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ABSTRACT. The main goal of this paper is to put some light in several
arguments that have been used through the time in many contexts of
Best Approximation Theory to produce proximinality results. In all
these works, the main idea was to prove that the sets we are considering
have certain properties which are very near to the compactness in the
usual sense. In the paper we introduce a concept (the wrapping) that
allow us to unify all these results in a whole theory, where certain ideas
from Topology are essential. Moreover, we do not only cover many of
the known classical results but also prove some new results. Hence we
prove that exists a strong interaction between General Topology and
Best Approximation Theory.
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1. INTRODUCTION

One of the central problems in Best Approximation Theory can be roughly
formulated in the following way. Let X be a set, A a nonempty subset of X
and z € X. If there exists a real valued function d on X x X that provides
a notion of gap between points in X, we want to know about the existence of
points a € A such that

d(z,a) = z}gg d(x,b).

The points a € A satisfying the previous relation are called the best approxi-
mations to x from A. The subset A is said to be proximinal if for all z € X
there exists a best approximation to z from A.
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The proximinality of a subset A can be assured if there exists a topology for
X large enough to be the functions d(z,-) : A — R sequentially lower semi-
continuous and small enough in order to be the domain A countably compact.
The main tools used in the known proofs of the results concerning the existence
of best approximations can be clearly distinguished in the following cases.

(a): If X is a normed space and the gap function is the metric derived
from the norm, the Functional Analysis arguments will give a common
thread of compactness. As a sample of the most notorious results of
this kind we give the following list.

e Nonempty closed subsets of finite dimensional subspaces of normed
linear spaces are proximinal.

e Nonempty weakly closed subsets of a reflexive Banach space (in
particular, any nonempty closed convex subset) are proximinal.

e Nonempty weakly star closed subsets of the dual space of a normed
space are proximinal.

(b): If X is not normed, or X is normed but the gap function d is not
a metric. In this situation the set X is usually a function space and
the techniques used in the proofs will depend on each particular case.
The arguments will derive, in general, from Measure Theory and they
will provide the convergence of certain sequences of functions. As an
example we mention that the subset of non decreasing functions in
the Orlicz space L4(0, 1) is proximinal in the sense that for each func-
tion f € L£4(0,1) there is a non decreasing function g € £4(0, 1) that
minimizes the gap function

1
a(f. ) = / o(1f — )dp

over the subset of non decreasing functions in £4(0, 1).

Another interesting situation is when X is quasi-metric space (see
for example [21], where a characterization of best approximation result
is proved in this context).

The main purpose of this paper is to give a common thread of compactness in
the proofs of proximinality. To achieve our aim we introduce and extend some
well known facts of Best Approximation Theory to general topological spaces
with some structure. Our description covers and extends some classical situ-
ations in normed spaces (see [6]) and in metric spaces. Moreover some recent
developments in topological vector spaces are covered through our method.

The present paper is organized as follows. In Section 2 we state the main
definitions. We use the following idea: let (X, p) be a metric space, x € X and
A a nonempty subset of X. The set of best approximations to x from A is
defined by

P(z,A) ={a€ A:p(z,a) =p(x,A)},
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where p(x, A) = ing p(x,a). If B(x,r) denotes the closed ball of center 2 and
ac

radius 7, we have

P(z,A) = AN Bz, p(x,A)) =An | (] B(x,r)
r>p(x,A)

This description gives the idea to extend some notions of Best Approxi-
mation Theory to more general spaces. In order to estimate the gap between
points in some space we will introduce the concept of wrapping as an increasing
family of closed sets with nonempty interior whose union is the whole space.
Section 3 is devoted to the application of the framework introduced in the pre-
vious section to Metric Spaces, Topological Vector Spaces and Function Spaces.
We cover some of the classical situations and some recent descriptions due to
different authors. In Section 4 we show that our description gives a common
thread of compactness for the proofs of proximinality in some of the most in-
teresting and well known examples. Finally, we also characterize proximinality
in terms of countable compactness. The situation described here in order to
introduce the notion of wrapping has been applied by other authors not only
in Approximation Theory but also in Selection theory (in Michael’s approach,
see [15]) and in Fixed Point Theory (see [12]).

2. DEFINITIONS AND PRELIMINARIES RESULTS

Let (X, 7) be a Hausdorff topological space and let us denote by C(X) the
family of closed subsets of X. A wrapping for X is a function £ : X x [0, 00) —
C(X) such that, for each z € X, satisfies:

(i) &(z,0) = {z},
(ii) for all > 0 there is an open set 0(x,r) with z € 0(x,r) C &(x,r),

(iii) for all r,s >0, if r < s then £(z,r) C {(x, ),

(iv) for all s >0, | &(z,r) = X.

r>s
The set £(z,r) is called the &-ball of center x and radius r.

If € is a function from X x [0, 00) into the power set P(X) that fulfills the
axioms (iii) and (iv) of the above definition, then it is called a pre—wrapping
for X.

Fixed a wrapping £ for X, A a nonempty subset of X and x € X, we define:

o the radius set of the ¢-balls of center x with nonempty intersection with

A

(2.1) Fe(x,A) ={r>0: AN&(z,r) # o},
e the {-distance of x to A

(2.2) de(x, A) = inf Fe(x, A),
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e the set of best &-approrimations to x from A

(2.3) Pe(x, A=A [) &)

reFe(z,A)

The subset A will be called &-proziminal if Pe(z, A) is nonempty for all x € X,
and it will be called &-Chebyshev if there is a function pe(-, A) : X — A such
that Pg(z, A) = {pe(z, A)} for all x € X (i.e. if Pe(x, A) is a singleton for all
z € X).
By means of the previous definitions we have the following statements:
(i) Pe(-,A) is a function from X to P(A),
(ii) z € A if and only if Pe(x, A) = {z},
(ili) the set Fe(z, A) is either the interval (de(z, A),00) or [de(z, A),00).
Moreover, in the last case we have Pe(x, A) = AN &(x, de (2, A)) # 2,
(iv) de(z, A) = grelgdg(x, {a}) = ;gg inf{r >0:a€¢(z,7)},

(v) {y € X :de(x, {y}) < s} = () &(x,7), for each = € X,
r>s
(vi) de(-, A) is a function from X to [0,00) and d¢(-, A)|4x = 0.

Associated to the concept of wrapping, we would like to introduce the fol-

lowing properties: Given ¢ a wrapping for X, we say that it satisfies the

Intersection property: If for all z € X and s > 0, {(z,s) = m &(x,r).
r>8
Triangular property: If for all x € X, r > 0, y € {(z,r) and s > 0,

E(y,s) C&(z,r + 8).

A-Adherence property: Ifforallz € X, if AN <m§(;v, r)) # & then

>0
r € A

If ¢ satisfies the intersection property it is clear that

(2.4) Pe(x,A) = ANE(z,de(x, A)) ={a € A:de(x,{a}) = de(x, A)},

and so Pg(x,A) # @ if and only if Fe(z, A) = [de(z, A), 00).
In case that £ satisfies the triangular property, and z,y, z € X, we have that
for each € > 0,

e

y € &lade(a, {y}) + 5) and = € €y, de(y. {=}) + 3).

so z € &(x,de(z,{y}) + de(y,{z}) + ¢) for all € > 0. Therefore

(2.5) de(w,{2}) < de(x,{y}) + de(y, {z})
and hence the function p: X x X — [0, 00) defined by

p(z,y) = de(x, {y}) + de(y, {=})
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is a pseudometric in X. Reciprocally, if (2.5) is fulfilled and £ satisfies the
intersection property, it also satisfies the triangular property.
Without difficulty it can be shown that {z} = ﬂ &(z,r) for all z € X, if

>0
and only if for all A C X the wrapping £ has the A-adherence property.

We can characterize the closed subsets in A by means of the proximinality
and adherence properties as follows

Proposition 2.1. Let (X, 7) be a Hausdorff reqular space. A nonempty subset
A of X is closed if and only if there exists a wrapping & for X with the A-
adherence property such that A is &-proziminal.

Note 1. A Hausdorff space is reqular if for each point x and each closed subset
A, if x ¢ A, then there are disjoint open sets U and V such that x € U and
ACV.

Proof Let A be a closed subset of X. If A = X we can choose the wrapping
defined by &(x,0) = {z} and &{(z,r) = X for r > 0. If A is a proper subset
of X and = € X \ A there are disjoint open sets U,, V,, such that z € U, and
A C V,; we define the wrapping & by:

{z} if r =0,
Elz,r)y=¢ X\V, if0O<r<1,
X ifr>1,

ifx & A, and £(z,0) = {z} and {(z,r) = X for r > 0 in other case. Then,
in case that ¢ € A we have P:(z,A) = {z} and if ¢ A it follows that
Pe(x,A) = A. Consequently A is -proximinal, and it is straightforward to
verify that £ has the A-adherence property.

To show the converse suppose that A is not closed and let z € A\ A. For
every wrapping &, since the open sets 6(x,r) have nonvoid intersection with

A, we have that Pg(z, A) = AN ﬂ{(x,r)) So if A is &-proximinal, the
r>0
wrapping cannot have the A-adherence property. O

Note 2. The previous result is in the same line as Theorem 6 of [11].

Let p be a metric in a set X. For each € X, the function p, : X — [0, 00)
defined by p..(y) = p(y,x) gives the distance to x. By definition, the metric
topology for X is the smallest one containing the sets

S(x,r) == {y € X : ply, ) <r} = p;'([0,7)),

for all z € X and r > 0. Hence the metric topology for X is the smallest one
that makes the functions p, continuous at z. If A C X, the uniform continuity
of the function p(-, A) follows from the symmetry and the triangle inequality
of the metric p. With a similar pattern we can state the following result.
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Proposition 2.2. Let & be a wrapping for X and @ # A C X. If £ satisfies
the triangular property and de(-,{z}) is continuous at x € X, then de(-, A) is
continuous at x.

Proof Let {x;}iecs be anet in X such that x; — z. Givene > 0, thereisai; €
I such that x; € {(z, §) for i > i;. For eachi € I, let a; € ANE(wy, de (s, A) +
I3

5). Since & satisfies the triangular property, then a; € {(x, d¢ (24, A) + €) for

i > i1, and hence

(2.6) de(x, A) — de(x;, A) < e.

To prove the other inequality, first observe that x € {(w;, d¢(zs, {x}) + §) for
all i € I and let a. € AN&(x,de(x,A) + §). Since a. € §(x;, de(xq, {x}) +
de(x, A) + 5), then de(z, A) — de(x, A) < de(x, {x}) + 5. Finally, notice that

there exists io € I such that

(2.7) de(xi, A) — de(z, A) <,

for all ¢ > ig, since dg (-, {x}) is continuous at .
If iy is an upper bound of {i1,i2}, it follows from (2.6) and (2.7) that

|d£($i7A) - dﬁ(va” <e
for all i > 7.0

3. METRIC SPACES, TOPOLOGICAL VECTOR SPACES AND FUNCTION
SPACES.

3.1. Metric Spaces. Let (X, p) be a metric space, and let @ # A C X. In
the sequel, the closed ball of center # and radius r will be denoted by B(x,r).
The function £ : X x [0,00) — C(X) defined by

g(IaT) = B(:E,T)

is the “natural” wrapping for X, and it clearly satisfies the intersection and
the triangular properties. We recall that

P(z,A)={ac A:p(z,a) =p(z,A)} = AN B(z, p(x, A))

where p(z, A) is the distance of  to A. We can generalize this wrapping by
merely introducing a real function f with suitable properties and considering
the balls B(z, f(r)). In some sense, the best approximation problem with this
new kind of wrapping will be show to be equivalent to the standard problem
in the space (X, py), where py is a metric derived from p and f.
More precisely, a function f : [0,00) — [0, 00) is said to be of type A (abbr.

TA) if

(i) f(r) = 0if and only if r = 0,

(ii) f is right continuous (liin f(r) = f(s),

(iii) f is superadditive (f(r) + f(s) < f(r+s)).
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Let f be a TA function and 0 < r < s. We have f(r) < f(r)+f(s—7r) < f(s),
thus f is strictly increasing. Moreover, nf(1) < f(n) for each nonnegative
integer n, so that rli{I(}o f(r) = o0.

Let us now give some natural examples of TA functions: The first one is
given by f(r) = r 4 [r] (where [r] denotes the greatest integer smaller or equal
to r) is a TA function. On the other hand, if f : [0,00) — [0, 00) is a convex
function that vanishes only at 0, then it is an strictly increasing continuous TA
function: if p € [0, 00), then

(3.8) FOp) < Af(p) + (1 =N f(0) = Af(p),
for all A € [0,1]. Therefore, if 0 < r < s and A € (0,1], we have

LIOG+ ) < f(r+5).

Taking A = °  and using (3.8), we get
r+s

J(r) 4 £(s) < Zf(s) + f(s) < f(r +9)

Let (X, p) be a metric space, and let f be a TA function. By the properties
of f, it is clear that the function 7, defined on X x [0, 00) by

Erla,m) = Bz, f(r))

is a wrapping for X, that satisfies the intersection and the triangular properties.
Moreover, we can state the following result.

Proposition 3.1. Let (X, p) be a metric space, A a nonempty subset of X and
f a TA function. For every x € X, we have

Pe, (2, A) = ANB(x, f(de, (2, A))) where de,(x, A) = inf{r > 0: f(r) > p(x, A)}.

Proof The first relation follows from the intersection property of the wrapping
&¢. Clearly,

{r=0:f(r)>p(z,A)} C{r=0:ANB(z, f(r)) # 2} C {r=0: f(r) = p(z, A)},

so that we have an inverted chain of inequalities of infimums of such sets. Now f
is right continuous and strictly increasing, so that inf{r > 0: f(r) > p(z, A)} =
inf{r > 0: f(r) > p(x, A)} and the second statement of the proposition holds.O0

Let f be a TA function, and let the right inverse of f be defined by
@) =inf{r >0: f(r) >z} =inf ! ([z,0)),
for x > 0. We can prove now the following result.

Proposition 3.2. Let f,} be the right inverse of a TA function f. Then
Il is a function from [0,00) onto [0,00) which is non decreasing, continuous,
subadditive ( f (x +y) < f,Hx) + £ (y) ) and vanishes only at 0.
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Proof Since lim f(r) = oo, then f~!([z,00)) is nonempty (and bounded
r—00

below) for each > 0. Under the hypothesis on f (strictly increasing and right
continuous), for each x > 0 there exists s > 0 such that f~!([z,00)) = [s, 00),
hence f;,}(z) = min f~*([z, 00)).

Let r > 0 and = = f(r). It is clear that f_'(z) =7 = f~!(z), hence f' is
a surjective extension of the inverse function f=!: f([0,00)) — [0, 00). Also,
if 0 <z <y, then [y,00) C [z,00) and

foa! (@) = min £~ ([z,00)) < min f~([y,00)) = [ (),

so that f2;! is non decreasing.

Let z > 0 and let a = li{n fol(y) and b = li%n [t (y). By the surjec-
yla yte
tivity of f.!, it follows that @ = b. In the same way we get that 0 =

exr

fL10) = 11?01 f.1(y). Hence f.! is continuous in [0,00). The condition
y

fol(x) = 0 if and only if z = 0, is a direct consequence of the right continuity

of f.
Finally, let x,y > 0. There exist r, s > 0 such that
f@) <z < f(r)forte|0,r),and f(t) <y < f(s) for t € [0, s),

so that = +y < f(r) + f(s) < f(r + ), and [} (z +y) < [ (F(r+9)) =
r+s=f 1 (x) + f5(y). Hence f,! is a subadditive function.O

Let p be a metric for X and let f be a TA function. One can easily verify
that the composition

pr="Ia op
is a metric in X. In fact, p and p; are equivalent metrics. Moreover, if B,
denotes the closed ball in the metric space (X, o), we have that

(3.9) By(z, f(r)) = By, (1),

which follows from

By(z, f(r) ={y € X : p(y,2) < f(r)} C{y € X : [} (p(y, 2)) <7} = B, (x,7),
and from

By, (1) ={y € X : f5' (p(y,2)) <7} C{y € X : p(y,x) < f(r)} = By(, f(r)),

(the last inclusion is due to p(x,y) < f(fot(p(z,v))))-
We can also establish the following relation

de;(w,A) = inf{r > 0:f(r) > p(z, A)} = £ (p(z, 4))
_ —1/: s —1 s
= feo (10f p(z,a)) = inf fo.'(p(z,0)) = inf pys(z,a)
(3.10) — il A).
In view of (3.9) and (3.10), Proposition 3.1 takes the form
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Proposition 3.3. Let (X, p) be a metric space, A a nonempty subset of X and
f a TA function. For every x € X, we have

Py (2, A) = AN B, (z,ps(x, A)).

Hence the best approximation problem in the metric space (X, p) with the wra-
pping Ef(x, 1) = By(xz, f(r)), is equivalent to the approximation problem in
(X, pg) with the usual wrapping §(x,r) = B, (x,r).

3.2. Topological Vector Spaces. In [17] the following problem has been
considered. Let X be a separated locally convex space and let f: X — R be
a continuous convex function satisfying f(0) = 0. If A is a nonempty closed
subset of X, the authors define the number

fa(z) =inf{f(x —a):a e A},
and the so-called f-projection set

Pra@)={a€A: f(z —a) = falo)}.

They define properties of A related to the set valued mapping Py a(-) and
explore several relationships between these properties and the continuity of
this mapping. Taking into account that for each r > 0 the sub-level set

Cr={zeX: f(x)<r}

is a closed convex absorbing set containing 0 in its interior, is immediate to
verify that the function ¢ defined by

g(I,T)_{ {z}  ifr=0,

x—C, ifr>0,

is a wrapping for X that satisfies the intersection property. Of course we have
de(z, A) = fa(z) and Pe(x,A) = Py a(z), hence this minimization problem
can be described and studied with the tools we have introduced in this paper.
Also the following problem can be found in [2]. Let C be a closed bounded
convex subset of a Banach space X which has the origin as an interior point and
let fc denote the Minkowski functional with respect to C'. Given a nonempty
closed bounded subset A C X and a point z € X, we consider the minimization
problem which consists in proving the existence of a point ag € A such that

folag —z) =inf{fc(a — ) : a € A}.
In this subsection we are going to introduce a wrapping in a topological
vector space in order to cover and extend the problem above.

Let (X, 1) be a (Hausdorff) topological vector space, and let C' be a convex
neighborhood of 0. For all z € X, it is easy to check that

(i) for each r > 0, the set x+rC' is an convex neighborhood of x contained
in the closed convex set = + rC, o
(ii)) if 0 <r <s, then z +rC C = + sC,
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(iii) for each y € X, there exists ¢ > 0 such that y belongs to  + tC, and
SO
U (x+rC) = X.
r>0
In the light of the above properties, we can state the following result (we
remind the reader that a halfline in X is a set of the form {z +ty : t > 0},
where z,y € X and y # 0).

Proposition 3.4. Let (X,7) be a Hausdorff topological vector space with a
convex neighborhood of the origin, C', whose closure does not contain halflines.
The function &c : X x [0,00) — C(X) defined by

to(x,r) =2 +rC

is a wrapping for X that satisfies the intersection and the triangular properties.

Proof We will prove the following two statements:
(1): For each x € X, 7 > 0, and for each y € x +rC and s > 0,

y+sC Cax+(r+s)C.
(2): For each x € X and s > 0,
r+sC = ﬂ(x—kr@).
r>S8
As the first step for the proof of (1) we shall prove that for all ;s > 0,

(3.11) rC +sC = (r+s)C.

Let o,y € C and let 7, s be positive. By convexity of C, it follows that

1 r s
(ra 4 sy) = T+
r+s r+s r+s
which implies that rC' + sC C (r + s)C. The reverse inclusion is trivial.

Now, let r,s > 0 and let y € x + rC. If z belongs to y + sC, then, using
(3.11), we have z € x + rC + sC = z + (r + s)C. This concludes the proof of
(1)

yeC,

The proof of (2) goes as follows. Since trivially
r+sC C ﬂ(ﬂH—TU),

r>8
we have to prove the reverse inclusion. First consider s > 0, and let y €

N (z +rC). If {r,} is a sequence of numbers greater than s and converging
r>5
to s, we have that

Co—(y—2) - (y—2),

n

and hence y € x + sC. This implies
ﬂ(x—kr@) Cx+sC

r>Ss
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for each s > 0. Finally, let y € () (z +rC). By
>0

1 _
;(y—:z:)ec

for each r > 0, if y # =, then the halfline {¢(y — x) : t > 0} is contained in C,
which is absurd. So

ﬂ (x +7rC) C {z},

>0

and this concludes the proof.O

Observe that an open set which does not contain halflines needs not to be
bounded. Consider, for example, the set

C = {{zn} €y :|zn| <n for each n},

where [; denotes the space of sequences {z,}52, of real numbers which are
absolutely summable. It is clear that C is a convex set containing 0. Moreover,
let x = {x,} € C and define

ex = min{n — |z,|}.
n
Ifye{zeli:|z—x|1 <ex}, then, for each n,
[Yn| = |znl <lyn — 20| <ly —x[1 <ex <n—|zal,
and therefore C' is open. It is straightforward to verify that the convex set

C = {{zn} €y : |zn| < n for each n}

does not contain halflines and, however, it is unbounded (if x, = {(n —
1)0mn too_1, then x,, € C and sup ||x,[[1 = 00).
n

Let C be a convex subset of a Hausdorff Topological Vector Space, with 0
as an interior point and which contains no halflines. The Minkowski functional
of C, defined by

folz) =inf{r>0: % €0y,

is a non-negative, positive homogeneous, convex, continuous and subadditive
function, that vanishes only at 0. Moreover, the convex sets

Ci={zeX:fecx)<lland Co ={z e X : fo(zx) <1}
(open and closed, respectively) satisfy
CicCcCcCs.

The Minkowski functional provides the following characterization of the set
of best {c-approximations.
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Proposition 3.5. Let (X,7) be a Hausdorff topological vector space with a
convex neighborhood of the origin, C, whose closure does not contain halflines,
and let A be a nonempty subset of X. For each x € X, we have

(3.12) Peo(,A) = AN (z+deo (2, A)(C\ C))
= {acA: fzla—=)=de(z,A)},

where de. (z, A) = igg fela—x).

Proof It follows from (2.4) that P, (z, A) = AN (z + de.. (z, A)C).

We first consider the case de, (x, A) > 0. For a € Pe,(z,A), we will show
that a € z+de, (z, A)C. Suppose this is not so. If {¢,} is a sequence of positive
numbers such that ¢, — 0, then (1 + t,)a — t,2 — a, and hence there exists
tm >0 and ¢ € C such that (14 ¢,)a — tyx = © + de. (2, A)c, so that

A A)—
a::z:—l—dEC(x’ )cex—l—dEC(x’ )O.
1+, 14+,
d A
Hence we have dg (z, A) < %, an absurd. This shows that

AN (24 deo (2, A)T) C AN (2 + de (2, A)(T\ C)) .

The reverse inclusion and the case d¢. (2, A) = 0 are obvious. Thus we have
proved that

Peo(z,A) = AN (a: + de, (z, A)(C\ C’)) .
The proof ends by noting that

a

deo (z,{a}) =inf{r >0:a€z+rC}=inf{r >0: ;x € C} = fgla—uz).

O

We have also the following characterization of the {~-distance of = to A.
Proposition 3.6. If
g# AN (z+rC) Ca+r(C\C)
for some r > 0, then r = de¢, (x, A) and consequently Pe.(x, A) is nonempty.

Proof It suffices to consider » > 0. First observe that d = dg, (v, 4) < r.
Supposing d < r, we get

g #AN (x—l—%@) CAn(z+7rC)Cca+r(C\O).
Thus there exist ¢; € C and ¢y € C \ C, such that

d+r
2

Cl1 = TceCa.
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Let t = d;;T € (0,1). Since ¢; + 1_—‘:0 is a neighborhood of ¢;, there exists

es € CN (01 + %C) . Therefore
co =tcy :tC3+t(Cl —03) Etc+(1 —t)CC C.
This contradicts that c; ¢ C, and we conclude d = r. O

The set of best {o-approximations to x from A inherits the invariance pro-
perties of the space X, and it is easy to
verify that for s > 0, ¢ > 0 and y € X, we have

Pe.c (tx —y,tA—y) =tPe. (z,A) — y.

A convex subset U of a topological vector space will be called strictly convex
provided that the relations z,y € U \ int(U) and z # y imply ZE¥ € int(U).
Note that if U is a convex neighborhood of the origin, then int(U) = U and U is
strictly convex if U is so. It is possible to establish uniqueness as a consequence
of strict convexity of the set that generates the wrapping.(For normed linear
spaces see Lemma 3.2. of [19])

Proposition 3.7. Let (X,7) be a Hausdorff topological vector space with a
convex neighborhood of the origin, C, whose closure does not contain halflines,
and let A be a nonempty, conver and Ec-proximinal subset of X. If C is
strictly convex, then A is £o-Chebyshev. Moreover, if for each convex and &c-
proziminal subset A of X we have that A is £c-Chebyshev, then C' is strictly
convet.

Proof First consider that C' is strictly convex. Let a1,as € Pz, (2, A). In case
a1 # ag, we have d = dg,, (z, A) > 0, and so 272 € C'\ C. By the assumption

on C, we have
aitas T

2
] eC.

Since A is convex, this means that 9$% € AN (z + dC), which contradicts
(3.12). This proves the first claim.

Now suppose that C is not strictly convex. Then there exist distinct points
a1,az € C'\ C such that ©2£% € C'\ C. Let the mapping g from [0, 1] into X
be defined by

g(t) = (1 —t)ag + tas.
Since ¢ is continuous and [0, 1] is compact, the convex set A = ¢([0,1]) is
compact. From (3.12) and the fact that f=(- — ) is continuous, it follows that
A is {c-proximinal. Moreover, since fz(a) = 1 = dg. (0, A) for each a € A (this
is not difficult to check), then A = P¢,(0,A). Hence A is not {¢-Chebyshev.
This proves the second claim.O

For a € A, S, will denote the set of all points in X having a as a best
¢c-approximation, i.e.

Seo={reX:a€P(x,A)}={xeX: fola—2x)=de(x,A)}.
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Clearly S, is nonempty (a € S,). Let {z4}4ep be anet in S, which converges to
x. Then fm(a—xq4) = de (x4, A). Since fm(a—-) and de. (-, A) are continuous,
we have
fé(a - ‘T) = de, (‘Ta A)?

hence x € S, and S, is closed.

It is interesting to note that if we assume that A is convex we can prove a
geometrical condition of the sets S,. This condition has been established, for
normed linear spaces, in [19].

Proposition 3.8. Let (X,7) be a Hausdorff topological vector space with a
convex neighborhood of the origin, C, whose closure does not contain halflines,
and let A be a nonempty and convex subset of X. Then for each a € A, the set
S, is a cone with verter a.

Proof If x € S,, and we denote d = dg, (x, A), then there exists ¢; € C'\ C
such that a = x + dc;. We shall prove that for each ¢t > 0
(3.13) @#AN((1—t)a+te+tdC) C (1 —t)a+tx+td(C\C).
Suppose this is not so. Then for some b € A and some ¢y € C, we would have
b= (1-t)a+tz+tdes = (1—t)x+(1—t)dcy +tx+tdes = v +d((1—1t)c1 +tea).
In case that ¢ € (0,1), by the fact that (1 — t)c; + tea belongs to C, we
have b € x + dC, an absurd. If ¢ € (1,00), using that A is convex, we get
b+ (1—a=2tz+d((3 —Der+c2) +(1— 1)z + (1 — })der = z+des € A,
again a contradiction.

From (3.13) and proposition 3.6 , we deduce

dee (1 —t)a +tx, A) = tde, (x, A),
for all non-negative ¢t. Therefore
fela—((1=t)a+tx)) =tfsla —x) = tde, (x,A) = de. (1 — t)a + tx, A).
Whence (1 — t)a + tz belongs to S,.0

Without the hypothesis of convexity on A, we can establish the following
corollaries of the above result.

Corollary 3.9. Let (X, 7) be a Hausdorff topological vector space with a convex
neighborhood of the origin, C, whose closure does not contain halflines, and let
dA£ACX. Ifa€e A andx € S,, then (1 —t)a+tx € S, for each t € [0,1].

Corollary 3.10. Let (X,7) be a Hausdorff topological vector space with a
convex neighborhood of the origin, C, whose closure does not contain halflines,
and let A be a nonempty and &c-Chebyshev subset of X. Then

pﬁc((l — U)peo (z, A) +ta, A) = pec (, A),
for each x € X and t € [0, 1].

The previous two statements are well known in the context of normed linear
spaces (see [24]).
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3.3. Function Spaces. We recall that a convex function ¢ from [0, 00) into
[0, 00) is said to be As-convex at 0 if there exists K > 0 such that

(3.14) ¢(2z) < K (),
for each x > 0.

If ¢ : [0,00) — [0,00) is a Ag-convex function at 0, with ¢(0) = 0 and
¢ # 0 then it follows rather easily that

(a) For all z > 0, ¢(z) > 0,

(b) ¢ is superadditive ,

(c) ¢ is strictly increasing,

(d) There exists M > 1 such that ¢(z+y) < M(éd(x)+¢(y)) for all z,y > 0.
Let (£2, A4, 1) be a finite measure space, ¢ : [0,00) — [0, 00) a Ag-convex

function at 0 and let L4(2) := L£4(£, A, 1) denote the class of the p-equivalent

measurable functions, f : 0 — R, such that

/ (1 f)dp < oo,
Q

where we assume that f = g if u{w € Q: f(w) # g(w)} = 0. It is well known
that £4(12) is a real linear space.
For r > 0, f € L4(9), we define the sets of functions,

0(f,r) = {9 € Ly() : /st(lf — g)dp < r}
and
6(f:) = {g € £o@): [ oll7 = ghau<r}.

In order to define a topology in L£4(€2) we consider the family 74 of subsets of
Ly(%2),
(3.15) Te = {0 C Ly(N) : Vf € O, Ir > 0 such that 6(f,r) C O}

Proposition 3.11. The following conditions hold true
(a) (L4(Q),74) is a Hausdorff topological space.
(b) {0(f,r): f € Ly(), r>0} is a basis for 1.
(c) Forall f € L() and r >0, &(f,r) is Ty —closed.

Proof
(a) By definition (3.15), @ and L£4(2) belong to 74. Moreover, if {Ox}rea is
an arbitrary family of sets in 74, is immediate that UyeaOx € 7¢. Finally, let

O0;,1=1,2,--- ,n, be a finite family of sets in 74. For all f € N}, O;, there are
r; > 0 such that 6(f,r;) C O;, i =1,2,--- ,n. Taking ro = 1I<nl£ r;, we have
<i<n
n n

e(f,’f'o) = ﬂ H(farl) C m Oi7

i=1 i=1

and therefore NI, O; € 74. This proves that 74 is a topology in L4(12).
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Now let f,g € L4(R), f # g and consider

a:/ﬂ¢(|f—gl)du>0-

In order to prove that (L£4(£2), 74) is a Hausdorff topological space, we will show
that

(3.16) 0(f,a/(2M)) N0 (g,0/(2M)) = @

If (3.16) is false, then there exists h € L4(f2), such that h € 6 (f,a/(2M)) N
0 (f,a/(2M)). But this is not possible since

/¢>|f ghdu < /Q¢(|f—h|+lg—hl)du

IN

([ ods = nbau+ [ o9 niyin) <a

(b) By definition of 7 it suffices to show that 6(f,r) belongs to 74. We will
prove that for all g € 6(f,r) there exists s > 0 such that 0(g,s) C 0(f,r).
Suppose the contrary. Then there exists a sequence {gy} in L£4(£2), such that

[ s =< g ana [ 605~ gubi>

By the Jensen inequality

¢<ﬁ/ﬂlg—9nldu> < ﬁ/ﬂqﬁ(lg—gnl)du,

/Q g — gnldp < p(Q)¢™" (2n:(9)> :

and therefore ||g — gnllz,(@) — 0. Then there exists a subsequence {gy, }
such that ¢,, — ¢, p-almost everywhere in Q. Since ¢ is continuous, then
o(|f = gni|) = o(|f — g|), p-a.e. On the other hand,

O f = gnil) < M(S(|f = gl) + 69 = gn, ) < M (8(1f = g) + 1),
where h = i &(|g — gn,.|). Since, ¢(|g — gn,.|) = 0 on Q, then
k=1

/hdu Z/¢|g ) du<z—<oo

and therefore M (¢(|f —gl) +h) € L1(9Q). Fmally, applying the Lebesgue
Dominated Convergence Theorem, we get

/st(lf —gl)dp = klggo/gdlf = Gni|)dp > 1,

and we obtain a contradiction.
(c) If we consider the complement of £(f,r), the proof follows the same pattern

of (b).0

we obtain
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Then we easily deduce the following

Corollary 3.12. The family {&(f,7) : f € Ls(Q), r > 0} is a wrapping for
(‘C¢(Q)7T¢)'

4. £-PROXIMINALITY

In this section we prove a simple yet general proximinality result. It is
general because it includes, as special cases, some of the most interesting and
well known examples of proximinality. Is simple because the proof requires
nothing but the definition of countable compactness.

We recall that a Hausdorff topological space is called countably compact if
every countable open covering has a finite subcovering. Countable compactness
admits a Heine-Borel type argument: a Hausdorff topological space is count-
ably compact if and only if every family of closed subsets having the finite
intersection property also has the countable intersection property. As a con-
sequence, each descending sequence of nonempty closed subsets has nonempty
intersection. Finally, let us remember that a space is countably compact if and
only if every sequence of points of the space has an accumulation point.

The following result generalizes a result by Singer ([24], p. 383).

Theorem 4.1. Let & be a pre—wrapping for (X,7) and let A be a nonempty
subset of X. If 7' is a Hausdorff topology in X such that for each x € X there
exists a non increasing sequence {e,} of positive numbers tending to 0 such
that

(i) ANé(x,de(x, A) +¢e1) is 7'-countably compact,

(ii) ANé(x,de(x, A) + €5) is '-closed for n > 1,

then A is &-proximinal.
Proof If for each x € X we define, for n > 1,
Ap=ANE(x,de(x, A) +en),

then {A,41} is a non increasing sequence of nonempty and 7’-closed subsets
of A;. Since A; is 7/-countably compact,

(4.17) o # m Apy1=AN m{f(x,r) i > de(z, A}
n>1
If we assume F¢(z, A) = (de(x, A), 00), then by 4.17 we have that Pe(z, A) is
nonempty. The same conclusion follows trivially in case F¢(xz, A) = [d¢(z, A), 00).
Thus A is &-proximinal.O

It may be surprising that some of the most famous existence results in
normed linear spaces and also results in function spaces that are not normed
can be obtained as consequences of the result above. The following list of
examples is intended to be a representative sampling of this fact.

A: Nonempty closed subsets of finite dimensional subspaces of normed
linear spaces are proximinal.
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We consider the “natural” wrapping for the normed linear space, i. e. {(z,7) =
B(z,r), where B(x,r) stands for the closed ball of center = and radius r. If A
is a closed subset of a finite dimensional subspace, then the sets A N B(z,r)
are bounded closed subsets contained in a finite dimensional space, hence they
are compact.

This example is emblematic because it gives an affirmative answer, with
an elegant formulation, to the problem that gave rise to Best Approximation
Theory, namely, the possibility on finding, within the algebraic polynomials
of degree least or equal to a fixed n, the nearest one (in the sense of uniform
norm) to some continuous fixed function.

This result was proved by F. Riesz [20] in 1918, although the corresponding
result in the setting of polynomial approximation was proved by Chebyshev in
1859 (see [3], [4] and [25]).

Note 3. For the following example, we recall first that o(X, X*) stands for
the weak topology on X, i. e., the topology defined by the family of seminorms
{ps+ : * € X*}, where py«(x) = |x*(x)| for each x € X. On the other hand,
o(X*, X) stands for the weak star topology on X*, i. e., the topology defined
by the family of seminorms {p, : © € X}, where py(x*) = |x*(x)| for each
Tt e X~

B: Every nonempty (X, X*)—closed subset of a reflexive Banach space

X is proximinal.

We consider again the natural wrapping for X, i. e. £(x,r) denotes the closed
ball of center  and radius r. If X is reflexive (i.e., the natural embedding of X
into its double dual, X**, is surjective), then the unit ball B(0,1) is o(X, X*)-
compact (in fact, this is a characterization of reflexivity, see [9]). The functions
fo and g, (with z € X and a # 0 ), defined by

fe(y) =2 +y and  ga(y) = ay forally € X

are homeomorphisms in (X,o(X, X*)). Then, as the continuous image of a
compact set is compact, we have that

B(,T,T‘) =x+ T‘B(O, 1) = fz(gr(B(Ov 1)))

is (X, X*)-compact for all z € X and all » > 0. So if A is a nonempty and
o(X, X*)—closed subset of a reflexive space, then the sets

AN B(z,r)

are weakly compact. Thus, A is &-proximinal.

Mazur proved (see [14]) that the norm closure of a convex subset equals
its weak closure. Then the nonempty closed convex subsets of a reflexive Ba-
nach space are proximinal. This appears firstly in a paper of Day (see [5]) in
1941. In fact, he gives this result for Banach spaces with a weakly compact
unit ball. Day used the results of Milman and Alaoglu and Birkhoff which
gave the same result for uniformly convex spaces. By other way, Smulian (see
[23]) gave a characterization of the reflexivity of Banach spaces in terms that
every descending sequence of nonempty closed, bounded and convex subsets
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had nonvoid intersection. The previous example can be deduced from this
characterization.

C: Nonempty and o(X*, X)-closed subsets of the dual space X* of a
normed space X are proximinal.

For z* € X* and r > 0, the closed balls (in the usual norm of the dual spaces)
of center z* and radius r are used to define the wrapping. More precisely,

§a”,r) = B (2", r) ={y" € X" : [ly" — 27| <7}

where ||2*|| = sup {|z*(z)| : x € B(0,1)}.

The Alaoglu theorem states that B*(0*,1) is o(X*, X)-compact. The balls
B*(z*,r) are then weakly star compact. If A is a nonempty and o(X*, X)-
closed subset of X*, then the sets

AN B*(x*,r)

are o(X*, X)-compact. Thus A is {-proximinal.

The previous example, for the case of linear subspaces, appears firstly in a
paper of Hirschfeld ([10], 1958) with a wrong proof. Later, in 1960, it appeared
in a paper of Phelps (see [18])

D: The subset of non decreasing functions in £,(0,1) is proximinal.

Let p be the Lebesgue measure on the interval (0,1). Recall that an extended
real valued Lebesgue measurable function f on (0,1) is said to be essentially
bounded if there exists some real number a > 0 such that u({z € (0,1) :
|f(z)| > a}) =0. If f is essentially bounded then the essential supremum of f
is defined by

[flloe = inf{a > 0: p({x € (0,1) : [f()| > a}) = O}.
Let £5,(0,1) denote the set of all essentially bounded Lebesgue measurable
functions on (0, 1), two functions being identified if they differ only on a set of
measure zero, and let A C £(0,1) be the subset of non decreasing functions
from (0,1) into R. Under pointwise linear operations, (Lo (0,1), ]| - ||oo) is a
real Banach space, and each equivalence class in L, (0,1) contains a bounded
function.
It is clear that the function £ defined by

§(f,r) = B(f,r) ={9 € Lo(0,1) : lg = flloe <7}
where f € Lo(0,1) and r > 0, is a wrapping for (Lo (0,1), ] - ||co)-
Using a bounded function as a representative of each equivalence class f €
L(0,1) we have, for r > 0,

(4.18) BO,r)c [] [-nl.
z€(0,1)
With the aid of Tychonoff theorem we can state that H [—r,r] is compact
z€(0,1)
in the cartesian product topology and without effort we can prove that the
nonempty set ANB(f, || f|lo) is closed in the product topology. The remainder
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of the proof is therefore devoted to showing that the set ANB(f, || f|lco) is com-
pact in the product topology. But, taking into account the previous comments,
this a direct consequence of (4.18) and the fact that B(f, || f|lecc) C B(0, 2| flcc)-

E: The subset of non decreasing functions in £4(0,1) is ¢-proximinal,

i.e. for each function f € L£4(0,1) there is a non decreasing function
g € L£4(0,1) such that

/ o1 — gl)du < / o(1f — hl)du
0 0

for each non decreasing function h € £4(0,1).
Let us consider the wrapping £ described in Subsection 3.3. Then, for a fixed
f € Ly(0,1)and for r > 0, we have {(f,r) = {g € L4(0,1) fo o(|f — g)dp < r}.

We shall denote, for shortness, d = d¢(f, A) and A. = ANE(f,d+ ¢), where €
is any positive number. We will show that A is -proximinal by proving that
for all € > 0, every sequence in A. has an accumulation point in the topology
7e (hence A, is T4-countably compact), and that A, is 74-closed.

First consider a sequence {g,} in Ac. Then using the Jensen inequality we

get
1 1
/ |f = gnldp < ¢! (/ o(If —gnl)du> ,
0 0

and therefore ||gn|lL, < K ||f|lz, + #~1(d + ¢). By the previous inequality it
is straightforward to verify that the functions ¢, are uniformly bounded in
each closed subinterval [a,b] C (0,1). Applying the Helly theorem we get a
subsequence {gp, } such that g,, — g, p-almost everywhere in (0,1). Since ¢
is continuous, then ¢(|f — gn.|) — ¢(|f — gl|), p-a.e. The function g is non
decreasing and by Fatou Lemma we have

(4.19) / o1 — g)du < d+e.

On the other hand, by (4.19) and the fact that ¢(|g|) < M (¢(|f — g]) + ¢(|f])),
we can assure that g € £4(0,1) and therefore g € A..

Since |9 — gn,| < [f — gl + [f — gn, |, then
?(l9 — gnil) < M (o(|f — gl) + &(|f — gn,])) € £1(0,1).

Applying the Lebesgue Dominated Convergence Theorem, we have

hm/ o(lg = gn,[)dp = 0.

Thus g is an accumulation point (in the 7, topology) of {g,}.

The sets A, are 74-closed since they are 74-countably compact and 7 is first
countable.

To close this section, we characterize, for proper closed subsets of regular
spaces, the proximinality property in terms of countable compactness. This
result is in the same spirit as Theorem 5 of [11]
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Proposition 4.2. Let (X, 7) be a Hausdorff reqular space. A proper and closed
subset A of X is countably compact if and only if it is &-proximinal for any

wrapping .

Proof Let us consider z € X \ A. The regularity of X implies that there are
open sets O, O4 such that z € O,, A C O4 and O, N O4 = &. Hence z is
an interior point of the closed set Us = X \ O4. Now suppose that A is not
countably compact and let {F},} be a sequence of nonempty and relative closed
subsets of A such that F,,11 C F,, and N;2F, = &. Since A is closed, the
relative closed subsets F,, are closed.

For 0 < r <1, let n, denotes the integer such that

onr <rs onp—1"

We define the wrapping € in X by

{z} if r =0,
E&(r,r)=q¢ UaUF,, if0<r<lI,
X ifr>1,

and, for y # x, £(y,0) = {y} and £(y,r) = X for r > 0. Thus, we have
Pz, A)=An | [((UaUF,) | =2.
n=1
This implies that A is not proximinal with respect to the wrapping described
above.Od
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