3 Appl. Gen. Topol. 22, no. 2 (2021), 321-330
doi:10.4995/agt.2021.14589

| co—
1 © AGT, UPV, 2021
APPLIED GENERAL TOPOLOGY

Periodic points of solenoidal automorphisms in
terms of inverse limits

SHARAN GOPAL AND FAI1z IMAM

Department of Mathematics, BITS-Pilani, Hyderabad Campus, India. (sharanraghu@gmail.com,
mefaizy@gmail.com)

Communicated by F. Balibrea

ABSTRACT

In this paper, we describe the periodic points of automorphisms of a
one dimensional solenoid, considering it as the inverse limit, lim(S1 V)
—
k
of a sequence (i) of maps on the circle S'. The periodic points are
discussed for a class of automorphisms on some higher dimensional
solenoids also.
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1. INTRODUCTION

We consider a dynamical system of the form (G, f), where G is a compact
group and f is an automorphism of G. The study of dynamics involves the
eventual behaviour of trajectories of its points i.e., the sequences (f™(z))5%,
where x € G and f" = fo fo..o f (n times for n € N) and f° is the identity
map on G. A point x € G is said to be periodic with a period n if there is
an n € N such that f"(z) = x. The sets of periods and periodic points of a
family of dynamical systems are well studied in literature. See for instance,
[3], [6], [7], [8], [12], [17] and [18]. In this paper, we give a description of the
sets of periodic points of automorphisms of a one dimensional solenoid i.e., we
describe the set P(f) = {z € ¥ : z is a periodic point of f}, where ¥ is a one
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dimensional solenoid and f is an automorphism of 3. It is then extended to
some automorphisms of certain higher dimensional solenoids.

Solenoids are extensively studied in literature. Some of the papers consider
solenoids as dual groups of subgroups of Q", n € N, while others consider them
as inverse limits of certain maps on the n-dimensional torus, T™. In [19], it
is shown that an ergodic automorphism of a solenoid is measure theoretically
isomorphic to a Bernoulli shift. The papers [1], [5] and [14] discuss about
the structure of a solenoid, whereas [13] describes the structure of group of
automorphisms of a solenoid. The articles [2] and [11] calculate the entropy
and the zeta function respectively, for an automorphism of a solenoid. The
papers [9] and [10] consider the flows on higher dimensional solenoids. We use
results from [9] to describe the sets of periodic points of some automorphisms
on certain higher dimensional solenoids.

There are articles on counting the number of periodic points of a dynamical
system; this forms a crucial part in defining the zeta function. The number of
periodic points of any given period for some continuous homomorphisms of a
one dimensional solenoid was discussed in [15]. We show that our description of
periodic points of one dimensional solenoidal automorphisms is in accordance
with this result.

A characterization of sets of periodic points for automorphisms of a one
dimensional solenoid was given in [12], where it was described in terms of adeles,
a number theoretic concept. It was based on a description of subgroups of Q. It
may however be noted that this characterization for one dimensional solenoids
may not be extended to higher dimensions with similar ideas, as there is no neat
description of subgroups of Q™ for n > 1. We now describe the sets of periodic
points, again for automorphisms of one dimensional solenoids in a different
manner, namely in terms of inverse limits and then use it to describe the
periodic points of some automorphisms on certain higher dimensional solenoids
that are inverse limits of sequences of maps on T, n > 1. In all these cases,
we show that the set of periodic points of a given period is the inverse limit of
the same maps (that define the solenoid) restricted to a subgroup of T". This
may help in giving a characterization of periodic points for automorphisms of
other higher dimensional solenoids also.

1.1. Definitions and Notations. A solenoid is a compact connected finite
dimensional abelian group. An equivalent interpretation is that, a topological
group ¥ is an n—dimensional solenoid if and only if its Pontryagin dual )
is (isomorphic to) a subgroup of the discrete additive group Q™ and contains
Z" (see [16]). Thus, a one dimensional solenoid is a topological group whose
dual is a subgroup of Q and contains Z. Definition 1.2 gives an equivalent
description of a one dimensional solenoid ¥ as the inverse limit of a sequence
of maps on the circle S', where Z ; 5 C Q. In section 3, we consider n-
dimensional solenoids, for n > 1, which are inverse limits of sequences of maps
on T™. We use the notations Z, N, Ny and P to denote the sets of integers,
positive integers, non-negative integers and the prime numbers respectively.
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For a,b € Z, we use the notations a | b, if a divides b; else, we write a } b.
To represent a sequence (a1, az, - - ) of positive integers, besides the customary
notations (ay),—, and (ax), we also use a single capital letter. For instance, we
write A = (a;) = (ak)pe; = (a1,a2,--+). We write diag [m1,ma, -+ ,my) for
an n x n diagonal matrix with mq, ms,--- , m, on the principal diagonal.

Definition 1.1. Let X} be a topological space for each k € Ny and fi : X —

Xk—1 be a continuous map for each k € N. Then the subspace of [[ X} defined
k=0

as im(Xx, fr) = {(zx) € ] Xk : zk—1 = fu(zx), Yk € N} is called the inverse
o k=0
limit of the sequence of maps (f%).

Definition 1.2. Let A = (a1, az, - - - ) be a sequence of integers such that a; > 2
for every k € N. The solenoid corresponding to the sequence A, denoted by ¥ 4,
is defined as X4 = {(z1,) € (S1)M0) . 2| = apay (mod 1) for every k € N}.

In other words, the one dimensional solenoid ¥ 4 is the inverse limit, lim(S*, v),
—
k
where 7 : ST — St is defined as v (z) = arx (mod 1).

2. ONE DIMENSIONAL SOLENOIDS

The descriptions of a one dimensional solenoid as an inverse limit and as
the dual group of a subgroup of Q are very closely related. The dual of a one
dimensional solenoid X 4, where A = (ay) is isomorphic to the subgroup of Q
generated by {ala;_ak : k € N}. Now, a subgroup of Q is characterized by
a sequence, called the height sequence, indexed by prime numbers and with
values in Ng U {oco}. We will now discuss about this sequence and establish a
relation between the terms of this sequence and the integers ax’s. One may
refer to [4] for more details about the structure of subgroups of Q.

Let S C Q and z € S. For a p € P, the p—height of x with respect to S,
denoted by hés)(x) is defined as the largest non-negative integer n, if it exists,

such that % € S; otherwise, define h](os) () = oco. Thus, we have a sequence

(hl(js) (x)), p ranging over prime numbers in the usual order, with values in
No U {oco}. We call such sequences as height sequences. If (up) and (v,) are
two height sequences such that u, = v, for all but finitely many primes and
Up = 00 & v, = 00, then they are said to be equivalent. If S is a subgroup of
Q, then there is a unique height sequence (up to equivalence) associated to all
non-zero elements of S. Also, two subgroups of Q are isomorphic if and only if
their associated height sequences are equivalent.

Given a subgroup S of Q, for every p € P, we assign an element n](gs) of
No U {oo} as follows. Let Q, and Z, denote the field of p—adic numbers and
the ring of p—adic integers respectively and |u|, denote the p—adic norm of
u € Qp. Then define n](gs) = sup{h](os)(:zr) cx € SNZy}, where Z7 is the

multiplicative group {x € Z, : |z|, = 1}. Now, the information whether nl(ys)
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is finite or not, for a given p, is going to play a crucial role in our discussion.
So, we define DS = {p e P: nl(ys) = oo}. We will use the notations nl(ys)
and Df,f), as defined here, throughout this paper. We now have the following

relation between the sequences (nés)) and A, where S is the dual of ¥ 4.

Proposition 2.1. Let ¥4 be a one dimensional solenoid and S = f]A, where
A= (ay). Letp € P and n, = n,(,S). Then,

(1) pe D) if and only if for every j € N, there exists a k € N such that
pj|a1a2 cea.

(2) If p ¢ Dg), then n, is the largest non-negative integer such that
prlajas - - ag for some k.

Proof. (1) Suppose p € D((,f). Since n, = oo, for any j € N, there exists an

@ € SNZ; with hy” (x) > j. Now, z € ZF implies that z = ¢,

a,b € Z and (a,p) = (b,p) = 1. Also, hz(,S) (z) > j implies that = =
@ ¢ S But, S:{ﬁ:ieZ,keN}. Thus

pib a1a2-
some i € Z and k € N. Then, we have aajas---ar = ip’b implying
that p/|ajaz - - ag.

For the converse, let j € N. Then, there exists a k € N such that

aias---ar = p’i for some i € N. This implies that % = amar €5

where

a __ 7
Y pib T ajaz-ak for

and thus hl(js)(l) > j. Since j is chosen arbitrarily and 1 € SNZj, we
— ol (9)
get, n, = oo ie., p € Dy .

(2) Suppose p ¢ D). Then, ny, = max{hz(,s)(:t) cx € SNZy}. Say

n, = hz(,S)(:zzo) for some o € SNZj ie., 5 € 5. Let zo = 32, for
some g, vg € Z. Then (ug,p) = (vo,p) = 1. Now, 1% € S implies that
pfp"vo = ala;___ak for some ¢ € Z and k € N i.e, upaias---ar = ip™?vg

and hence p"?|ajas - - - ag.
If possible, let I > n, such that plaas - - a; for some j. But then,

_ ol % ; : 1 _ i’
ayaz - --aj; = p't’ for some i’ € N implying that o = araay © S and

thus h,(gs)(l) > | > n, which is a contradiction. Therefore, n, is the
largest integer such that p™rlajas - - - ay, for some k.
O

The following corollary follows from the above proposition.
Corollary 2.2. Let X4, S and Dg) be defined as above. Then, for a p € P,
pE D(()f) if and only if p divides infinitely many ay’s.

If f is an automorphism of a one dimensional solenoid 3, then its dual is an
automorphism of a subgroup of Q and thus, it is multiplication by a non-zero
rational number, say 5 and for any (z) € ¥, f((2x)) = (Fzr(mod1)). We say
that f is induced by % It is known that f is ergodic if and only if % # +1.
Further, we can assume that A = (8by), where each by is a positive integer
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coprime to 5. In this case, we can write f((x)) = (abiz1, aboxs,...) for each
(7x) € B(gp,)- See [19] for all these details about automorphisms.

We now state and prove our main results, namely the description of periodic
points (Theorem 2.5) and the number of periodic points (Theorem 2.7) of
an automorphism of a one dimensional solenoid. Before that, the following
proposition describes the elements of a one dimensional solenoid with rational
coordinates, in terms of the prime factors of ax’s and the succeeding proposition
shows that a periodic point should have only rational coordinates.

Proposition 2.3. Let ¥4 be a one dimensional solenoid where A = (ay) and
(zr) = (%) € Y4 NQN, where uy, v, € Z such that (ug,vr) =1. Forap € P,
denote |vg|p = p%k, for every k > 0 and let |ak|, = p%k, for every k > 1. If h
is the least integer such that cp, > 0, then ¢, = cp + dp41 + dpgo + - - - + di, for
every k > h.

Proof. It follows from the definition of a one dimensional solenoid that 72 =
Ah+1Qh12 """ akZ—: + j for some j € Z. Since ¢, > 0, it follows that (upn,p) =
(ug,p) = 1. Then, we can find positive integers aj,_,,,aj, o, ,aj, v} and vy,
each of which is coprime to p, such that

-dy, ’ ’ ’
Ap41%h 42" AUk

7
c
p kvk

plhritdnpat:

- =
c
j2 hvh

Uh

+J
’ ro ’ 3 ro
= pugup = portintrdig g, g ug + jp Ty,
= p* (vpup — pjuguy, ) = prtdnntodig gl g
p kUh =P JULU, | =P R%h+1 KUk

Now, since ¢, > 0, p does not divide (U;uh —pchjv;cv;l). Thus, ¢, =
ch + dpy1 + - - - dy for every k > h. [l

Proposition 2.4. Let ¥4 be a one dimensional solenoid and S = f]A, where
A = (ar). If (xx) is periodic in (Xa,d), where ¢ is an automorphism of X4
induced by %, then xp, € Q for every k € Ng. Further, for any p € D((,f), we

have |zx|, <1 for every k € Ny.

Proof. Say ¢' ((z1)) = (ax) for some [ € N. Then, for any k € N, g—;xk =
Tk + Jji for some ji € Z and thus z € Q. Let xp = Z—:, where uy, vi € Z and
(ug,vr) = 1. Then, (! — Yup = Blogjp for every k > 0. For a prime number
p, let us now denote |vg|, = p%k, for every k > 0 and |ag|p, = p%k, for every
k>1.

Let p € Df,f). Then, by Corollary 2.2, p|ay, for infinitely many k& and thus
dr, > 0 for infinitely many k. Suppose there exists an r € Ny such that p|v,.
Then, ¢, > 0 and (! — 8)u, = Bv,j, implies that p°~|(a! — B'). Now from
Proposition 2.3, ¢4 = ch+dp+1+- - -+dr+dry1+- - -+drrk, where h is the least
integer such that ¢, > 0. Then, h <r and ¢,y = ¢, +dpy1+drio+- -+ drgk.
Again, since (! —8)u, 1 = alv, 1 g jr ok for every k > 0, we get p¢rTdr+1tFdrix)|
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(a! — BY). This is a contradiction, as infinitely many of d,; 1, d, 12, -+ are non-
zero. Hence, p f vy for any k. Therefore, |zx|, <1 for every k > 0.
O

In the following theorem about the set of periodic points of the dynamical
system(X,, ), %), we assume that ay = Bby, where each by, is a positive integer
coprime to 5. As noted already, there is no loss of generality in assuming this
(see [19]).

Theorem 2.5. Let ¢ be an automorphism of a one dimensional solenoid ¥4
induced by %, where A = (Bby), each by, being co-prime to B. For each |l € N,

define Uy = ) (ﬁzpm@msl), where pr! = W If vy : U = Up
peEP ’
is the map defined as i1 (x) = Bbrr(mod 1) for each k € N and | € N, then

P(¢) = lfj 1i£l(Ul,7k,z)-
=1 &

Proof. Let (xx) be a periodic point with a period I. Then, z; € Q for every
k > 0; say xx = Z—:, where ug, vy € Z such that (ug,vr) = 1. Again, for
every prime p, let |vg|, = p%k, for every k > 0. Now, ¢' ((zx)) = (zx) implies
that (a! — )u, = Blogj, for some j, € Z. Since p® vy, it follows that

1 ptel %k

p|(al — BY) and thus ¢z < ep1. We can now write z = o — , for
k

some v;c € 7Z such that (v;c,p) = 1. It then follows that xj € pc%Zp, because
|pﬁp*“c’€.uxc

; lp < = L_ < 1. Since p was chosen arbitrarily, we conclude that
v pepl—Ck

TR € [le, for every k > 0.
On the other hand, let (zx) € lim (U, yx,) for some [ € N. Say z, = %

«—

k

'Uk7

where ug, vg € Z such that (ug,v;) = 1. Write vy, = [] p°, for some ¢, € N.
P\Uk

Then, for any plvg, |zkl, = p. Also, |zk|, < p»t, for any p € P. Thus,

¢p < ey and hence vg|(a! — 8Y). Therefore, v;ﬁl € Z, for every k. Then,

(bl((iEk)) — (:Ek) e ((al —ﬂl)bk+1bk+2...bk+lzk+l) = (0) implying that (:Ek) is
periodic. ([

0‘l

Remark 2.6. The set of periodic points of period [ is equal to lim (U, yk,1)-
—
k

Here U is a subgroup of S! and the map 7y, is the restriction of v to Uy,
where v, is a map on S! such that Yab,) = lim (ST, i,).
—
k
The following theorem about the number of periodic points, which follows
from the above description, is in accordance with a similar result in [15].

Theorem 2.7. Let ¢ be an automorphism of a one dimensional solenoid ¥ 4
induced by % and for every l € N, let e,; = m Then the number of
periodic points of ¢ with a period l is [] p»t.

pg DS
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Proof. Since ol — B! € Z, e, is positive only for finitely many primes. Thus,

there is a finite subset F of P\ D((,f) such that for a p ¢ D((,f), ep 7 0 if and
only if p € F.
Therefore [] p°rt = [] pt.
pg DS PEF

We first claim that (z) is periodic with a period [ if and only if for every

k € Ny, xp = Z—:, where ug, v € Z, 0 < up < v and v, = [] plrk with
pel

0 < fp,k < €p,l-

If ¢! ((zx)) = (w), then for every k € Ny, x5, € p%Zp NQ, for every p € P.

p,l

Let x, = Z—: for some ug, vg € Z such that (ug,vy) = 1. Now, 3 € pe—i’lZp

implies that |zg|, < p°t, for every p. From Proposition 2.4, if p € Dg), then

p f vk. Also, for a prime p not in F, e,; = 0 implies that p f vi. Thus, the

prime factorisation of vy, = [ p/r* for some 0 < f, x < €,,. Since x, € [0, 1),
peEF

we conclude that 0 < up < vg.

Conversely, if z;, = Z—:, where uy, and vy satisfy the given conditions, then
|zilp < 1, for p ¢ F and |zg|, < plek for p € F. In any case |xx|, < p°! and
thus xp € U;. Hence the claim follows.

For a p € F, let |ax|p, = p%k, for every k € N. As this dj depends on p

we will denote di = d,(cp ). Again, there are at most finitely many k£ € N for

which d,(cp) > 0,as FF C P\ D((,g); let these positive integers be denoted by

d;f?,d;ﬂ’?,...,d;ﬂ?@), where ap) € Ng. Further, assume that k1 < ko < ... <

ko). Let K = max{kyp) : p € F}, if ko) > 0 for at least some p € F;

otherwise, define K = 0. Then, d,(cp) = 0 for every k > K and for every p € F.
Let (x) € Y4 be periodic; say xp = Z—:, where uy, vy € Z such that

(uk,vi) =1. We have zx = Z—;‘, where 0 < ug < vg and v = HprPvK with
pe
0 < fp.x < epy. For any k < K, the value of xj, is uniquely determined by z g,

as Ty = Qj410k42...axTx (Mmod 1).
Now, let k > K. It follows from Proposition 2.3 that vy = vi. Also, zx =
ag41...axk (Mmod 1) ie. “—Ifz = aKH...akZ—: + j for some j € Z. By denoting

)
aK+1.--0x = g and using the fact that vy, = vk, we have Z—;‘ = gk;‘—l’z +j. Since
d,(f) =0 for any k > K and every p € F, it follows that p f gi for any p € F.
Having defined %X, the distinct possible values for & are 2 = UK _ L
VK VK (1)UK 9kVK 9k

. . up T _ _u J

w(lzl)ere j€{0,1,...,g9x — 1}. Consider two such values, say P Tl)gk—%) - and
Ve o ux _ J2 R _ Up TV T j2—]
e = e gi for some ji, jo € {0,1,...9x — 1}. Then, —& e = 2% 1
and thus gy (u,(cl) - u,(f)) = vk (j2 — j1). Now, if j1 # jo, then |j2 — j1] < gk
and thus gi [ (jo — j1). But then, there will be a prime p such that p | g5 and

p | vig. On one hand, p | g implies that p ¢ F. On the other hand, p | vk
)

implies that p | o' — 3! and also p ¢ D((,f , which means that p € F' leading
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to a contradiction. Hence, j; = j2 i.e., ug) = ugf). Thus, there is only one
possible value for x;. Thus, a periodic point (xj) is uniquely determined by
the coordinate zx. Now, since 0 < f, k¥ < ey, the possible values of xx are

ﬁ, where 0 < i < [] p°t. Thus, the theorem follows. O
pEF peF

3. n-DIMENSIONAL SOLENOIDS

We now extend our result about periodic points to some automorphisms of
certain higher dimensional solenoids. Though this seems to be a small class,
the reason for considering it is that the result follows immediately from what
we have shown for one dimensional case. The higher dimensional solenoids
that we are going to consider are isomorphic to products of one dimensional
solenoids, as described in [9]. We mention here some notations, definitions and
results from this paper that are needed to discuss our result.

For a positive integer n > 1, let 7" : R — T" be the homomorphism defined
as ™ ((z1,22, ..., Tn)) = (v1 (mod 1),z2 (mod 1),...,z, (mod 1)). Let M =
(My)32, = (Mi, Ms,...) be a sequence of n x n matrices with integer entries
and non-zero determinant. Then, the n—dimensional solenoid ) 37 is defined
as Y 37 = {(xx) € (T")No : 7"(Myxy) = x_1 for every k € N}. In other
words, > 57 = 1131 (T™, %), where 6 : T" — T™ is defined as Jx(x) = 7" (Myx)

k

If ¢ is an automorphism of ) 57, then there is a matrix L € GL(n, Q) such
that ¢((xx)) = (7" (Lxx)). We say that ¢ is induced by the matrix L. Now,
consider n sequences of positive integers A; = (ai,al,...), A2 = (a?,a3,...),
...... A, = (a},a,...). Then define the sequence M = (M}) of matrices as
My, = diagla},a?,...,a?]. These sequences of positive integers and matrices
give rise to n one-dimensional solenoids and an n—dimensional solenoid. The
following lemma from [9] gives a connection between these.

Lemma 3.1. The map n: [1i_y Y04, = Yoap given by n((zg)iy, (22)72, - - -
""(Iz)?;l) = ((x%7x%,'",I?)7(x%’:12§7"'7$g’>"",(II];}’I%7"'7$Z>""> /LS a

topological isomorphism.

We reserve these symbols A;, ¢ = 1,2,...,n for the sequences of posi-
tive integers and My, k € N for the corresponding diagonal matrices as de-
scribed above. Now, let ¢ be an automorphism of ) 3 induced by a di-
agonal matrix, say D = diag[o‘—I, %,..., %—Z] Then for each i, % induces
an automorphism of the one dimensional solenoid > A, Say ¥;. Again, by
following [19], we assume that A; = (B;b}) for some suitable sequence (b})
of positive integers. Then, the map ¥ : ((z1)5,.(23)%,, .., (@P)3,) —

(V1 ((@)72), Y2 ((@R)R21); - -, ¥n((2})321) is an automorphism of [Ti, 37 4.
It is easy to see that o = ¢ on. Thus, we have the following proposition.

Proposition 3.2. ([[;_, >° 4., %) is conjugate to (3 57, ¢).

We now state and prove a theorem regarding the periodic points.
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pp,Lii

Theorem 3.3. For each | € N, define V; =[], < N (;ZP nQnN S1)> ,
peEP

where perii = 2 If Ok + Vi = V) is the map defined as dp1(x) =

[ ] .
‘aifﬁi‘P

7" (Myx) for each k € N and 1 € N, then P(¢) = | liin V1, 6k.0)-
=1 %

Proof. Let Pi(¢) and P;(¢) be the sets of periodic points of ¢ and v respec-
tively, with a period I € N. Since 7 is a conjugacy from ([], Y4, Y) to

(>57 @), it follows that Pi(¢) = n(P(v)). But P(¢) = [, Pi(¢;), where
1; is the automorphism of ) , induced by % Thus by Theorem 2.5, P,(y)) =

T, {(1177@)20:1 €4, ), €Qand |z}], < zﬁ for every p € P}. Then,
Py(¢) = {((‘Tllw‘%%’ cea)) oy € Yor: ) € Qand ||, < e for every

pe P} = lim (Vi, 84). Thus, P(¢) = |J lim (Vi, d1)- O
< ’ =1 % ’

Remark 3.4. The set of periodic points of ¢ with a period [ is equal to
lim (V},0x,). Here, V; is a subgroup of T™ and dx,; is the restriction of dy
—
k

to Vi, where each 6y, is a map on T” such that ) 57 = liin (T™, &).
k

4. CONCLUSION

The periodic points of an automorphism of a one dimensional solenoid are
described here. There are papers that discuss the number of periodic points or
in general the zeta function of such automorphisms, whereas this paper gives
an explicit description of these points. The paper [12], on the other hand,
describes the sets of periodic points using adeles, but these ideas may not be
useful for higher dimensional solenoids. Here, we have extended this result to
certain automorphisms of higher dimensional solenoids also. Hence, the present
description in terms of inverse limits may be helpful in more general cases.
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