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ABSTRACT

In this paper we present the construction of a group Hopf algebra on
the class of rational tangles. A locally finite partial order on this class is
introduced and a topology is generated. An interval coalgebra structure
associated with the locally finite partial order is specified. Irrational
and real tangles are introduced and their relation with rational tangles
are studied. The existence of the maximal real tangle is described in
detail.
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1. INTRODUCTION

Rational tangles are not only beautiful mathematical objects but also have
many applications in other fields such as biology and DNA synthesis [5]. The
theory of tangles was invented in 1986 by Conway in his work [2]. He intro-
duced the notion of rational tangles and with each rational tangle he associated
a rational number by the continued fraction method. The associated rational
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number is based on the pattern of tangle twists. According to Conway’s the-
orem [2, 3], two rational tangles are equivalent if and only if they represent
the same rational number. Kauffman and Lambropoulou gave another proof
of this theorem in [9]. The key value of tangles is in their hidden algebraic
structures. The more we discover these structures, the better we can handle
them mathematically and apply in life science.

Towards the better understanding of tangles as mathematical objects in this
paper we concern ourselves to the algebraic structures of tangles.

The framework of this paper is as follows:

Section 2 is devoted to a review of the concept of rational tangles from
[6, 7, 8 9]. In this section we discuss basic definitions and explain the Con-
way’s continued fraction method for assigning a rational number to a rational
tangle. We also recall tangle operations. As we will see the class of rational
tangles is not invariant under these operations. We modify this in the next sec-
tion. In section 3 we are concerned in algebraic structures on rational tangles.
We introduce a free product operation on rational tangles and show that the
class of rational tangles is closed under this operation. The group Hopf alge-
bra structure comes up in the next step. We present the group Hopf algebra
structure of rational tangles explicitly. In section 4 we go towards a topological
point of view in tangle study. We introduce a locally partial order to generate a
topology on the class of rational tangles. There are tools to study the topology
of partially ordered sets and we apply them [14]. The interval coalgebra struc-
ture is presented and its relation to the incidence algebra associated with the
partial order is given. In section 5 we discuss the notion of irrational and real
tangles and their infinite continued fractions. We see that any infinite chain of
rational tangles has an upper bound in the set of real tangles and the existence
of a maximal real tangle is explained.

2. RATIONAL TANGLES

In this section we present a review of the concept of rational tangles from
[6, 7, 8, 9]. Basic definitions and the Conway’s continued fraction method for
assigning a rational number to a rational tangle is described in detail. Some
tangle operations are also recalled.

Definition 2.1. Tangles consist of strings embedded in a 3-dimensional ball.
Within the ball there are no free ends, the ends of the strings are restricted
to move on the surface of the ball while the rest of the tangle remains inside
the ball. Since a string has two ends, there is an even number of ends on the
surface of the ball. Inside the ball there may exist closed loops that are linked
with the tangle strings and the strings of the tangle may themselves be knotted
and linked.

All throughout this paper we consider 2-tangles, i.e. 2-string tangles with
four ends. We simply refer to them as tangles.

Definition 2.2. For n € Z, the horizontal tangles denoted by [n], are made
of n half twists of two horizontal strings and the vertical tangles denoted by
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ﬁ are made of n half twists of two vertical strings while the end points of the

strings remain on the boundary of the ball. The directions of the half twists
are specified by the =+ signs, Fig. 1.
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Figure 1- Horizontal and vertical tangles

Definition 2.3. The horizontal and vertical sums of two tangles T} and T5 are
denoted respectively by T7 +T5 and T; xT» . They are obtained by connecting
the endpoints of T7 to the endpoints of T5 as are shown in Fig. 2.
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Figure 2- Horizontal and vertical sums
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Rational tangles belong to a subclass of tangles introduced by Conway [2].
They are obtained from finite sums of horizontal and vertical tangles.

Definition 2.4. A tangle is rational if it can be obtained from the zero tangle
[0] or the infinity tangle [oo] by twisting the strings while the endpoints of the
strings remain moving on the surface of the ball.

Definition 2.5. Two rational tangles T and 75 are isotopic if 75 is obtained
from 77 by moving the strings of 77 continuously in such a way that no string
penetrates either itself or another string. Isotopy of rational tangles is an
equivalence relation and we use the notation T7 ~ T for equivalent rational
tangles T and T5.

The set of rational tangles is not invariant under the horizontal and vertical
sums, as we will see later. In order to modify this we apply the continued
fractions representation of Conway [2] to encode the twists of rational tangles.
In the following we introduce this representation in detail.

Definition 2.6. A rational tangle is said to be in standard form if it is created
by consecutive horizontal sums of the tangles [+1] only on the right (left) and
vertical sums of the tangles [+1] only at the bottom (top) starting from [0] or
[0].

So a rational tangle in standard form has an algebraic expression of the type:

+ [an_g] * ..ok i + [al].

[an] *
Ap—1 a2

For as,as,...,an—1 € Z —0. We let a1, a, be [0] or [o0].

Remark 2.7. In the process of creating a rational tangle, we may start with
horizontal or vertical tangles. We always assume that we start twisting from
[0] tangle.

The shape of a rational tangle in standard form is encoded by associating to
it a vector of integers (ai,as,...,a,), where the i-th term represents |a;| half
twists in the directions as in Fig. 1. When i is odd it is horizontal and when i
is even it is vertical. For a rational tangle this vector is unique, up to breaking
the last term as

(a1;a25"'aan) = (a1;a25"'aan - 171);0% >0
(ay,a2,...,a,) = (a1,a2,...,an +1,—1);a, <O0.
For this reason the index n can be taken to be odd.
Remark 2.8. According to [9] every rational tangle is isotopic to a rational tan-
gle in the standard form T = (a1, as, ..., ay), where n is odd and all terms are

positive or negative (except possibly the first term). Furthermore the standard
form for a rational tangle is unique.

From now on all rational tangles are considered to be in standard form. John
Conway [2, 3] associated a finite continued fraction to each rational tangle in
the following way:
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Definition 2.9. Let T' = (a1, as, . ..,a,) be a rational tangle. Let

[ | = a1+ !
1,02, ...,0n] = a
b "+ L

an—1+ﬁ
be the continued fraction associated with T. The sum of the continues fraction
is called the fraction of the tangle.

For more details on continued fractions we refer to [4, 10].

Proposition 2.10. Two rational tangles are isotopic if and only if they have
the same fractions.

For the proof see [2].

3. ALGEBRAIC STRUCTURES ON RATIONAL TANGLES

In this section our concern is in algebraic structures on rational tangles. We
introduce a free product operation on rational tangles and show that the class
of rational tangles is closed under this operation. We present the Hopf algebraic
structure of rational tangles. Details on Hopf algebra structure can be found
in [1, 11, 12].

3.1. Free product of rational tangles. As we mentioned before the hori-
zontal and vertical sums of two rational tangles are not necessarily a rational
tangle. For example the horizontal sum of two rational tangles T} = ﬁ, T = ﬁ
is not a rational tangle. In this section we define the free product of rational
tangles and see that the class of rational tangles is closed under free product.

Definition 3.1. Let T} = (a1, az,...,ay), To = (b1, b2, ..., by) be two rational
tangles in the standard form. Their free product which is denoted by T; ® T5
is defined to be the standard form of the tangle (a1, a9, ...,an +b1,ba,...,bm).
We write

T, ® Ty = standard(ay, as, ..., an + b1,ba, ..., by).

Proposition 3.2. The class of rational tangles is a non commutative group
under the free product. This group is denoted by RT.

Proof. Obviously the class of rational tangles are closed under the free prod-
uct. Moreover the free product is associative and the tangle [0] is the identity
element.

Now to any rational tangle T' = (aq,as,...,a,) we associate, as its inverse,
the rational tangle T~ = (—apn, —an_1,...,—a1). Obviously T®T ! =T '®
T = [0]. So the class of rational tangles is a group under the free product.

The free product is not commutative (up to isotopy). As we see for T3 =
(1,1,2) and Tp = (1,1, 3), we have

T1®T2’>°T2®T1

since they have different fractions and by the Conway’s theorem they are not
isotopic. O

Now we try to continue with more algebraic structures on rational tangles.
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3.2. Group Hopf Algebra Structure.

Definition 3.3. Let G be a noncommutative group and (A, +, e) be a (com-
mutative or noncommutative) ring with the multiplicative unit element 1. Let
U : AXx G — G be amapping. The triple (A, G, ¥) is called a noncommutative
left pseudo-module over A if

efForallge G:¥(l,9) =g.

eForallge Gand a,be A: ¥(a,¥(b,g)) =T(aebd,g).

We can define the noncommutative right pseudo-module over A in the same
way.

Definition 3.4. For T = (ai,...,a,) € RT, and r € Z, we define the left
scalar multiplication by

rT = (raj,...,ray).
Right scalar multiplication is also defined by T'r := (air,...,a,r). As we see
rT =1Tr.

Remark 3.5. For r,s € Z and for T' € RT it is not always true that (r+s)T =
rT ® sT. For if we take r = —s, then —T = T—!. Which is not true since for
T = (a1,a2,...,a,),

—-T = (—al,. Cey _an);T_l = (_an7 . '7_a1).

So the above scalar multiplication is not a module action of Z on R7T. But
we have

Proposition 3.6. Let U : Z x RT — RT be defined by V(r,T) = T, for
allr € Z and T € RT. Then the triple (Z,RT, V) is a noncommutative left
pseudo-module over Z.

Proof. Obviously ¢(1,T) = T, for all T € RT. Also for r,s € Z and T =
(a1,a2,...,a,) € RT, we have
U(r,U(s,T)) =r(sT) = (r(sar),...,r(san))
= ((rs)ay,...,(rs)ay) = (rs)(ay,...,a,) = ¥(rs, T).
O
Remark 3.7. We can also make RT into a noncommutative right pseudo-module
by defining
Q:RT XZ—RT;®(T,r)=Tr
for all r € Z and T € RT. Also for all ,s € Z and all T € RT, we have

(rT)s =r(Ts). We call RT a noncommutative bi-pseudo-module over Z.

Definition 3.8. The pseudo-tensor product of two pseudo bi-modules M and
N over the ring of integers Z is the quotient of the free abelian group with
basis the symbols m ® n; for m € M and n € N; by the subgroup generated by

—(m1+m2)@n+min+me@n
—m® (n1+n2) +mny +mens
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(m,7)®@n—m®e (r,n)

where m, my,mg € M,n,ni,ns € N,r € Z.

Remark 3.9. We can construct the pseudo-tensor product R7 ® RT over the
ring of integers Z.

We define the following mappings:
ART —RTQRT;AT)=TxT
SRT —Z;%5(T) =1
S RT — RT;S(T)=T""
pw:RT x RT — RT;u(T,S)=T®S

Proposition 3.10. The group of rational tangles RT together with the co-
multiplication A, counit ¥ and antipodal S as defined above is a group Hopf
algebra.

Proof. For all T € RT, we have
(dRA) o A(T)=TR(TRT)=(TT)T =(A®id) o A(T)
(d@L)o A(T)=T@®1~10T = (X®id) o A(T)

po(S®id) o A(T)=S(T)®T =T"'®T = [0] = S(T)1lrT
po(id2S) o AT)=T®S(T)=T®T * =[0] = S(T) g1
Where 1z = [0] is the identity element of the group RT.
So the axioms of a group Hopf algebra satisfies. O

4. TOPOLOGY GENERATED BY PARTIAL ORDER ON RATIONAL TANGLES

In this section we go through topological point of view in tangle study. We
introduce a locally finite partial order generating a topology on the class of
rational tangles. The interval coalgebra structure is presented and its relation
to the incidence algebra associated with the partial order is given. More details
on the coalgebra structure can be found in [1, 11, 12].

Definition 4.1. Let T = (a1, as,...,ay) be a rational tangle. For 1 < k < n,
the rational tangle Cyx = (a1, as, ..., ax) is called the k-th convergent of 7.

Remark 4.2. The following relations are true for the convergents [4, 10]:
A2y...,0, >0=0C1 <(C3<(C5<...<(Cg<Cy <Oy
as,...,0, <0=0C1 >C3>C5>...>Cg>Cy>Cy

Definition 4.3. Let 71 = (a1,a2,...,a,), T2 = (b1,ba, ..., by,) be two rational
tangles. We write 17 < Ty if n < m and Tj is the n-th convergent of T5.

Proposition 4.4. The relation < on the class of rational tangles is a locally
finite partial order.
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Proof. Since each rational tangle is the convergent of itself, so the relation is
reflexive. Now let 71 = (a1, as,...,ay,),To = (b1,be,...,by) be two rational
tangles with 77 < T5,To < Ti. Then n < m,m < n and both T; and T5 are
convergents of each other. So T ~ T5.

Now let Ty = (a1,a2,...,ayn),To = (b1,ba,...,by),T5 = (c1,¢2,...,¢1) be
rational tangles with T} < T5, Ty < T3. Then n < m, m < [. Also T} is the n-th
convergent of 75 and 75 is the m-th convergent of T5. So n = [ and T is the
n-th convergent of T3.

Now for each pair of rational tangles 77 < T, we define the interval [T}, T5]
by

[Tl,TQ] = {T :T e RT7T1 S T S Tg}
Then [T}, T3] has a finite number of elements (up to isotopy) and so the partial
order is locally finite. O

For each rational tangle T' € RT, we define A(T) ={S: S € RT,S <T}.

Proposition 4.5. The family B = {A(T)}rert form a basis for a topology
on RT.

Proof. Since for T € RT,T < T, we have T € A(T). Also for the rational
tangles 11,1, T € RT, if
T € (T1) N A(Tz), then

So A(T) C A(Ty) N A(T3). So the family B satisfies the axioms of a basis and
generates a topology on R7T. |

Definition 4.6. A subset U € RT is open if it is a union of the sets A(T;) € B,
where the index ¢ belongs to some index set.

So far we have seen that R7 is a locally finite partial order set (a locally
finite poset). The incidence algebra associated with this poset is defined by the
following procedure:

Let T = {[T,S]: T,5 € RT,T < S}. Let C(Z) be the set of all functions
from Z to Z. Consider the convolution

fro(T,8)) = > f(T,X]g([X, )

T<X<S

C(Z) is called the incidence algebra associated with the partial order. Details
on incidence algebra can be found in [13]. For all f,g € C(Z) we define

AT-—IQLA(TS)= > [I,X]e[X,S]

T<X<S
X:ZT—7Z;%(T,85]) =0.

Proposition 4.7. The set I together with the comultiplication A and counit
Y. is a coalgebra. It is called the interval coalgebra.
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Proof. We check the axioms of the coalgebra. Obviously for all [T, S] € Z,
(id® A) o A([T, S]) = (A ®id) o A([T, S])
(id®@X) o A([T, S]) = (X ®id) o A([T, S])
([l

Remark 4.8. The incidence algebra convolution is related to the comultiplica-
tion A by
fxg([T,S]) = pz o (f ® g) o A([T, 5])

where pyz is the multiplication in Z.

5. IRRATIONAL TANGLES

To each infinite standard continued fraction, there corresponds a 2-tangle.
They are called irrational tangles. In this section we study their properties and
their relation to rational tangles.

Definition 5.1. Let {a,},>1 be a sequence of integers all positive except the
first term. The number

(a1,a9,...) = nli_)rréo(al,...,an)

is called an infinite standard continued fraction.

Proposition 5.2 ([9]). The above limit exists and is finite. Furthermore to
each irrational number, there corresponds a unique infinite standard continued
fraction.

Definition 5.3. To each infinite standard continued fraction (a1, as, ...) there
corresponds an irrational tangle obtained from consecutive a; half twists, start-
ing with a horizontal |a;| half twist in direction according to the sign of a;.
The number C,, = (a1, ...,a,) is called the n-th convergent of the irrational
tangle. The set of all rational and irrational tangles is called real tangles.

Definition 5.4. For two irrational tangles T" and S we write T' < S if every
convergent of T is a convergent of S.

Definition 5.5. Two irrational tangles T' = (a1, asg,...) and S = (by,bs,...)
are said to be equivalent if
nh_{réo(al, ceylp) = W%gnoo(bl, vy bm).

In this case we write T' ~ S.

Proposition 5.6. For any two irrational tangles T' and S we have
T<S<=T~S5<S5<T.

Moreover for any rational tangle T = (aq,...,a,) there exists an irrational
tangle S with T < S.

Proof. The first part is obvious from the definition. For the second part let
S = (a1, as,...,a,), where the bar sign is for the repetition of the sequence. O
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From the above proposition we have

Proposition 5.7. Any infinite chain Ty < To < T3 < ... of rational tangles
has an upper bound in the set of real tangles.

Proof. There is a sequence {n;};>1 of positive integers and a sequence {a, }n>1
of integers all positive except the first term such that,
Ty =(a1,..-yan,), Ta = (a1, .., Qny s Anyt1s-- -5 0ny)

ooy T = (a1,02, -+, Qny s Qnyg1s ey Qrgy e e ey Gpy )y e - -
for all k > 1. Since all a; s (except possibly a1) are positive, then the irrational
tangle

S = (ay,az,...)= lim (a1,...,an,)
k—o00
satisfies T; < S, for all 4 > 1. O
Corollary 5.8. Any chain Ty < Ty, < T3 < .... of real tangles has an upper

bound in the set of real tangles.

Proof. If all T; s are rational, then from the above proposition, the upper bound
exists. Now if T; is irrational for some ¢ > 1, then for all j > ¢ we have T; ~ T}.
So the irrational tangle T; is the upper bound. O

Corollary 5.9. There exists a maximal real tangle.

Proof. By the Zorn’s lemma and the above discussion, the maximal real tangle
exists. O

REFERENCES

[1] P. Cartier, A primer of Hopf algebras, Preprint IHES (2006).
[2] J. H. Conway, An enumeration of knots and links and some of their properties, Compu-
tational problems in abstract algebra (1986), 329-358.
[3] J. H. Conway and R. K. Guy, Continued fractions, in: The Book of numbers, Springer
Verlag (1996).
[4] A. Cuyt, A. B. Petersen, B. Verdonk, H. Waadeland and W. B. Jones, Handbook of
continued fractions for special functions, Springer (2008).
[5] I. K. Darcy, Modeling protein-DNA complexes with tangles, Computers and Mathemat-
ics with Applications 55 (2008), 924-937.
[6] J. R. Goldman and L. H. Kauffman, Rational tangles, Adv. Appl. Math. 18 (1997),
300-332.
[7] L. H. Kauffman and S. Lambropoulou, Classifying and applying rational knots and
rational tangles, Contemporary Math. 304 (2002), 223-259.
[8] L. H. Kauffman and S. Lambropoulou, On the classification of rational knots, Enseign.
Math. 49 (2003), 357-410.
[9] L. H. Kauffman and S. Lambropoulou, On the classification of rational tangles, Adv.
Appl. Math. 33 (2004), 199-237.
[10] L. Lorentzen and H. Waadeland, Continued fractions, in: Convergence theory, vol. 1,
World Scientific (2008).

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 10



Algebraic and topological structures on rational tangles

[11] Yu. I. Manin, Quantum groups and noncommutative geometry, Centre de Recherches
Mathematiques (CRM), Universite de Montreal (1991).

[12] J. W. Milnor and J. C. Moore, On the structure of Hopf algebras, Annals of Math. 81
(1965), 211-264.

[13] E. Spiegel and C. J. O’Donnell, Incidence algebras, Marcel Dekker, New York (1997).

[14] M. L. Wachs, Poset topology: tools and applications, Lect. Notes IAS/Parkcity Math.
Inst. (2004).

© AGT, UPV, 2017 Appl. Gen. Topol. 18, no. 1 11



