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ABSTRACT

An almost P-space is a topological space in which every zero-set is
regular-closed. We introduce a large class of spaces, C-almost P-space
(briefly C AP-space), consisting of those spaces in which the closure
of the interior of every zero-set is a zero-set. In this paper we study
CAP-spaces. It is proved that if X is a dense and Z% -embedded sub-
space of a space T, then T is CAP if and only if X is a CAP and
CRZ-extended in T (i.e, for each regular-closed zero-set Z in X, clr Z
is a zero-set in T'). In 6P.5 of [8] it was shown that a closed count-
able union of zero-sets need not be a zero-set. We call X a CZ-space
whenever the closure of any countable union of zero-sets is a zero-set.
This class of spaces contains the class of P-spaces, perfectly normal
spaces, and is contained in the cozero complemented spaces and C AP-
spaces. In this paper we study topological properties of CZ (resp. coz-
ero complemented)-space and other classes of topological spaces near
to them. Some algebraic and topological equivalent conditions of C'Z
(resp. cozero complemented)-space are characterized. Examples are
provided to illustrate and delimit our results.
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1. INTRODUCTION

The set of zero-sets in a topological space X, Z[X], need not be closed under
infinite union. Even a countable union of zero-sets need not be a zero-set. For
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example, every one-element set in R is a zero-set in R, but Q = UTEQ{’I"} is
not a zero-set. First, we call a countable subfamily of Z[X] a C'Z-family if the
union of its elements is a zero-set (cf. Definition 3.1). A question for us was:

When is any countable subfamily of Z[X] a CZ-family?

We observe that in a space X every countable subfamily is a C'Z-family if and
only if X is a P-space (cf. Proposition 3.2). In 5.15 of [8], it is shown that if a
countable union of zero-sets belongs to a real z-ultrafilter A, then at least one
of them belongs to .A. But we need the converse of this fact for our aims. It is
shown that for an ideal I of C(X), ;2 Z(fi) € Z[I] implies f; € I for some
i € Nif and only if T is a real maximal ideal (cf. Proposition 3.3). We apply
this result and prove that for any countable CZ-family {Zy, Zs, ..., Z,, ...} of
Z[X], clgx(Usen Zi) = U;en clpx Z; if and only if X is a pseudocompact space
(cf. Theorem 3.6).

In a general space, even a closed, countable union of zero-sets need not be
a zero-set; see 6P.5 in [8]. This was a motivation for introducing the class
of CZ-spaces in this paper. In section 4, we introduce CZ-spaces as those
spaces which in the closure of any countable union of zero-sets is a zero-set (cf.
Definition 4.1). We observe that a space X is a C'Z-space if and only if the set
of basic z-ideals is closed under countable intersection, i.e., for every countable
subset fi1, fa, ..., fn, ... of C(X) there exists f € C(X) such that (), y My, = My
(cf. Lemma 4.3). Every open z-embedded subset of a C'Z-space (hence open
C*-embedded and cozero-sets) is a cz-space (cf. Proposition 4.4).

In section 5, we give some new equivalent conditions algebraic and topo-
logical for the class of cozero complemented spaces. It is proved that a space
X is cozero complemented if and only if the set of basic z°-ideals is closed
under countable intersection, i.e., for every countable subset f1, f2, ..., fn, ... of
C(X) there exists f € C(X) such that ;. Pf, = Py if and only if for each
f € C(X) there exists a g € C(X) such that Ann(f) = P, (cf. Theorem 5.1).
A topological space X is called C'AP-space if the closure of the interior of every
zero-set in X is a zero-set (cf. Definition 5.3). This class of spaces contains the
class of almost P-spaces and perfectly normal spaces. We conclude that every
CZ-space is a cozero complemented space and a C' AP-space (cf. Proposition
5.6). Examples are given to show that the converse need not be true. We also
call a topological space X, CRZ (resp., CZ)-extended in a space T containing
it if for each regular-closed zero-set (resp., zero-set) Z € Z[X], clr Z is a zero-
set in T' (cf. Definition 5.7). Examples of CRZ (resp., CZ)-extended are given
(cf. Example 5.8). We prove that for a dense and Z#-embedded space X in
a space T, X is CAP and CRZ-extended in T if and only if T is CAP (cf.
Theorem 5.13). From this result, we get the following results (cf. Corollary
5.13):

(1) If X is a weakly Lindelof dense space in a space T', then X is CAP and
CRZ-extended in T if and only if T is CAP.

(2) If X is CZ-extended in T', then X is CAP if and only if T is a CAP-
space.
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(3) For any completely regular space X, X is a C AP-space if and only if
X is a CAP and CRZ-extended in SX.

(4) If X is a CZ-extended in BX, then X is a C AP-space if and only if
X is so.

2. PRELIMINARIES

In this paper, all spaces are completely regular Hausdorft and C'(X) (C*(X))
is the ring of all (bounded) real-valued continuous functions on a space X.
For each f € C(X), the zero-set of f denoted by Z(f) is the set of zeros of f
and cozf is the set X \ Z(f) which is called the cozero-set of f. The set of all
zero-sets in X is denoted by Z[X] and for each ideal I in C(X), Z[I] is the set
of all zero-sets of the form Z(f), where f € I. The support of f € C(X), is
the set clx (X \ Z(f)).
The space fX is known as the Stone-Clech compactification of X. It is char-
acterized as that compactification of X in which X is C*-embedded as a dense
subspace. The space vX is the real compactification of X, if X is C-embedded
in this space as a dense subspace. For a completely regular Hausdorff space X,
we have X C vX C BX. Whenever Z = Z(f) € Z[X], we denote Z(f”) with
ZP, where f? is the extension of f to BX. By a z-ultrafilter on X is meant
a maximal z-filter, i.e., one not contained in any other z-filter. When M is a
real maximal ideal in C'(X), we refer to Z[M] as a real-z-ultrafilter. Thus, the
real z-ultrafilters are those with the countable intersection property.
For any p € X, OP (resp., MP) is the set of all f € C(X) for which
p € intgx clgx Z(f) (vesp., p € clgx Z(f)). Also, for A C BX, O4 (resp., M4)
is the intersection of all OP(resp., M?) where p € A, and whenever A C X, we
denote it by O4 (resp., M4).
The intersection of all minimal prime ideals of C'(X) (resp., maximal ideals of
C(X)) containing f is denoted by Py (resp., My). It is proved in [5] that Py =
{9 € C(X) :intx Z(f) Cintx Z(g)} and My = {g € C(X) : Z(f) C Z(g9)}.
An ideal I of C(X) is a z-ideal if for each f € C(X), My C I. For f € C(X),
Ann(f) = {g € C(X): fg = 0} and it is easy to see that Ann(f) = Mx\ z(y).
The reader is referred to [8] for more details on C(X).

3. COUNTABLE UNION OF ZEROS-SETS

Definition 3.1. A countable subfamily {Z1, Zs, ..., Z,, ...} of Z[X] is called a
C Z-family if | ;2| Z; is a zero-set.

If we consider the real numbers R with the usual topology and consider
a countable zero-set Z € Z[R] (e.g., Z = Z(f), where f(z) = cosz), then
{{z} : x € Z} is a CZ-family and in this space {{z} : € Q}, where Q is the
set of rational numbers, is not a C'Z-family of Z[R].

Recall from [8], a space X is a P-space if C'(X) is a regular space, i.e., every
zero-set in X is open. The next result shows that whenever X is a non P-space,
then there is a countable subfamily of Z[X] which is not a C'Z-family.
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Proposition 3.2. The following statements are equivalent.
(1) Ewvery countable subfamily of Z[X] is a CZ-family.
(2) X is a P-space.
(3) For every countable subset {Z1, Za, ..., Zn, ...} of Z[X], U;enintx Z; is
a zero-set.
(4) Every z-ultrafilter on X is closed under countable union.

Proof. (1)=(2) As every cozero-set is a countable union of zeros-sets, this is
evident by [8, 4.J].

(2)=(3) By [8, 4.J], every zero-set is open, so this is obvious.

(3)=(4) Let Z[MP] be a z-ultrafilter on X. By hypothesis and the fact that
every cozero-set is a countable union of the interior of zero-sets, every cozero-set
is a zero-set. That is every zero-set is a cozero-set. Now assume {Z(f;)|i € N}
is a countable subset of Z[MP]. Then for each ¢ € N, there exists a cozero-set
X\ Z(g;) such that Z(f;) = X\ Z(gi). Hence, U;en Z(fi) = U;en(X\Z(9:)) =
X\Nien Z(9i) = X\ Z(g), for some g € C(X). Again by hypothesis, X \ Z(g)
is a zero-set, so ;o Z(fi) € Z[MP].

(4)=(1) Consider a countable subset S = {Z1, Za, ..., Zy, ...} of Z[X]. For
each i € N, define Z/ = Z; U Zy U ... U Z;. Then S’ = {Z] : i € N} has the
finite intersection property and (J.S = |JS’. Now, consider the collection of all
zero-sets in X that contains finite intersections of the members of S’. This is
a proper z-filter in X. Thus this z-filter is contained in a unique z-ultrafilter,
say, Z[MP] for some p € fX. For each i € N, we have Z! € Z[MP]. Thus by
hypothesis, | J;cy Zi = U,;en Zi € Z[MP]. So S is a CZ-family. O

Proposition 3.3. Let I be an ideal of C(X). Then ;e Z(fi) € Z[I] implies
fi € I for some i € N if and only if I is a real mazximal ideal.

Proof. The sufficiency follows from [8, 5.15(a)].

Necessity. First, trivially I is a z-ideal. Next, for each n € N, put Z, =
{z € X :[f(2)| = 1/n} and suppose that f ¢ I. We have Z(f) U (U, ey Zn) =
X € Z[I]. Thus Z, € Z[I], for some n € N. But Z, is of the form Z(1 — gf)
for some g € C(X), see Lemma 2.1 in [2]. Thus Z(1 — gf) € Z[I] for some
g € C(X). This shows that 1 —gf € I, i.e., I is a maximal ideal. Now we want
to prove [ is a real ideal. By [8, Theorem 5.14], it is enough to show that I has
the countable intersection property. To see this, let for each n € N, Z,, € Z|[I]
and (),cy Zn = @. Then J, (X \ Zn) = X € Z[I]. Asevery X\ Z, is a
countable union of zero-sets, we have a zero-set Z € Z[I] contained in some
X \ Z,. This contradicts with Z,, € Z[I]. O

It is well known that vX = {p € X : MP is real }. Now by using the
above theorem we obtain the following result.

Corollary 3.4. Let p € fX. Then p € vX if and only if for each CZ-family
{Z(f;) i e N}, pecpx(Ui2, Z(f:)) implies p € clgx Z(f;) for some i € N.

We again apply Proposition 3.3 for proving the next results.
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Corollary 3.5. Let {Z1,Z2,..., Zp, ...} be a CZ-family in Z[X].

(1) clox(UiZ; Zi) = U;Z, clox Zi.
(2) The set {ZV,Z%,..,Z%, ..., } is a CZ-family in Z[vX].

Proof. (1) Trivially, ;2 clox Z; C clyx (U2, Zi). Now for the proof of the
other inclusion, let p € cl,x(Uje; Z;). Then this and hypothesis imply that
U2, Z; € Z[MP]. Hence there exists ¢ € N such that Z; € Z[MP?], by Propo-
sition 3.3. This shows that p € cl,x Z;, and so p € Uf; clyx Z;. So we are
done.

(2) Let U, Zi = Z, where Z € Z[X]. By (1), UX, 2V = U, clox Z: =
Clvx(U?il ZZ‘)ZCIU)(ZZZU. [l

The CZ-family condition for {Zy, Zs, ..., Zp, ...} in Part 1 of the above result
is necessary. For, consider Q as a subspace of R with the usual topology. As
mentioned the set {{z} : x € Q} is not a CZ-family and for each z € Q, {z} is

a zero-set. However, clg U,co{7} # U,colz}-

Theorem 3.6. The following statements hold.
(1) For every CZ-family {Z1,Za, ..., Zn, ...} of Z|X], we have
cex(Uiey Zi) = Us2y clpx Z; if and only if X is pseudocompact.
(2) For every countable subset {Z1,Za, ..., Zn, ...} of Z|X], we have
intgx clBX(U;ﬁl Z;) = U;ﬁl intgx clgx Z;, if and only if X is finite.
(3) For every countable subset {Z1,Z2, ..., Zy, ...} of Z|X], we have
intx (U;2,; Zi) = U;2, intx Z; if and only if X is a P-space.

Proof. (1) Necessity. Let p € X \vX. Then for each n € N; there exists Z,, €
Z|MP] such that (,—, Z, = @. Thus J;— (X \ Z,) = X. Aseach X\ Z, is a
countable union of zero-sets say | J-_, Znn, so we have [ Jo" (U>_; Zmn) = X.
This shows that the set {Z,,, : m,n € N} is a CZ-family in Z[X]. So, by
hypothesis, Uy~ (U _; clgx Zmn) = BX. Thus there exist m,n € N such
that Z,,,, € X\ Z,, and p € clgx Z,,,. This shows that Z,,, € Z[MP], a
contradiction.

Sufficiency, we have X = vX, so this follows from Corollary 3.5.

(2) Necessity. Suppose that p € X and |J,—, Z, € Z|OP]. Then

pE inth ClﬁX(U?il Z7) = Ufil int/gX ClﬂX ;.

Thus there exists n € N such that p € intgx clgx Z,, i.e., Z, € Z[OP]. By
Proposition 3.3, O = M? and p € vX (i.e., X = vX). Thus by [8, 7L], X is
a P-space and X = vX implies X is pseudocompact, by [8, 8A.2]. Hence by
[8, 4K.2], X is finite.

Sufficiency, X is finite, so this is obvious.

(3) Necessity. The proof is similar to the (2).

Sufficiency, X is a P-space. Thus by Proposition 3.2, Ufil Z; is a zero-set
in X and so p € intx(Ujo, Z;) implies J;=, Z; € Z[O,] = Z[M,]. Thus, by
Proposition 3.3, Z; € Z[O,], i.e., p € intx Z;, for some i € N. The other
inclusion always holds, so we are done. O
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4. CZ-SPACE

Definition 4.1. A topological space X is called a C'Z-space if the closure of
any countable union of zero-sets is a zero-set.

Example 4.2.

(1) By Proposition 3.2, every P-space is a C'Z-space.

(2) Every perfectly normal space (e.g., a metric space) is a C'Z-space. So
the space of real numbers with usual topology is a C'Z-space which is
not a P-space.

(3) In [8, 6P.5], N is a closed discrete subset of the space A = SR\ (AN\N),
hence is a closed countable union of zero-sets. However it is not a zero-
set. Thus A is not a C'Z-space.

(4) In [8, 4.N], S is a non-discrete P-space and hence this is a C'Z-space.
However it contains a closed subset which is not a zero-set. So this is
an example of C'Z which is not a perfectly normal space.

Let us call a z-ultrafilter F a CZ-ultrafilter if for each countable subset
{Zl, 29y ey L } of F, ClX(UieN Zi) e F.

Lemma 4.3. The following statements are equivalent.

(1) The space X is a CZ-space.

(2) For every countable subset {f1, fa, ..., fn, ...} of C(X) there exists f €
C(X) such that ;e My, = Mjy.

(3) Ewery z-ultrafilter on X is a CZ-ultrafilter.

Proof. (1)=(2) Consider an arbitrary countable subset {f1, fo,..., fn,...} of
C(X). By hypothesis, there exists f € C(X) such that clx(U;cn Z(fi)) =
Z(f). Thus we have:

My, z(f) = Moy U, 2(1) = Mz(5) = My

Trivially My, . z(s) = Nien My, So we are done.

(2)=(3) Let {Z(f1), Z(f2),..-Z(fn), ...} be a countable subset of a z-ultrafilter
Z[MP]. By hypothesis, (,cy My, = My, for some f € C(X). This equal-
ity shows that My, _ z(s) = Mz(y). Hence clx(U,en Z2(fi)) = Z(f). Thus
cx (Uien 2(fi) € Z[M?].

(3)=(1) Consider a countable subset S = {Z1, Za, ..., Z,, ...} of Z[X]. For
each i € N, define Z/ = Z; U Zy U ...U Z;. Then S’ = {Z] : i € N} has the
finite intersection property and |JS = |JS’. Now, consider the collection of
all zero-sets in X that contains finite intersections of members of S’. This is
a proper z-filter in X. Thus this z-filter is contained in a unique z-ultrafilter,
say, Z[MP] for some p € BX. For each i € N, we have Z, € Z[MP]. Thus by

hypothesis, clx (U;en Zi) = clx (U;en Z;) € Z[MP]. So X is a CZ-space. [

Proposition 3.2 shows that whenever X is a P-space, then every z-ultrafilter
is a C'Z-ultrafilter. However, if X is a C'Z-space which is not a P-space (e.g.,
R with usual topology), then there is a C'Z-ultrafilter which is not closed under
countable union.
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Recall from [6], a subset S of the topological space X is z-embedded if each
zero-set of S is the restriction to S of a zero-set of X. Now we will see that the
open z-embedded subsets inherit the C'Z-property from the space.

Proposition 4.4. The following statements hold.

(1) Ewery open z-embedded subspace of a CZ-space is a CZ-space.

(2) Every cozero-set in a CZ-space is a CZ-space.

(3) Every open C*-embedded (resp., C-embedded) subspace of a CZ-space
is a CZ-space.

Proof. (1) Let S be an open z-embedded subspace of X and {Z; : i € N} be a
countable subset of Z[S]. By hypothesis, for each i € N, there exists Z € Z[X]
such that Z/ NS = Z;. X is a C'Z-space, so there exists Z' € Z[X] with
clx (U;en Zi) = Z'. 1t is easy to see that

ds(| Zz) =cx(|JZ)nS=cx(|JZinS)nS=cx(|J2Z)ns=2ns.
ieN ieN ieN ieN
This shows that S is a C'Z-space.
(2) By [6, Proposition 1.1], every cozero-set in X is an open z-embedded.
So this follows from (1).
(3) Trivially every open C*-embedded (resp., C-embedded) subspace is a
z-embedded set, so this follows from (1). O

A space X is an F-space (resp., F'-space) if disjoint cozero subsets of X
are contained in disjoint zero sets (resp., if disjoint cozero subsets have disjoint
closures). As every cozero-set is a countable union of zero-sets, whenever X is
a C'Z-space, the closure of every cozero subset is a zero-set. Thus we obtain
the following result.

Corollary 4.5. If X is an F'-space and a CZ-space, then it is an F-space.

In the sequel we characterize some topological properties of the classes of
CZ-spaces. Recall from [10] that if f: X — Y is a continuous surjection map
and f(Z[X]) C Z[Y], then f is said to be zero-set preserving. The following
result is Lemma 3.20 of [10].

Lemma 4.6. An open perfect surjection is zero-set preserving.

Theorem 4.7. The following statements hold.
(1) If f: X =Y s open and zero-set preserving and X is CZ, then Y is
cZz.
(2) If X is compact and X xY is CZ, then'Y is CZ.

Proof. (1) Let {Z(f:) : i € N} be a countable subset of Z[Y]. Then {f~1(Z(f;)) :
i € N} C Z[X]. Since, for each i € N, f~YZ(f;)) = Z(fiof) € Z[X]. X is a
CZ-space, so there exists Z(g) € Z[X] such that clx (U;ey [ (Z(f3))) = Z(g).
We claim that cly (U;cy Z(fi)) = f(Z(g)), which is a zero-set in Y, by hypoth-
esis. To see this, let y € cly ([U;cn Z(fi)). We have y = f(x), for some z € X.
It is enough to show that z € Z(g), i.e., z € clx (U;en S (Z(fi))). Let U be an
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open set in X containing x. Then f(U) is open in Y and containing y and hence
FOU)N(Usen Z2(fi) # @. Thus f(U)NZ(f;) # D, for some i € N. This implies
UnN f~(Z(fi) # @, for some i € N. Hence U N (U;en fHZ(f))) # @, iee.,
z € cx(Uen fT1(Z(fi)). Now assume y = f(x) € f(Z(g)), where z € Z(g)
and G be an open set in Y containing y. Then x € f~1(G), which is open in
X. Thus f~Y(G) NU;en fH(Z(f3))) # @. Hence f~1(G) N f~HZ(f;)) # @,
for some ¢ € N. This implies G N Z(f;) # 9, i.e., G N (U;en Z(fi)) # @. Thus
y € cly (Ujen Z(fi)-

(2) The map 7y : X XY — Y is an open perfect map (since X is compact)
and surjective. Thus it is zero-set preserving, by Lemma 4.6. So this follows
from (1). O

As we found algebraic equivalent for a C'Z-space in Lemma 4.3 and the fact
that C(X) ~ C(vX) we obtain the following result.

Proposition 4.8. The following statements hold.
(1) If C(X) is isomorphic with C(Y') (as two rings) and X is a CZ-space,
then'Y is a C'Z-space.
(2) X is a CZ-space if and only if vX is a CZ-space.
(3) If X is pseudocompact and CZ, then X is a CZ-space.

5. CZ-SPACE AND OTHER CLASSES OF TOPOLOGICAL SPACES

A space X is cozero complemented if, given any cozero set U, there is a
disjoint cozero set V' such that UUV is dense in X. In [4], this class of space is
called m-space, i.e., every prime z°-ideal of C(X) is minimal. By Proposition
1.5 in [4], X is cozero complemented if and only if for every zero-set Z € Z[X]
there exists a zero-set F' € Z[X] such that ZUF = X and intx ZNintx F = @.
By Corollary 5.5 in [9], this is equivalent to compactness of the space of minimal
prime ideals of C(X). In this section we give some another algebraic and
topological equivalent conditions for this class of spaces and conclude that
every C'Z-space is a cozero complemented space. Some topological properties
of cozero complemented spaces are also characterized. We also introduce some
other classes of topological spaces which are used in the sequel. In particular,
we introduce a large class of topological spaces, which are called C AP-spaces
(cf. Definition 4.3), and observe that these spaces, although they are different
from the cozero-complemented spaces, behave in a similar manner as the latter
ones. We also provide several examples (cf. Examples 5.4 and 5.8).

Theorem 5.1. The following statements are equivalent.

(1) The closure of any countable union of the interior of zero-sets is the
closure of the interior of a zero-set.

(2) For every countable subset {f1, fa,..., fn,-..} of C(X) there exists f €
C(X) such that ;e Py, = Ps.

(3) For each countably generated ideal I of C(X), there exists g € C(X)
such that Ann(I) = P,.

(4) For each f € C(X), there exists g € C(X) such that Ann(f) = P,.
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(5) X is a cozero complemented space.
(6) Every support in X is the closure of the interior of a zero-set.

Proof. (1)=(2) let {f1, f2,..., fn, ...} be a countable subset of C'(X). Clearly,

Oy,cyimtx 2050 = [ ) Pri-
ieN
By hypothesis, ch(UieNintX Z(fi)) = clx(intx Z(f)), for some f € C(X).
Since J,cy intx Z(f;) is open, we have,

OU,enintx 2(f:) = MU,y intx 2(f:) = Melx (U, cintx 2(f1) =

Marx (intx 2(9) = Mintx 2(9) = Oinex 2(1) = Pr-
This implies (), Py, = Pr.
(2)=(3) Let I be an ideal of C(X) generated by {f1, f2, .-, fn,...}. For f;
(1 <i<n), there exists a countable subset {f1:, f2i, ..., fmi, ...} of C(X) such
that X \ Z(fi) = Unen it x Z(fini). Trivially we have,

Ann(1) = My, (x\2(£) = MU, Uy, itx 2 (i) = () () Oinex ()

i€ENmeN
=N Pr.

i€ENmeN

By hypothesis, ();cn Npen Prmi = Py for some g € C(X). So we are done.

(3)=(4) Trivial.

(4)=(5) Let clx (X\Z(f)) be asupport in X. By hypothesis, clx (intx Z(f)) =
clx(X \ Z(g)), for some g € C(X). Get complement of two hands of the
equality, we have intx (clx (X \ Z(f))) = intx(Z(g)). Hence clx (intx (clx (X \
Z(f))) = clx(intx(Z(g))). It is easy to see that clx(intx(clx (X \ Z(f))) =
clx (X \ Z(f)). Thus clx (X \ Z(f)) = clx(intx(Z(g))).

(5)=(1) Let {Z(f1),Z(f2),---,Z(fn)} be a countable subset of Z[X]. By
hypothesis, for each i € N, there exists g; € C(X) such that intx Z(f;) =
intx clx (X \ Z(g;)). Thus we have,

ClX(U intx Z(fi) = ClX(U intx clx (X \ Z(gi)) = ch(U(X \ Z(9i)))
= clx(X\ [ Z(g:)

There exists g € C(X) such that ()2, Z(g;) = Z(g). Thus clx (s, intx Z(fi)) =
clx (X \ Z(g), which is the closure of the interior of some zero-set, by hypoth-
esis. (]

Proposition 5.2. The following statements are equivalent.

(1) Ewery support in X is a zero-set.
(2) The closure of any countable union of the interior of zero-sets is a
zero-set.
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(3) For every countable subset {f1, fa, ..., fn,---} of C(X) there exists f €
C(X) such that (Yep Py, = Mj.

(4) For each countably generated ideal I of C(X), there exists g € C(X)
such that Ann(I) = M,.

(5) For each f € C(X), there exists g € C(X) such that Ann(f) = M,.

Proof. (1)=(2) Let {Z(f;) : i« € N} be a countable subset of Z[X]. By
hypothesis, for each i € N, there exists a cozero-set X \ Z(g;) such that
intx Z(f;) = X \ Z(gs). Thus cly (U2, intx Z(f:)) = clx (U2 (X \ Z(g:))) =
clx (X \ N2, Z(g:)). There exists g € C(X) such that (o, Z(g;) = Z(g).
Hence clx (U2, intx Z(f;)) = clx(X \ Z(g)), which is a zero-set, by hypothe-
sis.

(2)=(3) Let {f1, f2,--r, fn,---} be a countable subset of C(X). Clearly,
Niz1 Pri = Miz1 Omntx z(£,) = OU=, intx z(f,)- By hypothesis, clx (U;2, intx Z(fi)) =
Z(f), for some f S C(X) Hence Ouzl intx Z(f;) = MUfi1 intx Z(fi) = MZ(f) =
Mf, i.e., ﬂf; Pfi = Mf.

(3)=(4) The proof is similar to the proof of (2)=(3) of Theorem 5.1, step
by step.

(4)=(5) Trivial.

(5)=(1) Consider clx (X \ Z(f)) as a support. By hypothesis, Ann(f) = M,
for some g € C(X). Thus Mx\zy) = My = Myg. This implies clx (X \
2(f)) = x(2(9)) = Z(9). o

A point p € X is said to be an almost P-point if f € M, intx Z(f) # @,
and X is called an almost P-space if every point of X is an almost P-point. It
is easy to see that a space X is an almost P-space if and only if every zero-set
in X is regular-closed. The reader is referred to [1], [7], [11] and [13], for more
details and properties of almost P -spaces.

Definition 5.3. A space X is called a C-almost P-space (briefly C'AP-space)
if the closure of the interior of every zero-set in X is a zero-set.

Example 5.4.

(1) Clearly every almost P-space is a C' AP-space.

(2) Every CZ-space is a CAP-space. For, let Z € Z[X]. Then clx(X \
Z) =X \intx Z = Z(f), for some f € C(X). Thus clxintx(Z) =
clx (X\Z(f). As X is CZ, clx (X \Z(f)) is a zero-set, hence clx intx Z
is a zero-set. This implies every perfectly normal space (hence a metric
space) is a CAP-space. Thus R with usual topology is a C' AP-space
which is not an almost P-space.

(3) Clearly every Oz-space (i.e., a space which in every regular-closed sub-
set is a zero-set) is a C'AP-space.

Lemma 5.5. A space X is a CAP-space if and only if every basic z°-ideal of
C(X) is a basic z-ideal.
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Proof. = Let Py be a basic z°-ideal. By hypothesis, there exists g € C(X)
such that clx(intx Z(f)) = Z(g). Thus we have,

Py = Ouex 2() = Minex 2(5) = Meix (imex (2())) = Mz(g) = M.

< Let Z(f) € Z[X]. There exists g € C(X) such that Py = M,. Since Py =

Ointx z(f) and My = Myzg). The equality Py = M, implies cly (intx Z(f))
Z(g). So X is a C' AP-space.

Ol

Proposition 5.6. The following statements hold.

(1) Ewery CZ-space is a cozero complemented space.
(2) Every support in X is a zero-set if and only if X is a cozero comple-
mented space and a C'AP-space.

Proof. (1) X is a CZ-space. Thus every support is a zero-set, so by Proposition
5.2, for each f € C(X) there exists g € C'(X) such that Ann(f) = My. As
Ann(f) is a z°-ideal, this implies M, is a z°-ideal and hence equals with P,.
Now this follows from Theorem 5.1.

(2) First assume every support in X is a zero-set and Z € Z[X]. Then
clx (X \ Z) = Z(f) for some f € C(X). This implies clx (intx(Z)) = clx (X \
Z(f)), i-e., X is a cozero complemented space, by Proposition 1.5 in [4]. Again
by hypothesis, clx (X \Z(f)) is a zero-set. Thus X is a CAP-space. Conversely,
let clx (X \ Z) be a support. By hypothesis, clx (X \ Z) = clx(intx(Z(g))), for
some g € C(X). As X is a CAP-space, cly(intx(Z(g))) is a zero-set. Thus
clx (X \ Z) is a zero-set. O

Part 2 of the above result shows that if X is a C' AP-space which is not
a cozero complemented space or a cozero complemented space which is not
a C'AP-space, then there is a non zero-set support in X. Thus X is not
a CZ-space. To see examples, first, consider the space X as the one point
compactification of an uncountable discrete space. Then X is an almost P-
space, since any non-empty Gy of it contains an isolated point of the space,
hence is a CAP-space. But this is not a cozero complemented space and
hence is not a CZ-space, see example 3.3 in [4]. Next, consider the space
A =R\ (BN \ N) in [8, 6P.5]. We have JA = SR. Thus A is a cozero
complemented and hence A is a cozero complemented space. However, we
know that it is not a CZ. On the other hand, by [8, 6p.5], A is pseudocompact,
so if BA = vA is CZ, then we must have A is CZ, by Proposition 4.8, which
is not true. Thus SA = PR is not a CZ-space while we know that R is a
CZ-space.

Henriksen and Woods in [10] showed that for an uncountable discrete space
D, the Stone-Chech compactification 8D of D is cozero complemented but
BD x D is not, and so by part (1) of Proposition 5.6, D x D is not a
CZ-space.

Definition 5.7. A subspace X of a space T is called CRZ (resp., CZ)-
extended in T if for each regular-closed zero-set (resp., zero-set) Z € Z[X],
clr Z is a zero-set in 1.
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Example 5.8.

(1) Let X be a C*-embedded in T. If X is C-embedded in T, then it is
CZ-extended in T. For, clp Z(f) = Z(f°), for f € C(X) and f° is the
continuous extension of f to T.

(2) Every pseudocomact space is a C'Z-extended in 8X. For, if X is pseu-
docompact, then fX = vX and for each Z € Z[X], clgx Z =clyx Z =
VAR

(3) Consider the infinite P-space X (e.g., the discrete space N). Then every
zero-set Z € Z[X] is open and hence clgx Z is clopen in fX. Thus it is
a zero-set in SX. This says that X is a C'Z-extended in SX. However
X need not be C-embedded in X.

(4) Trivially every CZ-extended in a space containing it, is a C'RZ-extended.
But the space ¥ = NU {o} in [8, 4M] is CRZ-extended in 83 = N
which is not a C'Z-extended in SN, see [8, 6E.

(5) Trivially every C'Z-extended X in a space containing it, is Z-embedded.
However a Z-embedded need not be a C'Z-extended. For example, %
is Z-embedded in £%, but is not C'Z-extended in it.

Recall from [10], let X and T be two completely regular spaces and X be
a subspace of T. X is said to be Z#-embedded in T if for each f € C(X),
there exists a g € C(T) such that clx (intx (Z(f))) = clr(int7r(Z(g))) N X. The
following lemma is proved in [10].

Lemma 5.9. If X is a subspace of T that is either open or dense, then the
following are equivalent.

(1) X is Z#-embedded in T.
(2) If Z € Z|X), then there is a Z' € Z[T| such that intx Z = (inty Z*) N
X.

Lemma 5.10. Suppose that X is dense or open as well as being Z# -embedded
in a space T'.

(1) If T is CAP, then so is X.

(2) If every support in T is a zero-set, then every support in X is a zero-set.

Proof. (1) First assume X is dense in T. We show X is a CAP-space. Let
Z € Z|X]. By hypothesis and Lemma 5.9, there is Z' € Z[T] such that
intx Z = intr Z* N X. Thus clx(intx Z) = clx(intr Z* N X) = clp(intr Z¢ N
X)NX = clp(inty Z') N X. By hypothesis, there exists Z(f) € Z[T] such that
clr(intr Z%) = Z(f). Hence clx(intx Z) = Z(f) N X which is a zero-set in
X. If X is open in T, then for each p € cly(inty Z*) N X and U open in X
containing p, we have U is open in T and so UNintx Z = UNinty(Z)NX # @.
Hence clx (intx Z) = cly(int7 Z') N X. So we are done.

(2) Every support in T is a zero-set, so by Proposition 5.6, T is a cozero
complemented space and a CAP-space. Thus X is a cozero complemented
space, by Lemma 2.5 in [10]. Also, by part 1, X is CAP. Now Proposition 5.6
implies every support in X is a zero-set. (I
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Since every open (dense) z-embedded subset is Z#-embedded, and every
cozero (resp., C*-embedded)-subset is z-embedded in any space containing it,
the above lemma implies next result.

Corollary 5.11. The following statements hold.

(1) Every open (dense) z-embedded subspace of a CAP-space is CAP.
(2) Every cozero-set in a CAP-space is CAP.
(3) Ewery open (dense) C*-embedded in a C AP-space is a CAP.

Recall that if every open cover of a space X contains a countable subfamily
whose union is dense in X, then X is called weakly Lindelof space. Every Lin-
delof space and every cce-space is weakly Lindelof space, while an uncountable
discrete space is not a weakly Lindelof space.

Corollary 5.12. If SNW s a weakly Lindeléf space where S is a dense
subspace and W is an open subspace of a CAP-space T, then SNW is CAP.

Proof. Similar to the proof of Theorem 2.6 in [10], we have cly (SN W) =
cdp(SNW)NW =clpy WNW = W. Thus SN W is dense in W. So, since
S N W is weakly Lindelof, so is W. We have W is open in T, hence this is
Z#-embedded, by Lemma 2.4 of [10]. Thus W is CAP, by Lemma 5.10. But
SN W is dense in W, so by Lemma 2.4 in [10], SN W is Z#-embedded in W.
Thus by Lemma 5.10, we are done. ]

Theorem 5.13. Let X be dense and Z#-embedded in a space T. Then the
following statements hold.

(1) T is a CAP-space if and only if X is a CAP-space and C RZ-extended
mT.

(2) Every support in T is a zero-set if and only if every support in X is a
zero-set and X is CRZ-extended in T'.

Proof. (1)= Part 1 of Lemma 5.10 shows X is a CAP-space. Now, assume
Z(f) € Z|X] be a regular-closed zero-set. Then Z(f) = clx(intx(Z(f))) and
by hypothesis, there exists f* € C(T) such that intx Z(f) = intr Z(f*) N X.
T is CAP, hence there is a g € C(T) such that clyinty Z(f*) = Z(g). Thus
we have,

clr Z(f) = el (clx (intx (Z(f)))) = elr(cly (intr(Z(f1)) N X))

= clr(intr(Z(f")) N X) = clr(intr(Z(f*))) = Z(g).

This completes the proof.

< Let Z(f') € Z[T']. Then Z(f')NX € Z[X]. X is a C AP-space, hence
clx (intx (Z(f*)NX)) = Z(g) for some g € C(X). Thus Z(g) is a regular-closed
set. On the other hand, we have int x (Z(f*) N X) = inty Z(f*) N X. To see it,
inty Z(f*) N X is open in X and contained in Z(f*) N X. Thus it is contained
in intx (Z(f*) N X). Now, suppose p € intx(Z(f*) N X). Then p € X and
there is an open subset U of T such that p € UN X C Z(f*). This implies

© AGT, UPV, 2022 Appl. Gen. Topol. 23, no. 1 13



F. Golrizkhatami and A. Taherifar

pelUCeclpU=clpr(UNX)C Z(fY),ie,peintyr Z(f)NX. It is easy to see
that;

clp(intr(Z(f1)) = clp(intr(Z(f1) N X) = clp(intx (Z(f1) N X)) =

clr(clx (intx (Z(f*) N X)) = clr(Z(g)).
As X is CRZ-extended in T, cly Z(g) is a zero-set in T, so clp(int7(Z(f))) is
a zero-set in T', i.e., T is a C'AP-space.

(2) = Part 2 of Lemma 5.10 implies every support in X is a zero-set. On the
other hand, T is CAP, by Proposition 5.6. Thus by Part (1), for any regular-
closed zero-set Z in X, cly Z is a zero-set in T, i.e., X is C' RZ-extended in
T.

< Every support in X is a zero-set, hence X is a cozero complemented space
and a C'AP-space, by Proposition 5.6. This implies T is a cozero complemented
space, by Theorem 2.8 in [10]. Moreover, T is a CAP, by part (1). Now, again
by using Proposition 5.6, we have every support in T is a zero-set. (Il

It is easy to see that if X is C'Z-extended in T, then X is Z#-embedded in
T. So we conclude the following result from the above theorem.

Corollary 5.14. The following statements hold.

(1) If X is weakly Lindelof and dense in T, then T is CAP if and only if
X is CAP and CRZ-extended in T.

(2) If X is CZ-extended in T, then X is CAP if and only if T is a
CAP-space.

(3) BX is a CAP-space if and only if X is a CAP and CRZ-extended in
B8X.

(4) If X is a CZ-extended in BX, then BX is a C AP-space if and only if
X 15 so.

(5) Every support in BX is a zero-set if and only if every support in X is
a zero-set and X is CRZ-extended in BX.

(6) If X is a CZ-extended in BX, then every support in BX is a zero-set
if and only if every support in X is a zero-set.

6. DIRECTIONS AND SOME QUESTIONS

CZ — space. As we have shown a space X is C'Z if and only if the set of
basic z-ideals is closed under countable intersection. This shows that this class
of spaces is important. So we may have focus on the spaces Max (C(X)) and
Spec(C(X)), with Zariski topology, whenever X is a C'Z-space. On the other
hand, since the set L = {M; : f € C(X)} is a lattice with two operations:

My Vv Mg = M2y g2 and My A My = My N Mg = Mg, So, we have X is a
CZ-space if and only if for every countable subset S of L, AS € L. This can
help us to investigate more properties of C'Z-spaces by the lattice properties of
L.

We have seen that if X is a pseudocompact and CZ, then X is a C'Z-space.
As an example, we have seen that R is a C'Z-space, but SR is not a CZ.
However, this is a remainder question as follows:
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Question 6.1. When is X a CZ-space?

We also have some other questions as follows:
Question 6.1. Is every C'Z hereditarily CZ (i.e., all subspaces are CZ)?
Question 6.2. Is the product of two (infinite) C'Z-spaces a CZ?
Question 6.3. Suppose X x Y is a CZ-space. Must X or Y be CZ?

CAP — space. We observed that the class of C'AP-spaces behaves like
cozero-complemented spaces. So we may investigate other properties of C'AP-
spaces. It also is important to know the relation between C AP and cozero-
complemented spaces. We know that X is cozero-complemented if and only if
Min (C'(X)) is compact. So this is a motivation to ask the following questions:

Question 6.4. What is Min (C(X)), when X is a CZ?
Question 6.5. What is Max (C(X)), when X is a CZ?
We also have some questions as follows:
Question 6.6. Characterize the C AP spaces which are hereditarily CAP.
Question 6.7. Is the product of two (infinite) C'AP-spaces a C AP?
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