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ABSTRACT

Let FP(X) be the free paratopological group on a topological space
X in the sense of Markov. In this paper, we study the group FP(X)
on a P,-space X where « is an infinite cardinal and then we prove
that the group FP(X) is an Alexandroff space if X is an Alexandroff
space. Moreover, we introduce a neighborhood base at the identity of
the group FP(X) when the space X is Alexandroff and then we give
some properties of this neighborhood base. As applications of these, we
prove that the group FP(X) is Ty if X is To, we characterize the spaces
X for which the group FP(X) is a topological group and then we give
a class of spaces X for which the group FP(X) has the inductive limit

property.
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1. INTRODUCTION

Let FP(X) and AP(X) be the free paratopological group and the free
abelian paratopological group, respectively, on a topological space X in the
sense of Markov. The group FP(X) is the abstract free group F,(X) on X
with the strongest paratopological group topology on F,(X) that induces the
original topology on X and the abelian group AP(X) is the abstract free
abelian group A,(X) on X with the strongest paratopological group topol-
ogy on A,(X) that induces the original topology on X. For more information

=

about free paratopological groups, see ([11], [7], [3], [4], [5])-

Received 13 November 2013 — Accepted 8 March 2015


http://dx.doi.org/10.4995/agt.2015.1874

A. Elfard

In 1937, P. Alexandroff [10] introduced a class of topological spaces under
the name of Diskrete Rdume (Discrete space) which is a space in which an
arbitrary intersections of open sets is open. Now the name has been changed
to Alexandroff space since the discrete space is a space in which every sin-
gleton set is open. Recently, researchers have shown an increased interest in
studying Alexandroff spaces. This may be due to the important applications
of Alexandroff spaces in some areas of mathematical sciences such as the field
of computer science.

In this paper, we study the groups FP(X) and AP(X) on a P,-space X,
where « is an infinite cardinal (a topological space X is a P,-space, where «
is an infinite cardinal if the set ()% is open in X for each family & of open
subsets of X with || < «). Then in Theorem 4.1, we prove that the groups
FP(X) and AP(X) are Alexandroff spaces if the space X is Alexandroff and in
Theorem 4.4, we introduce simple neighborhood bases at the identities of the
groups FP(X) and AP(X) for their topologies. Moreover, we study the groups
FP(X) and AP(X) in the case where X is a partition space and in another
case where X is a Ty Alexandroff space.

As applications of these results, in Theorem 5.1, we characterize the spaces
X for which the paratopological groups FP(X) and AP(X) are topological
groups and in Theorem 5.6, we prove that the group FP(X) is Tp if the space
X is Ty. Finally, in Theorem 5.7, we give a class of spaces X for which the
groups FP(X) and AP(X) have the inductive limit property.

The content of this paper is adapted from the author’s thesis [5], chapter
3. We remark that the results in Theorem 5.1 and Theorem 5.6 were found
independently by the author in his thesis [5]. However, similar to these results
were found by Pyrch ([8], [9]).

2. DEFINITIONS AND PRELIMINARIES

A paratopological group is a pair (G,T), where G is a group and 7 is a
topology on G such that the mapping (z,y) — 2y of G x G into G is continuous.
If in addition, the mapping  — =1 of G into G is continuous, then (G, T) is
a topological group.

If (G, T) is a paratopological group, then simply we denote it by G.

Marin and Romaguera [6] described a complete neighborhood base at the
identity of any paratopological group as follows:

Proposition 2.1. Let G be a group and let A be a collection of subsets of G,
where each member of A contains the identity element e of G. Then the
collection AN is a base at e for a paratopological group topology on G if and
only if the following conditions are satisfied:

(1) for allU,V € N, there exists W € N such that W CUNV;

(2) for each U € N, there exists V € N such that V2 C U;

(3) for each U € A and for each x € U, there exists V. € A such that
zV CU and Ve CU; and
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(4) for each U € A and each x € G, there exists V. € AN such that
2V 1 CU.

Definition 2.2 ([3]). Let X be a subspace of a paratopological group G.
Suppose that

(1) the set X generates G algebraically, that is, (X) = G and
(2) every continuous mapping f : X — H of X to an arbitrary paratopo-
logical group H extends to a continuous homomorphism f: G — H.

Then G is called the Markov free paratopological group on X, and is denoted
by FP(X).

By substituting “abelian paratopological group” for each occurrence of “paratopo-
logical group” above we obtain the definition of the Markov free abelian paratopo-
logical group on X and we denote it by AP(X).

Remark 2.3. We denote the free topology of FP(X) by Trp and the free topol-
ogy of AP(X) by Tap and we note that the topologies Trp and Tap are the
strongest paratopological group topologies on the underlying sets of FP(X)
and AP(X), respectively, that induce the original topology on X.

3. P,-SPACES

Let X be a topological space and « be an infinite cardinal. We say that X
is a P,-space if the set ()€ is open in X for each family % of open subsets of
X with |¢| < a. Let 7 be the topology of X. Then we define the topology 7,
to be the intersection of all topologies O on X where 7 C O and (X,0) is
a P,-space. Since the discrete topology on X contains 7 and is a P,-space, T,
exists and (X, 7,) is a P,-space. We call the topology 7, the P,-modification
of T.

We note that if X is a P,-space, then X is a P, +-space, where a™ is the
successor cardinal of «.

For the remain of this section we assume that « is a fixed infinite cardinal
unless we say otherwise.

Theorem 3.1. Let (X,7) be a topological space and let o™ be the infinite
successor cardinal of a. Then the collection of all sets which are the intersection
of fewer than B open subsets of X is a base for the topology 7., on X, where
B = «a if o is regqular and B = o if o is singular.

Proof. Let 7 = {U;}icr. We show that the collection & = {(\;cpUa: D C I
and |D| < B} of subsets of X is a base for the topology 7, on X, where § as
defined in the statement of the theorem. It is well known that every infinite
successor cardinal is regular, so in both cases, g is regular.

We show first that % is a base for some topology 7" on X. If z € X, then
there exists i9 € I where x € U;, and such that U;, € #. Let By, By € % and
let z € ByNBy. Assume that By = (\;cp Ug and By = (), Uz, where D, T C
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I and |D|,|T| < 8. Let R=DUT. So |R| < . Hence By = (,.pUr € #
and x € By C By N By. Therefore, % is a base for some topology 7" on X.

We show second that (X, 7%) is a P,-space. Let 7* = {V;};cs and let M C J
where |M| < 8. Then we have

(1 Vo= 1 U Bu

meM meM i€l,,

= U ( ﬂ Bmﬁf(m))ET*,

F: MU, car Im f(M)EL,YmEM meM

where I, is an index set and B,,; € & for all m € M and i € I,,,. Thus 7*
contains 7 and (X,7*) is a Pg-space, which implies that in both cases of 3,
(X, 7*) is a P,-space.

Now let 7 be a topology on X containing 7 such that (X, 7) is a P,-space.
Then in the case where « is regular, we have %8 C 7 and in the case where
« is singular, by the argument above, we have (X,7) is a P,+-space, which
implies that 2 C 7. Thus 7 C 7 and hence 7* is the smallest topology on X
containing 7 such that (X, 7*) is a P,-space. Therefore, 7% = 7. O

Proposition 3.2. Let (G,7) be a paratopological group. Then (G,14) is a
paratopological group.

Proof. Let g1,92 € G and let U € 1, contains g1g2. By Theorem 3.1, there is a
set A, where |[A| < 8 and §3 is as in the theorem such that gig2 € ((ycy U €U
where Uy € 7 for all A € A. Thus g1g2 € U, for all A € A. Since 7 is a
paratopological group topology on G, for each A € A, there are V(\),W(X\) € 7
containing g1, g2, respectively, such that V(A\)W(A) C Ux. Let Uy = Nycp VI(N)
and Uz = ()ycp W(A). Then UU; C Uy for all A € A. Hence, Uy, U; € 7, and
UiUz € (Naep Un € U. Therefore, 7, is a paratopological group topology on
G. O

Proposition 3.3. Let X be a topological space. Then the group FP(X) is a
P, -space if and only if the space X is a P,-space.

Proof. =: It is easy to prove that X is a P,-space.

<=: Let 7 be the topology of X and let Trp be the free topology of FP(X).
We show that (Tpp)o = Trp. By Proposition 3.2, (Trp). is a paratopological
group topology on F,(X) and it is stronger than Trp. However, Trp is the free
paratopological group topology on F,(X), which is the strongest paratopolog-
ical group topology on F,(X) inducing the original topology 7 on X. Since
(TrP)alx = (Trplx)a and (Trp|x)a = (T)a = 7, (TFP)a induces the topology
7 of X. Thus we have (Trp)a = Trp and therefore, FP(X) is a P,-space. 0O

The same result of Proposition 3.3 is true for AP(X).

4. FREE PARATOPOLOGICAL GROUPS ON ALEXANDROFF SPACES

A topological space X is said to be Alexandroff [1] if the intersection of
every family of open subsets of X is open in X.
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We note that a topological space X is Alexandroff if and only if X is a P,-
space for every infinite cardinal . Thus by using Proposition 3.3, we get the
next result.

Theorem 4.1. The group FP(X) (AP(X)) on a space X is an Alexandroff
space if and only if X is an Alexandroff space.

Let G be a group and let H be a submonoid of G. Then we say that H is a
normal submonoid of G if ghg~! € H for all h € H and g € G.

Proposition 4.2. If H is a normal submonoid of a group G, then {H} is a

neighborhood base at the identity of G for a paratopological group topology on
G.

Proof. Let H be a normal submonoid of G. Then {H} satisfies the conditions
of Proposition 2.1, and therefore, { H} is a neighborhood base at the identity
of G for a paratopological group topology on G. O

Let X be a topological space. For each x € X, let U(z) = ({U: z € U and
U is open}. Then it is easy to see that the space X is Alexandroff if and only
if the set U(z) is open in X for each z € X.

Let X be an Alexandroff space and let FP(X) and AP(X) be the free
paratopological group and the free abelian paratopological group, respectively,
on X. Let Ur = U,cx(U(x) —x) C AP(X). Then we define Na to be the
smallest submonoid of AP(X) containing the set Us. So N4 is of the form

Na={y1—v1+ys—xo+ -+ yn—an:x; € X,y;, € U(x;) for all
i=1,2,...,n,n € N}
Or simply, we write Ny = (Uy). Since every submonoid of an abelian group
is normal, N4 is normal. However, in this case, we will omit the word normal
and say submonoid.

Let Ny = {Na}. Since N4 is a submonoid of AP(X), by Proposition 4.2,
N4 is a neighborhood base at the identity 04 of AP(X) for a paratopological
group topology O4 on A,(X).

Now for the group FP(X), let Up = J,cx 2 'U(z) € FP(X) and then we
define Ny to be the smallest normal submonoid of FP(X) containing the set
Upr. The normal submonoid N consists exactly of the set of all elements of
the form,

W= g1y YIgr 9205 Y205 Gn Yndn
where n € N, g1, g2, ..., gy, is an arbitrary finite system of elements of Fj,(X)
and xflyl, :v;lyg, ...,x; Yy, is an arbitrary finite system of elements of Ugp.
Define N = {Ng}. By Proposition 4.2, N is a neighborhood base at the

identity e of FP(X) for a paratopological group topology O on the free group
F.(X).

Proposition 4.3. The topologies Op and O4 induce topologies coarser than
the original topology on X.
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Theorem 4.4. The collection Ng (Na) is a neighborhood base at e (04) for
the free topology of FP(X) (AP(X)).

Proof. We prove the theorem for N, since the proof for A4 is the same. We
show first that the topology Op is finer than the free topology Trp of FP(X).
Let £: X — G be a continuous mapping of the space X into an arbitrary
paratopological group G. Then ¢ extends to a homomorphism &: F,(X) — G.
We show that é is continuous with respect to the topology Op. Let V be a
neighborhood of £(e) = eg in G. Fix & € X. Then &(x)V is a neighborhood
of £(z) in G. Since £ is continuous at z, £(U(z)) C &(z)V and Since £|x = &,
£(U(z)) C €(x)V. Because € is a homomorphism, é(:v_lU(:v)) C V. Since z is
any point in X, we have
(4.1) Y 'U@) V.

reX
Fix n € N. Then there exists a neighborhood U of eg in G such that U™ C V
and also, for all g € F,(X), there exists a neighborhood W of e¢ in G such
that é(g)W(é(g))fl C U. Since V is any neighborhood of e¢ in G, from (4.1),
we have é(UxeX ¢ 'U(z)) CW. Fix g € Fo(X). So we have

EE( 1 U @) (E(9) ™ CElg)WE(g)

zeX

Since ¢ is a homomorphism,

(4.2) (U 927 U@)g™") CélgWé(g) ™ CU.
rzeX

Since (4.2) holds for every g € F,(X), we have
é( U U gz 'U(z)g™") CU.
gEF,(X)zeX
Thus we have
U Usowe)comew
gEF,(X)zeX
Since n is any element of N,
U U Usvwe))cr.
neN geF,(X)reX
Since Np = UnGN (UgeFa(X) UxEX gx—lU(x)g—l)", we have é(NF) c V.
Thus é is continuous with respect to the topology Op and therefore, Op is
finer than Tpp. By Proposition 4.3, Op|x is coarser than the original topol-
ogy on X. Since Op is finer that Tpp, Op|x induces the original topology

on X. Thus we satisfied the conditions of Definition 2.2, which implies that
OF = Trp. Therefore, N is a neighborhood base at e of the group FP(X). 0O
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Now let #7 = {gNp:g € F,(X)} and let 4 = {g+ Na:g € Au(X)}. If
91,92 € FP(X) such that g1 € g2 Np, then we have 1 Np C goNpNp = goNp.
A similar result is true for J#4.

Let X be a set. Then for all k € Z, we define Zy(X) = {z7'z5*...a5r €
Fo(X) : > " & =k} and Z{H(X) = {e121 + €222 + -+ + €25 € Ag(X) :
S € = k}. For every ki, ko € Z and ki # ko, the sets Zj, (X) and Z,(X)
are disjoint and the sets Z,fl (X) and Z,fz (X) are disjoint. The set Zy(X) is
the smallest normal subgroup of F,(X) containing the set Zp = J,cy 2 'X
and the set Z§'(X) is the smallest subgroup of A,(X) containing the set
ZA = UxeX X —z.

Let X be a topological space and let I: X — AP(X) be the identity map-
ping of the space X to the abelian group AP(X). Then we extend I to the
continuous homomorphism mapping I: FP(X) — AP(X). We call the map-
ping I the canonical mapping.

Theorem 4.5. Let X be an Alexandroff space. Then the following are equiv-
alent.

(1) The space X is indiscrete.
(2) Np = Zy(X) in FP(X).
(3) Na = Z{(X) in AP(X).

Proof. (1)=(2): Assume that X is indiscrete. Then U(z) = X for all z € X
and so Up = ZF, where Z is the generating set for Zy(X). Therefore, Np =
Zo(X).

(2)=(3): Assume that Np = Zo(X). Let I: FP(X) — AP(X) be the
canonical mapping. Thus I(Ng) = I(Zy(X)). Since I(Np) = N4 and I(Zy(X))
Z&(X), s0 Na = Z§(X).

(3)=(1): Assume that N4 = Zg(X). Thus Z{*(X) is open in AP(X) for
each k € Z. Since Z{H(X)NX = X and ZH(X)NX =@ for all k € Z\ {1},
we have X is indiscrete. g

We call a space X a partition space if X has a base which is a partition of
X. Clearly, every partition space is an Alexandroff space.

It is easy to see that if X is a partition space, then the collection {U(x)}zex
is a partition on X.

Theorem 4.6. If X is a partition space, then the free paratopological groups
FP(X) and AP(X) are partition spaces.

Proof. Let X be a partition space. Then Nrp and N4 are normal subgroups of
FP(X) and AP(X), respectively. Thus the collections % and % as defined
above are partitions of FP(X) and AP(X), respectively. Therefore the result
follows. O
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5. APPLICATIONS

Let T4 be the topology of the subspace X ! of FP(X), where X be any
topological space. Then by Theorem 4.2 of [3], the topology T4 has as an open
base the collection {C~! : C closed in X}. In this topology, the intersection
of every collection of open subsets is open, and the space Xgl = (X1 Ta)is
therefore an Alexandroff space.

Theorem 5.1. Let X be a topological space. Then the group FP(X) on X is
a topological group if and only if X is a partition space.

Proof. =>: Assume that FP(X) is a topological group. Let U be an open set
in X. By the argument above, the topology on the subspace X;l of FP(X)
has the collection {C 1 : C is closed in X} as a base. Thus (U¢)~! is open in
X;l. Since the inversion mapping of X! to X is a homeomorphism, U¢ is
open in X. So U is closed in X and therefore, X is a partition space.

<=: If X is a partition space, then N is a subgroup of FP(X). Therefore,
FP(X) is a topological group.

The same proof works for AP(X). O

Proposition 5.2. Let X be an Alexandroff space and let FP(X) be the free
paratopological group on X. Then the space X is To if and only if for each
w € Np and w # e we have I(w) # 04.

Proof. =>: Suppose that there exists w € Np and w # e such that I(w) = 0.4,
where

w= g2y 'y197 'g9225 Y293 "+ gny tyngy ! for some n € N,y; # x; and
yi € U(x;) for all i =1,2,...,n.

Then we have f(w) =y —21+ys—x2+ - +Yp — Ty, =04. If n =1, then
r1 = Y1, which gives a contradiction. Assume that n > 1. Since f(w) = 04,
for each i € A = {1,2,...,n}, there exists j; € A, where j; # i such that
x; = yj,. Define 0: A — A by setting o(i) = j; for all i € A. Clearly o is a
permutation on A. Since any permutation can be written as product of cycles,

there are m € N, where 2 < m < n and distinct i1,142,...,%, € A such that
o(i1) = ig, 0(i2) = i3,...,0(im—1) = im,0(im) = 11 and such that z;, = y,;,)
for k=1,2,...,m. Thus zij;, = iy, Ti, = Yigs--->Tip_1 = Yirns LTir, = Yi, and
hence

U(yil) c U(‘Til) = U(yiz) c U(‘Tiz) = U(xls) (GRS
CUip-y) =U(¥i) € U(zi,,) = Ul(yir),
which implies that
Ulyi,) =U(zi,) = Ulys,) =Ulwiy) = - = U(@ip_y) = UWir,)-

Thus we can not separate the points y;,, Ti,, Yis, Tigy - - -, Tip, 15 Yi,,- Lherefore,
X is not a Ty space.
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<=: Assume that X is not Ty. Then there are z,y € X such that z # y
and U(z) = U(y), which implies that € U(y) and y € U(z). Hence

w=az"tyry" = (@ 'y)(e(y '2)aT") € Np
and w # e, but I(w) = 04. Therefore, the space X is Tp. O

We note that a corollary of this result is that if X is an Alexandroff T space,
then I has the property that ker I N Np = {e}.
The following result is easy to prove.

Proposition 5.3. Let G be a paratopological group. Then G is a Ty space if
and only if for all a € G such that a # e, there exists a neighborhood U of e
such that either a ¢ U or a=1 ¢ U.

Proposition 5.4. Let X be an Alexandroff space. Then FP(X) is a Ty space
if and only if X is a Ty space.

Proof. =: Since X is a subspace of FP(X), the result follows.

<=: Assume that X is Tp. We claim that FP(X) is Tp. In fact, if FP(X)
is not Ty, then by Proposition 5.3, there exists w € FP(X), w # e such that
w,w~! € Np. Hence by Proposition 5.2, f(w) # 04 and it is easy to see that
I(w), —I(w) € N, which implies that I(w), —I(w) are in every neighborhood
of 04. Once again by Proposition 5.3, AP(X) is not Ty and so by Proposition
3.4 of [7] (which says that if a space X is Tp, then AP(X) is Tp), X is not a

Tp space, which gives a contradiction. Therefore, FP(X) is Tp. O

Fix n € Nand let R, = {1,2,...,n} C N. Fori = 0,1,...,n, define
R,:={L1,2,...;i} and 7, = {R,; : i =0,...,n}. Then it is easy to see that
Tn is a topology on R,,. Let m, k € R,,, where m # k and assume that m < k.
Then m € Ry, and k ¢ Ry, .. Therefore, (R, 7,) is a Ty space.

Proposition 5.5. Let X be a Ty space and let x1,x2,...,x, be distinct ele-
ments of X. Then there exists a continuous mapping pu: X — R, such that
Wl {z1 29, zn} 18 ONE-to-omeE.

Theorem 5.6. Let X be a topological space. Then the free paratopological
group FP(X) on X is Ty if and only if the space X is Tp.

Proof. =>: It is clear.

—: Let w = z{'2? -z € FP(X) for some m € N such that w # e.
Choose indices i1,42,...,%, for some n < m such that x;,,zi,,...,x;, are
the distinct letters among x1, s, ...,Z,. Then by Proposition 5.5, there ex-
ists a continuous mapping p : X — R, such that /‘|{mi1,mi2 ,,,,, 2;,} 1s one-to-
one, where R, is the space defined above. Then we extend p to a continu-
ous homomorphism /i : FP(X) — FP(R,,). Since ,u|{mi1)m7mn} is one-to-one,
a(w) = [(x)] [a(x2)] - - [i(xn )] # €*, where e* is the identity of FP(R,,).
By Proposition 5.4, we have FP(R,,) is a Ty space. So there is an open set U
in FP(R,,), which contains one of e* or i(w) and does not contain the other.
Say e* € U and ji(w) ¢ U. Since fi is continuous, 4~ (U) is an open set in
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FP(X) such that e € i7*(U) and w ¢ 4~*(U). Similarly for the other case.
Therefore, the free paratopological group FP(X) is Tp. O

A topological space X is said to be the inductive limit of a cover € of X if
a subset V' of X is open whenever V NU is open in U for each U € €.

A parallel result of the next theorem was proved in Proposition 7.4.8 of [2]
in the case of free topological groups.

Theorem 5.7. Let X be a Ty P-space. Then the free paratopological group
FP(X) (AP(X)) is the inductive limit of the collection {FP,(X): n € N}
{AP,(X): n e N}).

Proof. We prove the statement for FP(X), since the proof for AP(X) is similar.
Let C be a subset of FP(X) such that C N FP,,(X) is closed in FP,(X) for all
n € N. By Theorem 4.1.3 of [3], the sets FP, (X) are closed in FP(X) for all
n € N. Thus the sets C N FP,(X) are closed in FP(X) for all n € N, which
implies that C is a countable union of closed sets in FP(X). Since the group
FP(X) is a P-space, C' is closed in FP(X) and then FP(X) is the inductive
limit of the collection { FP,(X): n € N}. O
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