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ABSTRACT. We continue the investigation of star selection principles
first considered in [9]. We are concentrated onto star versions of the
Hurewicz covering property and star selection principles related to the
classes of open covers which have been recently introduced.
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1. INTRODUCTION

A number of the results in the literature show that many topological proper-
ties can be described and characterized in terms of star covering properties (see
[3], [13], [2], [12]). The method of stars has been used to study the problem
of metrization of topological spaces, and for definitions of several important
classical topological notions. We use here such a method in investigation of
selection principles for topological spaces.

Let A and B be collections of open covers of a topological space X.

The symbol Sy (A, B) denotes the selection hypothesis that for each sequence
(Up, : n € N) of elements of A there exists a sequence (U, : n € N) such that
for each n, U, € U,, and {U,, : n € N} € B [18].

The symbol Sy, (A, B) denotes the selection hypothesis that for each se-
quence (U, : n € N) of elements of A there is a sequence (V,, : n € N) such
that for each n € N, V,, is a finite subset of U,, and |J V. is an element of
B [18].

In [9], Koc¢inac introduced star selection principles in the following way.
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Definition 1.1. Let A and B be collections of open covers of a space X. Then:

(a) The symbol S7(A, B) denotes the selection hypothesis: for each sequence
(U, : n € N) of elements of A there exists a sequence (U, : n € N) such that
for each n, U, € Uy, and {St(U,,Uy,) : n € N} is an element of B;

(b) The symbol S%,, (A, B) denotes the selection hypothesis: for each se-
quence (Uy, : n € N) of elements of A there is a sequence (Vy, : n € N) such that
for each n € N, V,, is a finite subset of Uy, and U, {SHV,Upn) : V €V, } € B;

(c) By U3, (A, B) we denote the selection hypothesis: for every sequence
U, : n € N) of members of A there exists a sequence (V,, : n € N) such that
for every n, Vy,, is a finite subset of Uy, and {S(UV,,Uy) : n € N} € B or there
is some n € N such that St(UV,,U,) = X.

Definition 1.2. Let A and B be collections of open covers of a space X and
let I be a family of subsets of X. Then we say that X belongs to the class
SSic(A, B) if X satisfies the following selection hypothesis: for every sequence
(Up, : n € N) of elements of A there exists a sequence (K, : n € N) of elements
of K such that {St(K,,U,) :n € N} € B.

When K is the collection of all one-point [resp., finite, compact] subspaces of
X we write SS7(A, B) [resp., SS};,,(A, B), SS;,,,, (A, B)] instead of SSi(A, B).

Here, as usual, for a subset A of a space X and a collection P of subsets of
X, St(A,P) denotes the star of A with respect to P, that is the set U{P €
P:ANP#@}; for A={z}, z € X, we write St(z, P) instead of St({z}, P).

In [10] it was explained that selection principles in uniform spaces are actu-
ally a kind of star selection principles.

Let X be a space. If i and V are families of subsets of X we denote by U AV
the set {UNV : U € U,V € V}. The symbols [X]<% and [X]=" denote the
collection of all finite subsets of X and all subsets of X having < n elements,
respectively.

In this paper all spaces will be Hausdorff. A and B will be collections of the
following open covers of a space X:

O: the collection of all open covers of X;

Q:  the collection of w-covers of X. An open cover U of X is an w-cover [5] if
X does not belong to U and every finite subset of X is contained in an element
of U;

I': the collection of y-covers of X. An open cover U of X is a y-cover [5] if it
is infinite and each x € X belongs to all but finitely many elements of U.

O9:  the collection of groupable open covers. An open cover U of X is
groupable [11] if it can be expressed as a countable union of finite, pairwise
disjoint subfamilies U,,, n € N, such that each x € X belongs to Ui, for all
but finitely many n;

Ow9P:  the collection of weakly groupable open covers. A cover U of X is a
weakly groupable [1] if it is a countable union of finite, pairwise disjoint sets U,,,
n € N, such that for each finite set F' C X we have F' C U, for some n.
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We consider only spaces X whose each w-cover contains a countable w-
subcover (or equivalently, for each n € N, every open cover of X™ has a count-
able subcover). Thus all considered covers are assumed to be countable.

Recall that a space X is said to have the Menger property [15], [6], [16],
[8] (resp. the Rothberger property [17], [16], [18] if the selection hypothesis
S;in(0,0) (resp. S1(0, 0)) is true for X.

The following terminology was introduced in [9]. A space X is said to have:

1. the star-Rothberger property SR,
2. the star-Menger property SM,
3. the strongly star-Rothberger property SSR,
4. the strongly star-Menger property SSM,
if it satisfies the selection hypothesis:
1. S3(0,0),
2. 5%,,(0,0) (or, equivalently, U}, (0, 0)),
3. S51(0,0),
4. SS%,.(0,0),
respectively.

In 1925 in [6] (see also [7]), W. Hurewicz introduced the Hurewicz covering
property for a space X in the following way:

H: For each sequence (U, : n € N) of open covers of X there is a sequence
(Vn, : n € N) of finite sets such that for each n V,, C U,, and for each
x € X, for all but finitely many n, x € UV,.

Two star versions of this property are:

SH: A space X satisfies the star-Hurewicz property if for each sequence
(U, : m € N) of open covers of X there is a sequence (V,, : n € N) such
that for each n € N V), is a finite subset of U,, and each x € X belongs
to St(UV,,U,,) for all but finitely many n.

SSH: A space X satisfies the strongly star-Hurewicz property if for each se-
quence (Uy, : n € N) of open covers of X there is a sequence (4, : n € N)
of finite subsets of X such that each x € X belongs to St(A,,U,) for
all but finitely many n (i.e. if X satisfies SS},,(O,T")).

In this paper we study some properties of these spaces. We also consider
SM and SSM spaces, in particular in connection with new classes of covers that
appeared recently in the literature - groupable and weakly groupable covers.

2. SPACES RELATED TO SM SPACES

Theorem 2.1. If each finite power of a space X is SM, then X satisfies
i (0, Q).

fin

Proof. Let (U, : n € N) be a sequence of open covers of X and let N =
N1 U Ny U --- be a partition of N into infinitely many infinite subsets. For
each k and each m € Ny let W,, = {Uy X -+- x Uy, : Uy, -+ , U € Up,}. Then
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(W : m € Ng) is a sequence of open covers of X*, and since X* is a star-
Menger space, one can choose a sequence (H,, : m € Ni) such that for each m,
Hom € W] and U,,cn, {St(H, Wyn) : H € Hp} is an open cover of X*. For
every m € Ni and every H € H,,, we have H = U;(H) x --- x Ug(H), where
Ui(H) € Uy, for every i < k. Put V,,, = {U;(H) : i < k,H € H,,}. Then for
each m € N V,, is a finite subset of U,,,. We claim that {St(UV,,,U,,) : n € N}
is an w-cover of X. Let F' = {x1,---,25} be a finite subset of X. Then
x = (x1, -+ ,2s) € X° so that there is an n € N, such that x €St(H, W,,) for
some H € Hy,. But H =U (H) x --- x Us(H), where U;(H),--- ,Us(H) € V.
The point = belongs to some W € W, of the form V; x --- x Vi, V; € U,, for
each ¢ < s, which meets U;(H) X - - - xUs(H). This means that for each i < s we
have z; € St(U;(H),Uyn) C St(UV,,,Uy), i.e. F C St(UV,,,U,). So, X satisfies
U%:,(0,9). O
Now we shall see that the previous theorem can be given in another form.

Theorem 2.2. For a space X the following are equivalent:
(1) X satisfies U%,,(0,Q);
(2) X satisfies U3, (O, 0%9P).

Proof. Because each countable w-cover is weakly groupable, (1) implies (2) is
trivial, so that we have to prove only (2) = (1). Let (U, : n € N) be a
sequence of open covers of X. Let for each n, H,, := \,-,,Ui. Apply (2) to the
sequence (H,;n € N). There is a sequence (W, : n € N) such that for each n
Wiy € [Hn]<% and {St(UW,,,H,) : n € N} is a weakly groupable cover of X.
There is, therefore, a sequence n; < ng < --- in N such that for each finite set
F in X one has F' C U{St(UW;, H;) : nx. < i < ngy1} for some k. Consider the
sequence (V,, : n € N) defined in the following way:

Vo =Ujcp, Wi, for n <mni;

V, = UnkSi<nk+1 Wi, for ng <n < nggq.
Then for each n V, is a finite subset of U, satisfying: for each finite set
F C X there is an n such that F' C St(UV,,,U,,). This means that X satisfies
U%:,.(0,9Q). O

Problem 2.3. Is it true that S}m((’), Q) = S}m((’), OwIpr) 2

3. SPACES RELATED TO SSM SPACES

Theorem 3.1. If all finite powers of a space X are strongly star-Menger, then
X satisfies SS};,(0,Q).

Proof. Let (U, : n € N) be a sequence of open covers of X and let N =
Ny U Ny U -+ be a partition of N into infinite (pairwise disjoint) sets. For
every k € N and every m € Ny let W, = U¥. Then (W,, : m € Nj) is a
sequence of open covers of X*. Applying to this sequence the fact that X*
is SSM we find a sequence (4,, : m € Ny) of finite subsets of X* such that
{St(A;, Wyn) : m € Ni.} is an open cover of X*. For each m take a finite set
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Sm C X such that S¥, D A,,,. We claim that {St(S,,U,,) : n € N} is an w-cover
of X. Let F = {x1,--- ,x,} be a finite subset of X. Then (z1,--- ,zp) € X? s0
that there is n € N, such that (z1,---,2,) € St(A,, W,) C St(SE,W,), and
consequently F' C St(Sp,Uy,). O

The following theorem shows that spaces whose all finite powers are SSM
can be also related to spaces defined in terms of weakly groupable covers.

Theorem 3.2. For a space X the following are equivalent:
(1) X satisfies SS},,,(O0,Q);
(2) X satisfies SS},,, (O, 0"97).

Proof. (1) = (2): It is evident because countable w-covers are weakly groupable
and SS%;,, is monotone in the second variable.

(2) = (1): Let (U, : n € N) be a sequence of open covers of X and let for
eachn e N, V, = /\i<nZ/{¢. For each n V), is an open cover of X that refines
U; for all i < n. Apply (2) to the sequence (V, : n € N). There is a sequence
(Sn : n € N) of finite subsets of X such that {St(S,,V,) : n € N} is a weakly
groupable open cover of X. Therefore, there is a sequence n; < ng < --- <
ny < --- of natural numbers such that for every finite subset I’ of X we have
F C Uy, <icng,, St(S3, Vi) for some k € N. For each n let

A, = UKn1 S; for n < ny, and
A, = S; for ni < n < ngga.

ng<i<ng41
Then (A, : n € N) is a sequence of finite subsets of X which witnesses for
(Un = n € N) that X satisfies SS};,,(0, Q). O

4. STAR-HUREWICZ SPACES

It is clear that each Hurewicz space is strongly star-Hurewicz and each
strongly star-Hurewicz space is star-Hurewicz.

The following proposition shows that in the class of paracompact spaces, the
Hurewicz, strongly star-Hurewicz and star-Hurewicz properties are equivalent.

Proposition 4.1. A paracompact Hausdorff space X has the star-Hurewicz
property if and only if it has the Hurewicz property.

Proof. We already noted that if a space X has the Hurewicz property then X
has also the star-Hurewicz property. So let X be a paracompact space having
star-Hurewicz property and let (U, : n € N) be a sequence of open covers of
X. By the Stone characterization of paracompactness [4] for every n € N, U,
has an open star-refinement, say V,,. Since X has the star-Hurewicz property
there exists a sequence (W,, : n € N) such that for each n, W,, € [V,,]<“ and
each x € X belongs to all but finitely many of the sets St(UW,,, V,,). For each
W € W, let Uy be a member of U, such that St(W,V,) C Uw. For every
n € N, we have that H,, := {Uw : W € W, } € [U,]<¥. It is easily seen that
the sequence (H,, : n € N) witnesses for (U, : n € N) that X is a Hurewicz
space. (I
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Proposition 4.2. The product X XY of a star-Hurewicz space X and a com-
pact space Y is star-Hurewicz.

Proof. Let W, : n € N) be a sequence of open covers of X x Y. Without
loss of generality, we can assume that for every n € N, W,, = U,, X V,,, where
U, is an open cover of X and V), is an open cover of Y. Fix z € X. Since
{z} xY is a compact space and for each n € N W, is an open cover of {z} x Y,
there exists (Up.o X Viz) € [Wa]<¥ such that UU, » X Vio) D {2} x Y. For
every n € N, the set U, , = MU, , is open in X, so that the family G, =
{Un,z:x € X} is an open cover of X. Since X has the star-Hurewicz property,
there exists a sequence (H,, : n € N) such that for every n € N H,, € [G,]<¥
and each z € X belongs to all but finitely many sets {St(UH,,,Gy) : n € N}.
For every n € N, let "y, = {Un,zys* ,Unyzy(,, }- We have that for every n,
Kn == Unzy X Viz) U U Unayy X Vo) € [W,]<“. The sequence
(K : n € N) is such that {St(UK,, W,,) : n € N} is a y-cover of X x Y. So the
space X X Y has the star-Hurewicz property. (Il

Let us mention that there is a SSH space X and a Lindel6f space Y such
that the product X x Y is not SSH. Take X = [0,w;) with the usual order
topology and Y to be the one-point Lindeldfication of X.

Theorem 4.3. For a space X the following are equivalent:

(1) X is a star-Hurewicz space;
(2) X satisfies U%,, (O, 09P7).

Proof. Each countable ~y-cover is groupable and thus (1) implies (2). Let us
show (2) = (1). Let (U, : n € N) be a sequence of open covers of X and
let for each n G, be the open cover A, , U;. Apply (2) to the sequence of
these G,,’s and for each n € N select a finite set V,, C G,, such that the set
{St(UV,,Gy) : n € N} is a groupable cover of X. Let ny < mz < --- be a
sequence of natural numbers which witnesses the last fact: for each x € X =z
belongs to U{St(UV;,G;) : np < i < ngy1} for all but finitely many k. As in
the proof of Theorem 2.2 put

W, = UKn1 V;, forn <mng;

W, = UMSKM+1 Vi, forng <n < ngi1.

Then the sequence (W, : n € N) shows that X satisfies (1), because, evidently,
each 2 € X belongs to all but finitely many sets St(UW,,,U,,). ]

Problem 4.4. Is it true that S}, (0,T") = S}, (0, 09%) ¢
Consider now what happens if a space X satisfies the following condition

closely related to the star-Hurewicz property:

SH<,, : For each sequence (U, : n € N) of open covers of X there is a
sequence (V,, : n € N) such that for each n V,, € [4,]=" and the set
{St(UV,,,Uy,) : n € N} is a y-cover of X.

The answer to this question is given by the next theorem.
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Theorem 4.5. Let a space X satisfies SH<y. Then X satisfies S1(O, O9P).

Proof. Let (U, : n € N) be a sequence of open covers of X. We define new
covers V,, n € N, of X putting for each n

Vo =NU;: (n—1)n/2<i<n(n+1)/2}.

Apply SH<,, to the sequence (V,, : n € N). We find a sequence (W,, : n € N)
such that for each n, W, | < n, W, C V,, and {St(UW,,,V,,) : n € N} is a -
cover of X. Write W,, = {W, : (n—1)n/2 < i <n(n+1)/2}. For each W; take
also the set U; € U; which is a term in the representation of W; given above. We
shall prove now that the set {St(U,,,U,,) : n € N} is an open groupable cover
of X. Consider the sequence ny < ng < -+ < ng < --- of natural numbers
defined by ni = k(k — 1)/2. Then, by construction, for each x € X we have
z € Uy, <icng,, SUWi, U;) for all but finitely many k which implies that the
cover {St(U,,U,) : n € N} is groupable. O

5. STRONGLY STAR-HUREWICZ SPACES

Recall that a space X is strongly starcompact [3], [13] if for each open cover
U of X there is a finite set F' C X such that St(F,U) = X. Clearly, every
strongly starcompact space is SSH. But we have a bit more. Call a space X
o-strongly starcompact if it is a union of countably many strongly starcompact
spaces.

Theorem 5.1. FEvery o-strongly starcompact space is SSH.

Proof. Let X = U, ey Xn, where each X, is strongly starcompact, and let
Uy, : n € N) be a sequence of open covers of X. One may suppose that
X, € X9 C -+ C X, C -+, because the union of finitely many strongly
starcompact spaces is also strongly starcompact. For each n let A,, be a finite
subset of X such that St(A4,,,U,) D X,. It follows that each point of X belongs
to all but finitely many sets St(A,,U,), i.e. the sequence (A,, : n € N) shows
that X is a strongly star-Hurewicz space. (I

The following theorem gives a characterization of SSH spaces in terms of
groupable covers.

Theorem 5.2. For a space X the following are equivalent:

(1) X has the strongly star-Hurewicz property;
(2) X satisfies the selection principle SS};, (O, O9P).

Proof. (1) = (2): Tt follows from the fact that countable y-covers are groupable
and monotonicity of SS%;, in the second variable.

(2) = (1): Let (U, : n € N) be a sequence of open covers of X and let
for each n € N, V,, = Aj<nldy. Applying (2) to the sequence (V, : n € N)
of open covers of X find a sequence (7, : n € N) of finite subsets of X such
that {St(T%,V,) : n € N} is a groupable open cover of X. Let n; < ng <
.-+ < np < --- be a sequence of natural numbers such that for each z € X,
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z € Uny<icny,,St(Ti, Vi) for all but finitely many k. For each n € N put
Sn = UKn1 T; for n < ny, and S,, = UnkSi<nk+1 T; for n, <n < ng41. Each
Sy, is a finite subset of X. We prove that the family {St(S,,U,) : n € N} is a
v-cover of X. Let x € X. There exists kg € N such that z € UnkSi<nk+1 T; for
all k > ko. Since St(T;,V;) C St(S;,U;) for all i with ny < i < ngy1, we have
that for each k > ko, © € St(Sk,Uy), i.e. {St(Sn,Uy) : n € N} is a y-cover of
X. (]

The previous theorem suggests to consider also the selection principle SS7 (O, O9)
that is naturally related to the SSH property. We have the following result.

Theorem 5.3. Let a space X satisfies the following condition: for each se-
quence (U, : m € N) of open covers of X there is a sequence (4, : n € N)
of subsets of X such that for each n |A,| < n and {St(A,,U,) : n € N} is a
v-cover of X. Then X satisfies SST(O, O9).

Proof. Let (U, : n € N) be a sequence of open covers of X. For each n let
Vi = Nn—1ynja<i<n(ni1y/2 Ui- We apply the assumption of the theorem to the
sequence (V, : n € N) to find a sequence (A4, : n € N) of subsets of X such that
for each n, |4,| <nand {St(A,,V,) : n € N} is a y-cover of X: for eachz € X
there exists ng such that « € St(A4,,V,) for all n > ng. For each n write 4, as
Ap={z; : (n—=1)n/2 <i<n(n+1)/2}. Then {St(z;,U;) : i € N} is an open
groupable cover of X. Indeed, consider the sequence ny < ng < -+ <ng < ---
of natural numbers defined by ny = k(k — 1)/2. Then for each point x € X we
have z € |J St(x;,U;) for all but finitely many k. O

nE<i<ngpii

To each selection principle mentioned above one can associate a game [18],
[8], [11], [9]. A number of selection principles of the Sy;, and S; form have
been characterized by the corresponding games.

The following game G is naturally associated to the SSH property. We shall
call this game the strongly star-Hurewicz game.

Let X be a space. Two players, ONE and TWO, play a round per each
natural number n. In the n—th round ONE chooses an open cover U,, of X and
TWO responds by choosing a finite set A,, C X. A play Uy, Ay;- - ;Up, Ap;- -
is won by TWO if {St(A4,,U,) : n € N} is a y-cover of X; otherwise, ONE wins.

Evidently, if ONE has no winning strategy in the strongly star-Hurewicz
game, then X is an SSH space.

Conjecture 5.4. The strongly star-Hurewicz property of a space X meed not
imply ONE does not have a winning strategy in the strongly star- Hurewicz game
played on X.

Notice that similar situations might be expected also for the other star se-
lection principles and corresponding games.
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6. RELATIVIZATION

In this section we define a relative version of the SSH property and show
that there is a subspace Y of a SSM space X which is relatively SSH in X but
Y with the subspace topology is not SSH.

Let Y be a subspace of a space X. We say that Y is strongly star-Hurewicz
in X (or'Y is relatively strongly star-Hurewicz in X) if for each sequence (U, :
n € N) of open covers of X there is a sequence (A,, : n € N) of finite subsets of
X such that each point y € Y belongs to all but finitely many sets St(A,,U,).

Remark 6.1. The following two definitions also give relative versions of the
SSH property. Below Y is a subspace of X.

(R1) For each sequence (U, : n € N) of covers of Y by sets open in X there
is a sequence (A, : n € N) of finite subsets of X such that each point y € YV’
belongs to all but finitely many sets St(A,,Uy,).

(R2) For each sequence (U, : n € N) of open covers of X (or of Y by sets
open in X) there is a sequence (A4, : n € N) of finite subsets of ¥ such that
each point y € Y belongs to all but finitely many sets St(A4,,U,).

We do not consider these two properties, but they can be also investigated.

Denote by "N the set of all functions from N into N. For f, g € "N we write
f <* ¢ if and only if there is ng € N such that f(n) < g(n) for each n > ng. A
family F C NN is called bounded if there exists a function g in NN such that
f <* g for each f € F. The symbol b denotes the minimal cardinality of a
unbounded subset of NN.

A family A of infinite subsets of N is called almost disjoint if the intersection
of any two distinct sets in A is finite.

Let A be an almost disjoint family. The symbol ¥(.A4) denotes the space NUA
with the following topology: all points of N are isolated; a basic neighborhood
of a point a in A is of the form {a} U (N \ F), where F is a finite subset of N.

Example 6.2. Let A be an almost disjoint family of cardinality < b. Then A
is relatively SSH in ¥(A), but A with the subspace topology is not SSH.

Let (U, : n € N) be a sequence of open covers of ¥(A). One can suppose
that for each n elements of U, are basic sets:

Uy ={Upn(a) :a € A} U{{n}:n € N\ UgeaUy,(a)}.

Also, we can suppose that to each a € A only one neighborhood U, (a) € U,
is assigned. For each a € A define a function f : N — N by f,(n) = min{k €
N: k € U,(a)}. By assumption the family {f, : a € A} is bounded, so that
there exists a function f € VN such that f, <* f for each a € A. This means
that for each a € A there is n, € N with f(n) > f.(n) for every n > n,.
Further, consider for each n € N the finite set A, = {1,2,--, f(n)} subset
of N. We claim that the sequence (A, : n € N) witnesses for (U, : n € N)
that A is relatively SSH in W(A). Indeed, for each a € A the intersection
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U,(a)N A, # @ (because f,(n) € A, NU,(a)) for each n > n,, i.e. each point
a € A belongs to all but finitely many sets St(A,,U,).

On the other hand, the subspace A of ¥(A) is the discrete space of cardi-
nality b and thus it can not be SSH.

Let us remark that according to a result from [14] this space ¥(A) is SSM.
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