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ABSTRACT

In this paper, we present a new class of cyclic (noncyclic) a-ip and
B~ condensing operators and survey the existence of best proximity
points (pairs) as well as coupled best proximity points (pairs) in the
setting of reflexive Busemann convex spaces. Then an application of
the main existence result to study the existence of an optimal solution
for a system of differential equations is demonstrated.
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1. INTRODUCTION

In the present paper, we mainly focus on the study of best proximity points
for certain classes of mappings T : AU B — AU B for which T(A) C B and
T(B) C A. Such mappings are called cyclic mappings. Likewise, if T(A) C A
and T(B) C B, then T is said to be a noncyclic mapping. For the noncyclic
case, the point (p,q) € Ax B is said to be a best prozimity pair for the mapping
T provided that p and ¢ are two fixed points of 7" which estimates the distance
between two sets A and B, that is, p = T'p, ¢ = T'q and d(p, q) = dist(A4, B).
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The first existence theorem of best proximity points (pairs) was established
in [7] for cyclic (noncyclic) relatively nonexpansive mappings. We recall that
the mapping T': AUB — AUB is called relatively nonexpansive, if d(Tz, Ty) <
d(z,y) for all (z,y) € A x B.

In [11] the main result of [7] was extended from Banach spaces to reflexive
Busemann convex spaces.

Recently Gabeleh and Markin introduced a class of cyclic (noncyclic) con-
densing operators by using a notion of measure of noncompactness and then
studied the existence of best proximity points (pairs) for such mappings in
(strictly convex) Banach spaces (see Theorem 3.4 and Theorem 4.3 of [12]).

Subsequently Gabeleh and Kiinzi generalized the main conclusions of [12]
from two points of view. One by considering a class of cyclic (noncyclic) con-
densing operators of integral type and another one by generalizing (strictly con-
vex) Banach spaces to reflexive Busemann convex spaces (see Theorem 3.9 and
Theorem 3.11 of [13]). We refer to articles [14, 18] in this direction. For more
information about the existence of best proximity points for various classes of
non-self mappings, one can see [17, 20, 21, 22].

In the current article, we introduce two new classes of cyclic (noncyclic)
condensing operators, called o — ¢ and 8 — v condensing operators which are
properly contain the class of cyclic (noncyclic) condensing operators introduced
by Gabeleh and Markin in [12]. We establish the existence of best proximity
points (pairs) for such mappings in the framework of reflexive Busemann convex
spaces and then apply our conclusions to present a coupled best proximity point
theorem by the notion of measure of noncompactness. Finally, the existence
of an optimal solution for a system of second order differential equations by
using the existence result of best proximity points for the considered extension
of cyclic condensing operators is studied.

2. PRELIMINARIES

In this section, we compile the main notions and notations we will work with
along this paper.

2.1. Geodesic spaces. Let (X,d) be a metric space. By B(xg;r) we denote
the closed ball in the space X centered at zg € X with radius r > 0.
Consider A and B two nonempty subsets of X. Define

0, (A) = sup{d(z,y): y € A} for all z € X,
§(A, B) = sup{d,(B) : x € A},
diam(A) = 6(4, A).
Throughout this article, we say that the pair (A, B) satisfies a property if both
A and B satisfy that property. For example, (A, B) is closed if and only if both

A and B are closed. Likewise, (4, B) C (C,D) ifand only if A C C'and B C D.
The prozimal pair of (A, B) is defined as

Ao ={z € A: d(z,y") = dist(4, B) for some y' € B},
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By ={y € B: d(z',y) = dist(A, B) for some 2’ € A}.

Proximal pairs may be empty but, in particular, if A and B are nonempty,
bonded, closed and convex in a reflexive Banach space X, then (Ag, By) is
a nonempty, bounded, closed and convex pair in X. We say that (4, B) is
proziminal provided that A = Ay and B = By.

In this paper we will mainly work with geodesic spaces.
Let z,y € X. A geodesic path from z to y is a mapping ¢ : [0,{]] C R — X
such that ¢(0) = z, ¢(I) =y, and d(c(t),c(t’)) = |t — /| for all ¢,¢' € [0,1]. The
image of the mapping c¢ forms a geodesic segment which joins x and y and will
be denoted by [z, y] whenever it is unique.
(X,d) is said to be a (uniquely) geodesic space if every two points in X can
be joined by a (unique) geodesic path. A point p € X belongs to a geodesic
segment [x,y] if and only if there exists ¢ € [0, 1] such that d(z,p) = td(z,y)
and d(y,p) = (1 — t)d(z,y) and for convenience we write p = (1 — t)z & ty. In
this situation p = ¢(tl), where ¢ : [0,1] — X is a geodesic path from z to y. A
subset E of a geodesic space X is convex if it contains any geodesic segment
joining each two points in E, that is, for any x,y € E we have [z,y] C E.
The (closed) convex hull of a subset E of a geodesic space X is the smallest
(closed) convex set containing the set E which is denoted by con(E) and con(E),
respectively.

Lemma 2.1 ([5]). Let E be a nonempty subset of a geodesic space X. Let G1(E)
denote the union of all geodesic segments with endpoints in E. Recursively, for
n > 2 put G,(E) = G1(Gn-1(E)). Then

con(E) = U Gn(E).

It is remarkable to note that in a Busemann convex space X the closure of
con(FE) is convex and so, coincides with con(A) (see [10]).

A metric d: X x X — R of a uniquely geodesic space (X, d) is called convex
if for any « € X and every geodesic path c: [0,{] = X we have

d(z,c(tl)) < (1 —t)d(z,c(0)) + td(z,c(l)), Vte0,1].
Furthermore, (X, d) is said to be Busemann convez ([6]) if for any two geodesics
¢1:[0,11] = X and ¢z : [0,l3] — X one has
d(Cl (tll), Cg(tlg)) S (1 — t)d(Cl (O), CQ(O)) + td(C1 (ll), Cz(lg)) Vit S [O, 1]
Equivalently, a geodesic metric space (X, d) is convex in the sense of Busemann
if
d((1 -tz @ ty, (1 —t)z ®tw) < (1 —t)d(z,2) + td(y, w),

for all z,y,z,w € X and ¢t € [0,1]. Tt is well-known that Busemann convex
spaces are uniquely geodesic and with convex metric. A very important class
of Busemann convex spaces are CAT(0) spaces, that is, metric spaces of non-

positive curvature in the sense of Gromov (see [5, 6] for a detailed discussion
on CAT(0) spaces).
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In the sequel we say that a geodesic metric space (X,d) is strictly convex
([3]) if for every r > 0, a,z and y € X with d(z,a) <r, d(y,a) <r and z # y,
it is the case that d(a,p) < r, where p € [z,y] — {z,y}. We mention that
Busemann convex spaces are strictly convex with convex metric ([9]).

In the next section we will also work with reflexive geodesic spaces which is
a generalization of the notion of reflexivity from Banach to geodesic spaces. A
geodesic space X is said to be reflezive if for every decreasing chain {C,} C X
with o € I such that C, is nonempty, bounded, closed and convex for all
o € I we have that ﬂ Co # @. It was announced in [8] that a reflexive and

acl
Busemann convex space is complete. The following property of reflexive and

Busemann convex spaces plays an important role in our coming discussions.

Proposition 2.2 ([11, Proposition 3.1]). If (A, B) is a nonempty, closed and
convez pair in a reflexive and Busemann convez space X such that B is bounded,
then (Ao, Bo) is nonempty, bounded, closed and convex.

We are now ready to state a main existence result of [11].

Theorem 2.3 ([11, Theorem 3.3, Theorem 3.4]). Let (A, B) be a nonempty,
compact and convex pair in a Busemann convexr space X. Then every cyclic
(noncyclic) relatively nonexpansive mapping defined on AU B has a best proz-
imity point (pair).

We mention that the proof of Theorem 2.3 is based on the fact that any
compact and convex pair in a geodesic space with convex metric has a geometric
notion, called prozimal normal structure (see Proposition 3.10 of [11]).

To state an extended version of Theorem 2.3 we recall the following concept.

Definition 2.4 ([12]). Let (4, B) be a nonempty and bounded pair in a metric

space (X,d) and T : AUB — AU B be a cyclic (noncyclic) mapping. We say
that T is compact whenever the pair (T'(A),T(B)) is compact.

Theorem 2.5 ([13, Theorem 3.2 and Theorem 3.4]). Let (A, B) be a nonempty,
closed and convex pair in a reflexive and Busemann convex space (X,d) such
that B is bounded and let closed convex hulls of finite sets be compact. Assume
that T : AUB — AUB is a cyclic (noncyclic) relatively nonexpansive mapping.
If T is compact, then T has a best prozimity point (pair).

We finish this section by stating the following auxiliary lemmas.

Lemma 2.6 ([13, Lemma 3.7]). Let (A, B) be a nonempty, closed and convex
pair in a reflexive and Busemann convex space (X,d). Assume that (E, F) C
(A, B) is a nonempty and proziminal pair with dist(E, F) = dist(A, B). Then
the pair (con(E),con(F)) is proximinal with

dist(con(E),con(F)) = dist(A4, B).

Lemma 2.7 ([13, Lemma 3.8]). Let (A, B) be a nonempty, closed and convex
pair in a reflexive and Busemann convex space (X,d) such that B is bounded.

© AGT, UPV, 2022 Appl. Gen. Topol. 23, no. 2 408



Best proximity point (pair) results via MNC in Busemann convex metric spaces

Let T : AUB — AU B be a cyclic relatively nonexpansive mapping. Suppose
Uy := Ag and Vy := By and for all n € N define

Uy = (T (Un_1)), Vi =0T (Va_1)).

Then {(Uapn, Van)} is a descending sequence of nonempty, bounded, closed, con-
vex and proximinal pairs which are T-invariant, that is, T is cyclic on Uy U Vo,
for all n € N. Moreover,

Unt2 € Vi1 CU, C Vo1, dist(Uzn, Van) = dist(A, B), VneN.

2.2. Measure of noncompactness on metric spaces. In this section we
recall some basic notions of measure of noncompactness which will be used in
introducing new classes of condensing operators. Let (X, d) be a metric space.
By ¥ we denote the collection of all bounded subsets of X.

Definition 2.8. A function p: ¥ — [0, 00) is called a measure of noncompact-
ness (MNC for brief) if it satisfies the following conditions:

(1) u(A)=0iff A is relatively compact,

(ii) p(A) = pu(A) for all A € %,

(#9i) (AU B) =max{u(A), u(B)} for all A,B € 3.

We can survey the following useful properties of an MNC, easily;
1) If A C B, then u(A) < u(B),
2) w(ANB) < min{u(A),u(B)} for all A,B €3,
3) If A is a finite set, then u(A) =0,
4) If {A,} is a decreasing sequence of nonempty, bounded and closed subsets
of X such that lim, o u(A,) = 0, then Ay := N,>14, is nonempty and
compact.
In the case that (X,d) is a geodesic metric space, we say u is invariant w.r.t.
the convex hull, whenever

pu(con(A)) = p(A), VAe3.

From now on, we assume that the considered MNC is invariant w.r.t. convex
hulls.

Two well-known MNSs are due to Kuratowski and Hausdorff which are denoted
by a and x, respectively and define as below:

a(A)=inf{e >0 [ AC U] E;: Ej €%, diam(E;) <¢, V1 <j <n<oo},
x(A) =inf{e >0 ACUJ_ 1 B(zj;r;): v;€ X, 7 <¢, V1< j<n<oo},
for all A € ¥ (see [2] for more details).

(
(
(
(

3. BEST PROXIMITY POINTS (PAIRS)

We begin our investigations by recalling the following class of functions which
will be considered as control functions to introduce a new class of cyclic (non-
cyclic) condensing operators.

Let ¥ denote the class of functions ¢ : [0, 00) — [0, 00) such that lim,,_, o, ™ (t) =

0, for every t > 0, where ¥™ denotes n*" iteration of ¢. It is evident that for
every nondecreasing i € ¥, for each t > 0, ¢¥(t) < t.
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Let a: X x X — [0,+00) be a mapping. T : X — X is called a-admissible
([23]) if for every z,y € X, a(z,y) > 1 = o(Tz,Ty) > 1.

3.1. Results for a-y-condensing operator. Let us introduce the following
new class of cyclic (noncyclic) mappings.

Definition 3.1. Let (A, B) be a nonempty and convex pair in a Banach space
X and g an MNC on X. A mapping T': AUB — AU B is said to be a cyclic
(noncyclic) o — ¥-condensing operator if for any nonempty, bounded, closed,
convex, proximinal and T-invariant pair (K7, Ko) C (A, B) with dist(K;, K3) =
dist(A, B) and = € X, we have

oz, Tz)p(T (K1) UT(K2)) < ¢(u(Kr U K»))
where ¢ € ¥ is a nondecreasing function and a: X x X — [0, +00).

Example 3.2. Let X = BC(R,) be a Banach space and conisder A = {z €
BCRy) : ||z|]] < 1} and B = {z € BC(Ry) : ||z|| > 1}. Let us define
T:AUB — AUB as

g, if z € A

2z —2, ifx€ B.

Clearly T is noncyclic mapping. Let K; = A and K5 = B. Then for u(F) =
diam(FE), we have

W(T () UT(K>)) = max{u(T(Ky), (T (Ko))
— max { sup {|[T(t) = Ty(®)| : w(t), y(t) € K1}, sup {|Ta(t) = Ty(t)] : 2(8),y(t) € Kz}}

:max{sup{n"”;“ O () (e) € KLY s {[20(0) — 2~ 20(6) + 2] < 2(0). y(1) € Kz}}

—max { sup {30~ (0)] 5 0 9(0) € K1}, sup {20e(0) ~ w0 200 00) € K} |
=2p(T(K2)) = 2u(K1 U K>)

which shows that T' is not noncyclic condensing mapping. But, T is noncyclic
a-1-condensing, indeed if we define a: X x X — X as

1, if A,
OZ({E7T£E):{ , N xe A

0, otherwise.
Then oz, Ta)u(T (K1) UT(K2)) < ¢(u(Ky U Ky)), where 9(t) = 5,¢ > 0.

Now we are ready to state and prove our first existence result for a best
proximity point.

Theorem 3.3. Let (A, B) be a nonempty, closed and convex pair in a reflexive
and Busemann convex space (X, d) such that B is bounded and let closed convex
hulls of finite sets be compact. Assume that pu is an MNC on X andT : AUB —
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AUB is a cyclic relatively nonexpansive a-admissible a-1p-condensing operator.
Then T has a best proximity point if there exists a point xo in X such that
afzg, Txo) > 1.

Proof. Let us define two sequences:

(i) {(Uzn, Van)} consisting of nonempty, bounded, closed, convex, proximinal
and T-invariant pairs as defined in Lemma 2.7.

(ii) Let ¢y € X and {z,} such that x,, = Tx,_; for every n > 1.

Since a(xg, Tzp) > 1, a-admissibility of T implies that a(zq,22) > 1. Ap-
plying recursion, we get a(x,, z,+1) > 1, for every n > 0.

We note that if for some k € N we have max{u(Usaz), t(Var)} = 0, then T :
Uz UVsp, — Usp, U Vs, is a compact and cyclic relatively nonexpansive mapping
and so the result follows from Theorem 2.5. Assume that max{u(Uay), t(Van)} >
0 for all n € N. Since T is a o — 1-condensing operator,

,u(u2n+1 U V2n+1) < oz(xn, xn+1)/‘(u2n+l U V2n+1)
= a(zp, Ten ) p(con(T (Uzn)) Ucon(T (Vzn)))
< @y, Ty ) (T Uap) UT Var))
< Y(uUan) U p(Van))
< p(Uzp) U p(Van).
Repeating this pattern we get the following inequality

(Uzn 1 U Vang1) < " (u(Uo U Vo)),
which yields us
w(Uop 41 UVapt1) — 0, as n — oo.
That is,
Jim max{p(Uszn), 1(Van)} = 0
Let

o0 o0
Z/loo = ﬂ Z/l2n> & Voo = ﬂ V2n~
n=0 n=0
By the properties of the measure of noncompactness, the pair (Us, Vo) C
(A, B) is nonempty, compact and convex with dist(Uso, Vo) = dist(A, B). On
the other hand, T : Uy U Vs — U U Vs is a cyclic relatively nonexpansive
mapping. Now Theorem 2.3 ensures that T has a best proximity point. (I

We now state the noncyclic version of Theorem 3.3 in order to study the
existence of best proximity pairs.

Theorem 3.4. Let (A, B) be a nonempty, closed and convex pair in a reflexive
and Busemann convex space (X, d) such that B is bounded and let closed convex
hulls of finite sets be compact. Assume that p is an MNC on X andT : AUB —
AU B is a noncyclic relatively nonexpansive a-admissible and a-1p-condensing
operator. Then T admits a best proximity pair if there exists xg € X such that
O[(SL'(),TIL‘(]) 2 1.
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Proof. Consider the sequence of pairs (U, V,,) C (4, B) for n € NU {0} as in
Lemma 2.7. It follows from the proof of Theorem 3.11 of [13] that { (U, Vn)}
is a descending sequence of nonempty, bounded, closed, convex and proximinal
pairs with dist(U,, V,,) = dist(A, B) which are T-invariant. If there exists some
k € N for which max{u(Uy), p(Vi)} = 0, then from Theorem 2.5 the result will
be concluded.

Now let g € X. By a-admissibility of T and «(xg,Tzo) > 1, we get
o(ZTp, Tny1) > 1. Suppose that max{u(Uy,), u(Vy)} > 0 for all n € NU{0}. By
a discussion as in the proof of Theorem 3.3, we can see that lim,, _, . max{u(U,),
p(Vn)} = 0. Now, if we set

Use = ﬁum & Voo = ﬁvn,
n=0

n=0

then (Uso, Vo) is a nonempty, compact and convex pair with dist(Uso, Vo) =
dist(A, B). Hence, the existence of a best proximity pair for the mapping T is
deduced from Theorem 2.3. O

3.2. Results for ($-1-condensing operator. Now we recall the concept of
B-admissibility which is introduced by Rehman et al. in [19], with a slight
modification as follows.

Definition 3.5. Let 3 : 2% — [0,400). A mapping T : X — X is called
B-admissible if for every Mi, My € 2%, we have B(M; U My) > 1 =
Bleon(T (M) UT(Mz))) = 1.

We now introduce a new class of cyclic (noncyclic) operators in the following
definition.

Definition 3.6. Let (A, B) be a nonempty and convex pair in a Banach space
X and g an MNC on X. A mapping T': AUB — AU B is said to be a cyclic
(noncyclic) S-1p-condensing operator if for any nonempty, bounded, closed, con-
vex, proximinal and T-invariant pair (K7, K2) C (A, B) with dist(K4, K3) =
dist(A4, B), we have

BKL U Ko)u(T(K1) UT(K3)) < (u(Ky U K»))
where 1) € ¥ is a nondecreasing function and 3 : 2% — [0, +00).

Example 3.7. Let X = BC(R,) be a Banach space and conisder A = {z €
BCRy) : ||z|]] < 1} and B = {z € BC(R;) : ||z|| > 1}. Let us define
T:AUB — AUB as

T
—, ifz € A;
3 if ©

Tx =
2t — 3, ifzeB.

27
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Clearly T is noncyclic mapping. Let K; = A and Ky = B. Then for u(F) =
diam(E), we have

(T (K1) UT(Ky)) = max{u(T (K1), (T(K2))}

—max { sup { [T (t) = Ty())| : 2(t),y(t) € Ky}, sup {[Ta(t) — Ty()]| - 2(t), y(t) € K2}}

—max {sup (15 = 00 a0, 0) € 83, sup (120000 5 = 2000) + 3115 0l0)0(0) € R} }

1
—max { sup {5 2(6) — (0l + 2(6), () € K3}, sup {20a(t) (1) 2(0) (1) € Kz}}
=2u(T(K2)) = 2u(K1 U K3),
which shows that T is not noncyclic condensing mapping. But, T is noncyclic

B-1p-condensing. Indeed if we define 3 : 2% — [0, +00) as B3(K; UK3) = 1, then

Theorem 3.8. Let (A, B) be a nonempty, closed and convex pair in a reflexive
and Busemann convex space (X, d) such that B is bounded and let closed convex
hulls of finite sets be compact. Assume that p is an MNC on X andT : AUB —
AUB is a cyclic relatively nonexpansive 5-admissible, -1 -condensing operator.
Then T has a best proximity point if there exist nonempty, bounded, closed and
convex Xo,Yy C X such that 3(XoUYy) > 1.

Proof. Let us define sequences:
(i) {(Uzn,Van)} consisting of nonempty, bounded, closed, convex, proximinal
and T-invariant pairs as defined in the Lemma 2.7.

We note that if for some k € N we have max{u(Uar), p(Var)} = 0, then T :
Usr, UVsg, — Usi U Vs is a compact and cyclic relatively nonexpansive mapping
and so the result follows from Theorem 2.5. Assume that max{u(Usy), t(Van)} >
0 for all n € N. Since Uy U Vy) > 1, S-admissibility of T implies that
B(U; UVy) > 1. Applying recursion, we get 3(Uap, UlUa,) > 1, for every n > 0.
Since T is a 8 — 1-condensing operator,

pUany1 U Vant1) < B(Uszn Ulap ) pt(Uszn 1 U Vapg1)
= B(Uzp Ul ) p(con(T'(Uzn)) UTon(T (Van)))
< B(Uzn Ul ) (T (Uzp) UT (Van))

Repeating this pattern we get the following inequality

pUont1 U Vani1) < ™ (u(lo UMo)),
which yields us
p(Uzpt1 UVapy1) — 0, as n — oo.
That is,
nh_)n;o max{p(Uzn), t(Van)} = 0.
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Let - -
Use = [ Uzn: & Voo =[] Van-
n=0

n=0
By the properties of the measure of noncompactness, the pair (Us, Vo) C
(A, B) is nonempty, compact and convex with dist(Use, Vo) = dist(A, B). On
the other hand, T : Uy U Vs — U U Vs is a cyclic relatively nonexpansive
mapping. Now Theorem 2.3 ensures that T has a best proximity point. ]

We now state the noncyclic version of Theorem 3.8 in order to study the
existence of best proximity pairs.

Theorem 3.9. Let (A, B) be a nonempty, closed and convex pair in a reflexive
and Busemann convex space (X, d) such that B is bounded and let closed convex
hulls of finite sets be compact. Assume that p is an MNC on X andT : AUB —
AU B is a noncyclic relatively nonexpansive B-admissible and 8 —1p-condensing
operator. Then T admits a best proximity pair if there exist nonempty, bounded,
closed and conver Xo,Yy C X such that B(XoUYy) > 1.

Proof. Consider the sequence of pairs (U, V,,) C (4, B) for n € NU {0} as in
Lemma 2.7. It follows from the proof of Theorem 3.11 of [13] that {(U,,V,)}
is a descending sequence of nonempty, bounded, closed, convex and proximinal
pairs with dist(U,,, V,,) = dist(A, B) which are T-invariant. If there exists some
k € N for which max{pu(Uy), u(Vx)} = 0, then from Theorem 2.5 the result will
be concluded.
Now by S-admissibility of T and 8(Uo, Vo) > 1, we get 3(Un, Vy) > 1. Suppose
that

max{uUy,), n(Vn)} >0, Vn e NU{0}.
By a discussion as in the proof of Theorem 3.8, we can see that lim,, o max{u(i,),
#(Vn)} = 0. Now, if we set

[ee] (oo}

Use = [ Un, & Voo =) Va,
n=0 n=0

then (Uso, Vo) is a nonempty, compact and convex pair with dist(Uso, Voo ) =

dist(A, B). Hence, the existence of a best proximity pair for the mapping 7T is

deduced from Theorem 2.3. ([

4. COUPLED BEST PROXIMITY POINT RESULTS

In this section, we study the existence of coupled best proximity points in
the setting of Busemann convex spaces. To this end, we recall the following
concepts which first appeared in the Ph.D Thesis of the first author ([15]).

Let (A, B) be a nonempty pair in a metric space (X,d) and S : (A x A) U
(BxB) — AUB be a cyclic mapping, that is, S(AxA) C B and S(BxB) C A.
A point (u,v) € (Ax A)U (B x B) is called a coupled best proximity point for
the mapping S provided that

d(u, S(u,v)) = d(v, S(v,u)) = dist(A4, B).
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We also need the following lemma.

Lemma 4.1 ([1]). Suppose that p1, pz, - - , iy are measures of noncompactness
on the metric spaces X1, Xo, -+, Xy, respectively. Moreover, assume that the
function © : [0,00)™ — [0,00) is convex and O(r1,x2, - ,x,) = 0 if and only
ifr; =0 forallj=1,2,--- ,n. Then

'U’(E) = @(Ml(E1)7/J'2(E2)a e ,,U/n(En))7
defines a measure of noncompactness on X1 x Xo X --- x X,,, where E; denotes

the natural projection of E into E; for j =1,2,--- n.

The next lemma was given in [16]. For the convenience of the reader, we
include a proof of this fact.

Lemma 4.2 (see [16, Lemma 4.2)). Let (A, B) be a nonempty pair in a metric
space (X, d). Consider the product space X x X with the metric

doo ((x1,51), (w2,2)) = max{d(z1,x2),d(y1,y2)}, V(x1,91), (v2,92) € X x X.
Then the pair (A, B) is proziminal in X if and only if (A x A,B x B) is
proximinal in X x X.

Proof. Note that dist(A x A, B x B) = dist(A, B). In fact, for any (a,a’) €
Ax A, (bV) € B x B we have

diSt(A x A, B x B) = inf doo((a,a’), (b, b/))
((ava/)v(bvb/))e(AXA)X(BXB)
= inf max{d(a,b),d(a’,b")}
((a,a"),(b,b")) €(Ax A)x (Bx B)
= dist(A, B).

Suppose (A, B) is proximinal and (a,a’) € A x A, then we can find b,V € B
such that d(a,b) = d(a’,b') = dist(A, B). Thus for an element (b,b’) € B x
B we have d ((a,d), (b,V')) = dist(A, B)( = dist(A x A, B x B)), that is,
(A x A)g = A x A. By a similar manner, (B X B)g = B x B and so the pair
((AxA),(BxB)) is proximinal in X x X. Now assume that ((Ax A), (B x B))
is proximinal and a € A, then (a,a) € A x A and so there exists a point
(b,b') € B x B for which d((a,a),(b,V')) = dist(4, B) which deduces that
d(a,b) = d(a,b’) = dist(A, B), that is, Ag = A. Equivalently, By = B which
implies that (A, B) is proximinal and this completes the proof of lemma. O

We now state our first coupled best proximity point result.

Theorem 4.3. Let (A, B) be a nonempty, closed and convex pair in a reflexive
and Busemann convex space (X, d) such that B is bounded and let closed convex
hulls of finite sets be compact. Assume that p is an MNC on X and S :
(Ax A)U(B x B) = AUB is a cyclic mapping satisfying following conditions.
(i) Let (K1,K3) C (A, B) and (K}, K}) C (A, B) be nonempty, bounded,
closed, convezx, proziminal and S-invariant pairs with dist(K7, K2) =
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dist(A, B) = dist(K}, K}), v : X% x X2 — [0, +00) such that for any
(x1,91) € X x X we have

H

Y(@1,1), (22, y2) ) n((S(Ey < K])US (Ko x K3))) < oo (max{ (K1 UKY), p(KaUK))}),

¥
where ¥ € ¥ is nondecreasing.
(i) For all (z,y), (u,v) € X x X and v((z,y),

v)) 2
v((S(2,), S(y, x)), (S(u,v), S(v, )) > 1.
(iii) Moreover, d(S(x1,22),S(y1,v2)) < dOO(($17yl>7 (ch,yz)), V(z1,22) €

AXA, V(yl,yg) € Bx B.
(iv) Furthermore, there exists (zo,yo) € X x X such that

v ((z0,50), (S(z0,y0), S(yo, z0))) > 1,

1 we have

’Y((y()va)» (S(yOer)v S(x()vy()))) 2 1.

Then S admits a coupled best proximity point.

Proof. Set ji(E) := max{u(Eh), 1(E>)}, where E; denotes the natural projec-
tion of F into E; for j = 1,2. Thus by Lemma 4.1 z is an MNC on X x X.
Let T: (Ax A)U(B x B) = (A x A) U (B x B) defined by

T(u,v) = (S(u,v),S(v,u)), V(u,v) € (AxA)U(Bx B).

Note that if (u,v) € Ax A, then by the fact that S is cyclic, (S(u,v), S(v,u)) €
B x B, that is, T(Ax A) C B x B. Equivalently, T (B x B) C A x A. Therefore,
T is cyclic on (A x A)U (B x B).

Besides, for any ((x1,22), (y1,¥2)) € (A x A) x (B x B) we have

deo (T(fﬂla@)aT(ylayz)) = doo((s(fl,@)a S(xZaxl))a (S(yhyQ)aS(yQ’yl)))
= max{d(S(z1,22), S(y1,92)),d(S (2, 21), S(y2,91)) }

< max{deo ((x1,1), (22, 12)), doo (22, y2), d(21,31)) }
:dw((x17x2)7(y1;y2))'

Hence, T is relatively nonexpansive.
Let us now define o : X2 x X2 — [0, +00) as follows:

a((z1,y1), (z2,92)) = min{y((x1,y1), (v2,y2)), Y((y1, 21), (Y2, T2)) }-

By our hypothesis (ii), it is clear that whenever a((z1,v1), (z2,y2)) > 1, we

have

a(T(x1,y1), T (z2,y2)) > 1, which shows that T is a-admissible. Also by hy-
pothesis (iv) it is clear that there exists (zg, yo) € X x X such that a((zo, yo), (Yo, o)) >
1.
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Moreover, we have
a((z1,y1), (w2, 92)) (T (K1 x K1) UT (K x K3))
= a((x1,y1), (22, y2)) max{f(T (K1 x K7)), (T (K2 x K3))}

)
= a((z1,11), (22,y2)) max{(S(K; x K1) x S(K7 x Kl)) A(S(K2 x Kj) x S(Kj x K»))}
= a((z1,11), (22,y2)) max { max{p(S(K; x K1)), u(S(K{ x Ky))},
max{p(S(Kz x K3)), u(S(Kj x K2))}}
= o(1,51), (w2, 52)) max { max{u(S(K1 x K1), p(S(Kz x K3))},
max{p(S(K] x K1)), u(S(Kj x K2))}}

= a((z1,41), (w2, y2)) max { u(S (K1 x K{) U S(K2 x K3)), n(S(K7 x K1) US(K) x Ks))}
< al(z1,y1), (22, 92)) [(S(K1 x K7) US(K2 x K3)) + u(S(K] x K1) US(Kj x Ka))]
¥ (max{u(Ky U K7), p(K2 U K3)}) + %Tﬁ(maX{M(K{ U K1), u(K3 U K3)}) by hypothesis(i)
(max{p(K1 UKY), (K2 U Kj)})
= o (max { masc{ju(K ), p(K1)}, max{p(K2), p(K3)}})
= ¢(maX{ﬁ(K1 x K1), (K2 x Ké)}) = P (f((Ky x K1) U (K x K3))).

This implies that T is a a-y-condensing operator. Now, Theorem 3.3 ensures
that T has a best proximity point, called (p,q) € (A x A) U (B x B). That is,

dist(A, B) = doo ((p, ), T(p. q)) = do ((p, @), (S(p, q), S(q,D)))

= max{d(p, S(p, q)), d(q, S(q,p))}-
Thus (p, q) is a coupled best proximity point of S. O

IN

o
1
2
=3P(m

Theorem 4.4. Let (A, B) be a nonempty, closed and convex pair in a reflexive
and Busemann convex space (X, d) such that B is bounded and let closed convex
hulls of finite sets be compact. Assume that p is an MNC on X and S :
(Ax A)U(B x B) = AUB is a cyclic mapping satisfying following conditions.
(i) For all nonempty, bounded, closed, conver, proximinal and S-invariant
pairs (K1,K3) C (A, B) and (K, K}) C (A, B) with dist(K;, Ka) =
dist(A, B) = dist(K1, K3) and v : 2X*X — [0, +00) such that

A K)u((S(Ry < KDUS (o x K3))) < b (mas{(K)UKY), p(KoURS)}),

where ¥ € VU is nondecreasing.
(ii) For any (U, V) € X x X and v(U,V) > 1 we have
y(eon(S(U x V) x S(V x U))) >1
(iii) Moreover, d(S(x1,x2), S(y1,¥2)) < doo((x1,91), (x2,92)), V(x1,22) €
A x A, V(yl,yg) € Bx B,

(iv) Furthermore, there exists closed and conver Xo,Yy C X such that
7((Xo x ¥p))) > 1 and v(Yy x Xo) > 1
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Then S admits a coupled best proximity point.

Proof. Let us set (E) := max{u(E1), u(E2)}, where E; denotes the natural
projection of F into E; for j = 1,2. Thus by Lemma 4.1 g is an MNC on
X x X. Then following proof of Theorem 4.3 it is easy to show T is cyclic on
(Ax A)U (B x B) and T is relatively nonexpansive.

Let us now define 3 : 2X*X — [0, +00) as follows:

ﬁ(El X EQ) = mln{'y(El X EQ),’}/(EQ X El)}

By our hypothesis (i7), it is clear that whenever S(E; x E3) > 1, we have

B(con(T(Ey x Es))) > 1, which shows that T is S-admissible. Also by hypoth-
esis (iv) it is clear that there exist Xo, Yy C X such that 8(Xy x Yy) > 1.
Moreover, we have

B(K: x K)ii(T(Ky x K1) UT(Ks x K}))
= B(K) x Ko) max{(T(K, x K})), A(T(Ks x b))}
= B(K, % Ka) max{ji(S(K, x K1) x S(K| x K1), i(S(Kz x Kb) x S(Kb x Ky))}
= B(K1 x Ky)max { max{p(S(K x K1)), u(S(K] x K1))},
max{p(S(Kz x K3)), u(S(K3 x K2))}}

= B(K; x K3) max{max{u(S(Kl X Ki)),u(S(Kg X Ké))},
max{u(S(K, x K1), m(S(KS x 1))}

= B(K1 x Ko)max {u(S(K1 x K1) US(Ka x K3)), u(S(Kj x K1) US(Kj x K2))}

< B(Ky x Fo) [p(S(K1 x K1) US(K2 x K3)) + pu(S(K7 x K1) US(Kj x Ka))]

< %d) max{p(K1 U K1), u(Ko U K3)}) + %¢(max{u(K{ U K1), u(K3 U K3)}) by hypothesis(i)
= ¢ (max{u(K1 U K1), u(Ka2 U K3)})

= o (max { masc{ju(K ), p(K)}, max{p(K2), p(K3)}H)

= ¢ (max {ﬁ(Kl x K1), (Ko x K;)}) = (K x K}) U (K x K3))).

This implies that T is a S-i-condensing operator. Now, Theorem 3.8 ensures
that T has a best proximity point, called (p,q) € (A x A) U (B x B). Thus
(p, q) is a coupled best proximity point of S.

O

Remark 4.5. Tt is remarkable to note that by a classical theorem due to S.
Mazur, the convex hull of a compact set in a Banach space is again relatively
compact. But this fact may not be true in geodesic metric spaces in general (see
[4] for more information about the geodesic spaces which satisfies the Mazur’s
theorem). Therefore, we should consider the compactness assumption of closed
convex hulls of finite sets in our main existence theorems.
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Remark 4.6. It is worth noticing that the class of reflexive and Busemann
convex spaces contains the class of reflexive and strictly convex Banach spaces
as a subclass. For example consider X = R? with radial metric defined with

P (x17y1),(x2,yz)); if (0,0),(x1,y1), (x2,y2) are colinear,
p((#1,91),0,0)) + p((3,2),(0,0));  otherwise,

where p denotes the usual Euclidean metric on R2. Then (X, d) is a complete R-
tree and so is a reflexive and Busemann convex space (see [8] for more details).
Note that the radial metric does not induced with any norm.

d((x1,y1)7 (xg,yQ)) -

5. APPLICATION

This section is dedicated to prove a result which shows the existence of
optimum solutions of a system of second order differential equation with two
initial conditions.

Let 7,v € RY, Z = [0,7] and (E,|.||) be a Banach space. Let By =
B(ag,v), B2 = B(Bo,7) where ag,By € E. We consider the following sys-
tem of second order differential equation with two initial conditions

m”(s) = f(svx(s))v l‘(O) = (o, J,‘,(O) = Qq,

(5.1)

y (s)=g(s,9(s)), y(0) = Bo, y (0) = B,

where, f : Z x By = R, g : Z X By — R are continuous functions such that
If(s,2)|| < Ax, [lg(s,9)]| < A2, s € T and aq, 31 € E. Twice integrating (5.1)

and usage of initial conditions yields us

x(s) = ao + [y (a1 + (s =) f(r,x(r))dr,
(5.2)
y(s) = Bo + fos(ﬂl + (s = r)g(r,z(r))dr.
It is clear that the systems (5.1) and (5.2) are equivalent to each other. Let

J CZI,8=C(J,E) be a Banach space of continuous mappings from J into
FE endowed with supremum norm and consider

§$=0C(T,B1)={x:J > Br:xeS8, z(0) =, 2/(0) =a1},

82 = C(j7BZ) = {y : \7 — BZ BN TS 87 y(O) = 50; y/(O) = ﬁl}
So, (81,82) is NBCC pair in S. Now, for every x € & and every y € Sa, we
have

|z -yl = sup [2(s) = y(s)] = [l — Bol-
So, dist(S1,82) = ||ao — Bol|- Let us define operator T : S; US; — S as follows:
Bo + fOS (51 + (s — r)g(r,x(r)))dr, x €S8y,
Tx(s) =
Qo + fos <a1 + (s — r)f(r,x(r)))dr, z €Ss.
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It is clear that T is cyclic operator. It is known that w € &1 U s is an
optimum solution of the system (5.2) if ||w — Tw|| = dist(S; U Sq) is satisfied.
Equivalently, w is the best proximity point of the operator T'. Before proving
the existence of an optimum solution of system (5.2) we recall an extension
of the mean values theorem for integrals, which is presented according to our
notations.

Theorem 5.1 ([12]). ForZ,J, B, Bs, f and g as given in the discussion above
with s € J we have

ap + /05(041 + (s =7)f(r,z(r)))dr € ag + s con({ay + (s — 7) f(r,z(r)) : v € [0,5]})
and
ot /os(ﬁl + (s = )g(ra(r))dr € fo + s @on({f1 + (s = r)g(r,a(r)) : 7 € [0, 5]}).

The following theorem shows the existence of optimum solutions for the
system (5.1).

Theorem 5.2. Let u be an arbitrary MNC on S, 7(tAs+ [|51]]) < v, 7(7A1 +
las|]) < v and 7 < 1. The system (5.1) has an optimal solution if the following
condition holds true:

(1) For any bounded pair (K1, K3) C (B, Bs), there is a nondecreasing
function ¢ € ¥ such that

P % K2 Ugl(T % Ka)) < L (a(N U Na)),

(2) For each z € §; and for all y € Sy,

lg(r,z(r)) = f(ry(r)l < s%(ll%(?“) =yl = 1Po — aoll + |51 — culls).

Proof. As the system (5.1) and (5.2) are equivalent to each other, in order to
show (5.1) has an optimal solution it is sufficient to show (5.2) has an optimal
solution. From the above discussion it is clear that the operator T is cyclic.
Our first task is to show that T'(S;) is a bounded and equicontinuous subset of
S,. For each xz € Sy,

el = o+ [ (81 + (s — P)gr.x(r))dr]
<loll + | 18+ (s — g 2(r) ldr

< |1Boll + 7(|[B1]l + TA2)
<|Boll + -
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Thus T'(S1) is bounded. Now for s,s" € J and z € Sy,

’

I72s) = 7ol = | [ 61+ (s = rigtratonar = [ (51t (s = g atryar

g‘ / "84+ (s = gl 2(e) |

<(rAz +[1B1l) lls = 5"l
<M|s — §'|, where M = 7As + || 31|,

which means that 7'(S;) is equicontinuous. By a similar argument 7T'(Ss)
is a bounded and equicontinuous subset of S;. Thus an application of the
Arzela-Ascoli theorem concludes that (S1,Ss) is relatively compact.

Now our aim is to show that T is a relatively nonexpansive cyclic B-1-
condensing operator. For each (z,y) € S x Sy with the help of assumption
(2), we have

IT(s) — Ty(s)]
:] Bo + / (B1 + (5 — g, 2(r))dr — [ao + / (o + (s — ) f(r, 2(r))dr]
<118 — aoll + H [ 61— a0 + s = Datrn(r) — siratr)ar

<[[6o = aoll + 181 = eull s +

S/OS (g(r,m(r)) — f(r,x(r))dr

<[1Bo — aoll + 1181 — eall s + (lz(s) = y(s)ll = 1Bo — ol = [[Br — aall 5)
=[lz(s) = y(s)I

This means that T is relatively nonexpansive. In order to show that T is
cyclic a-1)-condensing, suppose that the pair (K, K3) C (81,82) is NBCC,
proximinal, T-invariant and dist(K, K3) = dist(S1,S2)(= |lao — Bol|). Now
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using Theorem 5.1 and assumption (1) we have
u(T (K1) UT(K3)) = max{u(T(K1)), n(T(K2))}

maX{jgg{/L({Tx(S) cx € Ki})}, sup {u({Ty(s) : y € K2}) }

seJ

}
—max {sup { ({60 + [ (61 + (s = nigratrar o € £
sup {u({ao+/05(oz1+(s—r)f(r,x( D)dr -z € Ky} }}

seJ

—mac{ sup ({0 + om((51+ (5~ Natra) 7 € 0.5},

seJ

sup {u({an-+ (o + (s =) v € 0.5)) )

seJ

=max {u({ﬁo +s (51 +m({g(r,x(r)) ire [075]})})’
lfon+s (o + ({7 a(r) < 0.51))

<max {s,u({g(J X Kl)})wgﬂ({f(j X KZ)})}

KUK
=su({f(J x K1) Ug(T x K2)}) < SM'
Thus we get
T (K1 UT(K>))) < ¢(u(K1 UKs).
Furthermore, we define the function 3 : 2¥ — [0, +-00) as follows: S(K;UK3) =
1. The latter implies that

B(K1 U K2)u(T(K1 UT(Kz))) < ¢(p(K1 U Ka)).

Thus necessary requirements of Theorem 3.4 are satisfied. So the operator T
has a best proximity point and hence the system (5.1) has an optimal solution.
O

Remark 5.3. We know that, the Banach space C(J, X) in Theorem 5.2 is not
reflexive and the reflexivity condition in Theorem 3.4 is essential. In fact,
the reflexivity condition in Theorem 3.4 was used to prove that the proximal
pair (Ag, Bo) is nonempty. But in Theorem 5.2 the proximal pair (S1,S2) is
nonempty, automatically because of the fact that (ag,8y) € S1 X Sa.

As an application of Theorem 5.2, we conclude the following existence result
of a solution for a system of second order differential equations satisfying the
same two initial conditions.

Corollary 5.4. Under the notations defined above in this section and the as-
sumptions of Theorem 5.2 if ag = By = xg and oy = P1 = x1 , then the
system
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has a solution.

6. CONCLUSIONS

This work elicited some best proximity point (pair) theorems for cyclic (non-
cyclic) (a— ) and (8 — ) condensing operators in the framework of reflexive
Busemann convex spaces and by considering an appropriate measure of non-
compactness. As an application of the main existence result of best proximity
points, we survey the existence of an optimal solution for a system of differential
equations.
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