,
then R is an equivalence relation on CR(f).
A dynamical system f is called chain recurrent if CR(f) = X. A dynamical
system f is called chain transitive if for each z,y € X we deduce x e~ y.
We say that a dynamical system f has the pseudo-orbit tracing property (POTP)
on X if for each ¢ > 0 there is § > 0 so that for a given sequence £ = {zi}nez
with

d(f(zk), xk41) <06 forkeN
there exists a point x € X such that

d(f*(z),zr) <e forkeN

(in this case we say that p € X e-shadowed &).
Let Xy be a nonempty set. Then a map dop : Xg x X9 — R is called pseudo-
metric if for all x,y € X the following hold

(1) do(z,z) = 0;

(3) do(z,y) < do(z,2) + do(2,y).
The pair (Xo,dp) is called a pseudo-metric space. Let (Xg,dp) be a pseudo-
metric space. Then, the open balls in X together with the empty set form a
basis for a topology on Xy. This topology is first countable and in it closed
balls are closed. Moreover, this topology is a Hausdorff topology if and only if
Xy is a metric space.
Now we are going to present a pseudo-metric on CR(f).

Definition 1.1. Let z,y € CR(f), we define
k

de(@,y) = inf{z d(pi, @) : po = x,qx =y, k € N}
=0

where the infimum is taken over all choices of p; and ¢; so that g; «~ pit1 for
all:=0,1,....k— 1.

T = Po

D1 D2 D3
qo q1 q2 q3

Pk

gk

|
<
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We also define

k

=0

where the infimum is taken over all choices of p; and g; so that g; «~ p; 41 for
all:=0,1,....k — 1.

T =Po p1 b2 p3/
4o a1 a2 a3
The straightforward calculations imply that for €; < ez we deduce dj e, (z,y) <
die (z,y) <dp(z,y) <d(z,y) and (CR(f),ds) is a pseudo-metric space. If we
define Bf (z) = {y € X;dy(x,y) < r}, then the collection 7 = {Bf(z) : z €
X,r > 0} U {@} is a basis of a topology on CR(f) which is finer than 74. So
(CR(f),dy) is a compact space. Obviously «~ is an equivalence relation on

CR(f). Let CR(f) = CR(f)/R, and 7 : CR(f) — CR(f) be the quotient map,

i.e.

Pk

. =Y

m(z) ={y €CR(f) : x e~ y}.

Then we can define a metric

dy(m(z),m(y)) = ds(2,y) for z,y € CR(f)

on 673( f). With this metric 7 is a distance preserving map. The topology
induced by Jf is denoted by 7y .

The induced map f : CA7/€(f) — CA7/€(f) with f(n(z)) = 7(f(z)) is the identity
map.

In this paper we are going to prove the following theorems.

Theorem 1.2. Let f : X — X be a chain recurrent continuous map. Then f
is chain transitive if and only if df(z,y) =0 for all z,y € X.

Theorem 1.3. Let f : X — X be a chain recurrent continuous map. Then
dy(z,y) =d(z,y) for all z,y € X if and only if f is the identity map and X is
totally disconnected.

Theorem 1.4. Let (X,d) be a compact metric space. Then the following con-
ditions are mutually equivalent:

(1) X is connected;
(2) The identity map ¢ : X — X is chain transitive;
(3) For each z,y € X, d,(z,y) = 0.
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2. PROOF OF THEOREMS

For the proof of theorem 1.2 we first prove the following lemma.
Lemma 2.1. Let z,y in CR(f) and € > 0 be given. Then ds.(z,y) =0 if and
only if © s y.

Proof. Clearly if  «~ y then dy (x,y) = 0. Now let dy.(x,y) = 0. We choose
0 < § < e so that the inequality d(¢,s) < § implies d(f(¢), f(s)) < €/2. Thus
there exist sequences {p;}¥_, and {g;}}_, with po = 2 and ¢, = y so that
¢i « pig1 fori=0,1,....,k —1 and

k
Z d(pi, Qi) <.
1=0

So d(f(pi), f(ai)) < /2 for i = 0,1,...k. I {gin}ig € Ocsa(ai, pis1), then
d(gin, f(gi)) < €/2. Hence

d(qi1, f(pi)) < e
Let {yi}i%o € Ocj2(y,y). Then
d(yr, f(pr)) < d(yr, f(y)) +d(f(y), f(pr)) <e

Therefore the sequence

{P0;90,1,40,25 -+, 90,105 91,15 G1,2, -+ - s k=115 Gk—1,25 -+ Qk—1,15_y = Pks Y1y s Ym )
is belong to O.(f, ,y). So x ~» y. Since dy.(y,x) = 0, then y ~~ x. O
Corollary 2.2. Let z,y € CR(f). Then ds(x,y) =0 if and only if x e~ y.

Corollary 2.3. Let f: X — X be a chain recurrent continuous map. Then f
is chain transitive if and only if df(z,y) =0 for all z,y € X.

Corollary 2.4. If x e o/ and y ey for z,o’',y,y’ € X, then ds(z,y) =
dy(2',y')

Corollary 2.5. If x € CR(f) then df = 0 on O(f,z) x O(f,x), where
O(f,x) = {f"(x); neN}uU{z}.

Proof. 1t is enough to show that x «~ f(z). Given € > 0 clearly {z, f(x)} €
Oc(f,z, f(x)), i.e.  ~ f(x). We can choose 0 < § < ¢/2 so that d(z,y) <
§ implies to d(f(z), f(y)) < €/2. Now let {zg,...,zn} € Os(f,z,z), then
d(x1, f(z)) < & implies that d(f(x1), f2(z)) < €/2. So d(z2, f?(z)) < e. Thus
{f(z),22,...;zn} € Oc(f, f(2),2). Therefore x «~ f(x). O

Corollary 2.6. The map f: (CR(f),ds) — (CR(f),dy) is an isometry.

Proof of theorem 1.3. First suppose that for each x,y € X, dr(z,y) = d(z,y).
Hence d(z, f(z)) = dy(z, f(x)) = 0 for each x € X. Let a be a connected
component of X and « contains z. Given € > 0 we consider the sets

() ={y€a: xewy} and 7(z)={y€a: x ey}
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If y € m(z) then B.(y) C m(z). So m(x) is an open set. Now let y € 7 (z)
then there is a sequence {y,} C mc(x) such that y, — y. So y € B(yn) for
some n € N. Thus y € m.(z). Hence m.(z) is both open and closed. Since
me(z) # @ then 7 (z) = a. Therefore @ = Nesome(z) = 7(x) = {z}.

Now let X be totally disconnected and let there exist z,y € X so that d,(z,y) #
d(x,y) where ¢ : X — X is the identity map. Then there exist points po, ..., pn,
qo, .-+, qn € X so that g; e~ p;41 foralle =0,1,....k — 1, po = z, qx = y and
Zf:o d(pi,q;) < d(x,y). Hence there is at least one index ¢ such that ¢; # p;y1.
So if « is a connected component contains ¢;, as the same as the first part we
deduce 7(g;) = a. Hence ¢;,p;+1 € a which contradicts the totally disconnec-
tedness of X. a

Let X be a compact metric space. Topological dimension of the space X is
said to be less than n if for all € > 0 there exists a cover a of X by open sets
with diameter less than e such that each point belongs to at most n + 1 sets
of a. We know that X is O-dimensional if and only if it is totally disconnected

[1].

Corollary 2.7. Let v : X — X be the identity map. Then d,(z,y) = d(z,y)
for all x,y € X if and only if X has dimension zero.

Proof of theorem 1.4. Clearly 2 is equivalent to 3. Suppose that X is connected
and x € X. It is enough to show that for each € > 0 the set 7. = {y €
X : x «w y} is both open and closed. If y € 7 (z) then B.(y) C m(x). So
me(z) is open. If {y,} is a sequence with y, — y then y € B.(yn) for some
N € N. Hence y € m(z). If X is not connected then there is a nonempty
proper subset A of X such that it is both open and closed. Therefore A and
A°¢ are disjoint nonempty compact subsets of X. So € = d(A, A°)/2 > 0. By
assumption there is an e-pseudo orbit xg, x1, ..., T, so that xo = x and x,, = y.
Thus there is an index 0 <47 < n — 1 such that z; € A and x;41 € A¢, which is
a contradiction. O

Proposition 2.8. If f : (CR(f),ds) — (CR(f),dy) has the POTP with respect
to dy, then (CR(f),dy) is complete.

Proof. Given € > 0, by assumption there exists 6 > 0 so that any J-pseudo-
orbit in CR(f) can be e-shadowed with a point in CR(f). Let {x,} be a Cauchy
sequence. So there is N € N such that d;(f(zn), Tnt1) = df(@pn, Tny1) < § for
n > N. Thus there exists © € CR(f) so that d(zn,z) = ds(xn, f*(x)) < € for
n>N. O

Let f: X — X be a continuous surjection. Then if
Xy =Ulm(X, f)={(z:): z; € X and f(xi41) =2, ¢ > 0}
<

and

(), () =y A2

27,
1=0
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then (X, d) is a metric space called inverse limit space. The homeomorphism
o: Xy — Xy with o((2:)2)) = (f(2:))52, is called the shift map. We know
that CR(o) = ligl(CR(f),f) [1].

Proposition 2.9. Let f be a continuous surjection on a compact metric space
X to itself and CR (o) be the chain recurrent set for the shift map o : X; — X;.
Then we deduce

2df(550790) < Jo((xi)v (yl))

Proof. Suppose that (z;), (i) € CR(0) and (p?), (¢!) € CR(0), j = 0,1, ...,k
so that (p9) = (x:), (¢F) = (i) and (¢!) « (p/™") for j = 0,1,...,k — 1.
We show that for each m > 0 and j = 0,1,..k — 1, ¢, «~ p/fl. Fixed
m, j > 0, for given € > 0 O /om (0, (qf), (pf“)) # 2. Let {(r), (r]),...,(rM)} €
Oe/2m (07 (qzj)v (pgﬂ))- Then

d(f(rk),rit) _ dlr_y,ritt) _ 5

whtn ) - Bt < do(rl), (1) < e/2"

for | = 0,1,....,n — 1. Thus {r0,rL  ...77} € O(f, ¢, pit) so ¢, «~ piit.

Since € > 0 is arbitrary then g¢J, «~ pJl. Hence d(z;,y;) < Z?:o d(pl,q)).
Therefore

o k oo jo k . .
RS o) SRLTARE oF (FINE)
i—0 j=0 i=0 j=0

So

O

Corollary 2.10. Let X be a compact metric space and [ be a chain recurrent
continuous surjection from X to itself. Then if the shift map o : X — Xy is
chain transitive then f : X — X is so.

Theorem 2.11. The topology T¢ coincide with quotient topology on (?7/2(f)

Proof. Every continuous bijection from a compact topological space to a Haus-
dorff space is a homeomorphism. Since X is Hausdorff, any two elements
w(x), 7(y) € CR(f) as compact subsets posses disjoint saturated neighborhood,

so CR(f) is a Hausdorff space with the quotient topology. Also ((ﬁ%(f), 7r) is
compact. Thus the identity map is a homeomorphism. ([l
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Recall that the Hausdorff metric on the compact subsets A, B of X is defined
as follows

dy(A,B) = max{lgleaji( d(a, B), max d(A,b)}.

Let 74 be the topology induced by Hausdorff metric dy; on C”T%( f). Then we
deduce the following proposition.

Proposition 2.12. The topology Ty is finer than T¢.

Proof. Suppose that m(z),7(y) € CR(f). We can choose y € m(y) so that
d(z,y) = d(z, 7(y)). Thus

dp(n(z),n(y)) = dy(2,y') < d(x,y') < dp(n(),7(y)).

Therefore 7y C 7. O

The next example shows that d ¢ and dy are not equal in general.

Example 2.13. Let f:[0,1] — [0, 1] be a strictly increasing continuous map
so that

e f(z) =z for each x € [2= 3+ 2-()] j =0,1,..;

o f(z) >z for each z € [2~(31+2) 2-(+D)] = 0,1, ..,

o £(0)=0.

Then we deduce

CR(f) ={0}U LJ[2—(2¢+1)7 2—21‘]
i=0
and
CR(f) = {[2~®"*Y,272]; i =0,1,..}U{0}.
If z € 27D 2727 and y € [27 2+ 272] for somej < i, then
de(z,y) = 9—(2+1) _ Z 9—(2k+1)
k=j+1

Thus we deduce d(7(0), (1)) = 1/3, but dy(7(0),7(1)) = 1.

Proposition 2.14. Let (X,d) and (Y,d') be two compact metric spaces and
J:X > Xandg:Y — Y be continuous maps. Then if f and g are
topologically conjugate then (CR(f),ds) and (CR(g),d,) are isometric.

Proof. Suppose that h : X — Y is a homeomorphism so that ho f = go
h. Given € > 0 there is § > 0 so that for every z,y € X, the inequality
d(z,y) < ¢ implies to d’'(h(x), h(y)) < € and the inequality d'(z,y) < ¢ implies
to d(h=(z),h " (y)) < e If {z;}?y € Os(f,p,q) for some p,q € X, then
{h(z:)}y € Oc(g,h(p),h(q)). This implies that if p «~ ¢ then h(p) e~
h(q). Hence for every z,y € CR(f) we deduce dy(z,y) > d(h(x),h(y)). If
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{x:}" o € Os(g,h(p), h(q)), then {h™ (z;)}", € Os(f,p,q). Thus df(x,y) <
dy(h(z), h(y)). So

dj(n(x),w(y) = ds(w,y) = d)(h(x),h(y)) -
(x(h(@)). 7(h(y))) = ) (h(x(2), h(n(y)):

Therefore  : C/7v€(f) — 673(9) is an isometry. O

dg

3. CONCLUSIONS

In this paper we introduce a pseudo-metric dy associated to the dynamical
system f. We show that the topology induced by d;y has a significant rela-
tion to some dynamical properties of f, such as transitivity and shadowing.
By considering the identity map we obtained some equivalence conditions for
connectedness of space. Investigate the relation between this topology and
topological entropy of f will be a topic for future research.
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