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ABSTRACT

This paper explores the duality between ideals of the ring B1(X) of all
real valued Baire one functions on a topological space X and typical
families of zero sets, called Zp-filters, on X. As a natural outcome
of this study, it is observed that Bi(X) is a Gelfand ring but non-
Noetherian in general. Introducing fixed and free maximal ideals in
the context of B1(X), complete descriptions of the fixed maximal ideals
of both B1(X) and Bi(X) are obtained. Though free maximal ideals
of B1(X) and those of B (X) do not show any relationship in general,
their counterparts, i.e., the fixed maximal ideals obey natural relations.
It is proved here that for a perfectly normal T} space X, free maximal
ideals of B1(X) are determined by a typical class of Baire one functions.
In the concluding part of this paper, we study residue class ring of
B1(X) modulo an ideal, with special emphasize on real and hyper real
maximal ideals of B1(X).
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1. INTRODUCTION

In [1], we have introduced the ring of Baire one functions defined on any topo-
logical space X and have denoted it by Bi(X). It has been observed that
B (X) is a commutative lattice ordered ring with unity containing the ring
C(X) of continuous functions as a subring. The collection of bounded Baire
one functions, denoted by Bj(X), is a commutative subring and sublattice of
Bi1(X). Certainly, Bf (X)NC(X) = C*(X).

In this paper, we study the ideals, in particular, the maximal ideals of B;(X)
(and also of By (X)). There is a nice interplay between the ideals of By (X) and
a typical family of zero sets (which we call a Zp-filter) of the underlying space
X. As anatural consequence of this duality of ideals of By (X) and Zp-filters on
X, we obtain that By (X) is Gelfand and in general, B;(X) is non-Noetherian.

Introducing the idea of fixed and free ideals in our context, we have char-
acterized the fixed maximal ideals of B1(X) and also those of B} (X). We have
shown that although fixed maximal ideals of the rings B;(X) and B} (X) obey
a natural relationship, the free maximal ideals fail to do so. However, for a
perfectly normal T} space X, free maximal ideals of B;(X) are determined by
a typical class of Baire one functions.

In the last section of this paper, we have discussed residue class ring of B;(X)
modulo an ideal and introduced real and hyper-real maximal ideals in By (X).

2. Zp-FILTERS ON X AND IDEALS IN B (X)

Definition 2.1. A nonempty subcollection .% of Z(B1(X)) ([1]) is said to be
a Zp-filter on X, if it satisfies the following conditions:

(1) o¢.7

(2) ifZl,ZQ € f, then Z1 N Z5 € F

(3) if Z € .F and Z' € Z(B1(X)) is such that Z C Z', then Z' € #.

Clearly, a Zp-filter % on X has finite intersection property. Conversely, if a

subcollection 8 C Z(B1(X)) possesses finite intersection property, then % can

be extended to a Zp-filter .#(A) on X, given by F(B) = {Z € Z(B1(X)):
n

there exists a finite subfamily {Bj, Ba, ..., By} of 8 with Z 2 [\ B;}. Indeed
i=1

K2

this is the smallest Zp-filter on X containing .

Definition 2.2. A Zpg-filter % on X is called a Zg-ultrafilter on X, if there
does not exist any Zp-filter .# on X, such that % G 7.

Example 2.3. Let Ag={Z € Z(B1(R)) : 0 € Z}. Then Ay is a Zp-ultrafilter
on R.

Applying Zorn’s lemma one can show that, every Zp-filter on X can be ex-
tended to a Zpg-ultrafilter. Therefore, a family % of Z(B1(X)) with finite
intersection property can be extended to a Zg-ultrafilter on X.
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Remark 2.4. A Zp-ultrafilter % on X is a subfamily of Z(B;(X)) which is
maximal with respect to having finite intersection property. Conversely, if
a family # of Z(B1(X)) has finite intersection property and maximal with
respect to having this property, then % is a Zg-ultrafilter on X.

In what follow, by an ideal I of By (X) we always mean a proper ideal.

Theorem 2.5. If I is an ideal in B1(X), then Zg[I| = {Z(f): f € I} is a
Zp-filter on X.

Proof. Since I is a proper ideal in By(X), we claim @ ¢ Zg[I]. If possible
let @ € Zg[I]. So, @ = Z(f), for some f € I. As f € I = f? €1 and
Z(f?) = Z(f) = @, hence 5 € Bi(X) [1]. This is a contradiction to the fact
that, I is a proper ideal and contains no unit.

Let Z(f), Z(g) € Zp[I], for some f,g € I. Our claim is Z(f) N Z(g) € Zp[I].
Z(f)NZ(g) = Z(f* + ¢*) € Zg[I], as I is an ideal and so, f2 + g% € I.
Now assume that Z(f) € Zg[I] and Z' € Z(B1(X)) is such that Z(f) C Z'.
Then we can write Z' = Z(h), for some h € B1(X). Z(f) CZ' = Z(h)
Z(h)U Z(f). So, Z(h) = Z(hf) € Zp[I], because hf € I. Hence, Zp[I] is
Z g-filter on X.

Theorem 2.6. Let F be a Zp-filter on X. Then Z5'[F] = {f € B1(X) :
Z(f) e F} is an ideal in B1(X).

Proof. We note that, @ ¢ .#. So the constant function 1 ¢ Z5'[#]. Hence
Z5'[.F] is a proper subset of By (X).

Choose f,g € Z5'[#]. Then Z(f), Z(g) € F and F being a Zp-filter Z(f) N
Z(g) € . Now Z(f)NZ(g) C Z(f — g). Hence Z(f — g) € #, F being a
Zp-filter on X. This implies f — g € Z5'[.Z].

For f € Z5'[#) and h € By(X), Z(f-h) = Z(f) U Z(R). As Z(f) € F and F
is a Zp-filter on X, it follows that Z(f.h) € .Z. Hence f.h € Z5'[F].

Thus Z5'[Z] is an ideal of By (X). 0

We may define amap Z : B1(X) — Z(B1(X)) given by f +— Z(f). Certainly, Z
is a surjection. In view of the above results, such Z induces a map Zg between
the collection of all ideals of B1(X), say .#5 and the collection of all Zp-filters
on X, say #p(X),ie., Zp: I — Fp(X) givenby Zg(I) = Zg[I],VI € Ip.
The map Zp is also a surjective map because for any F € F5(X), Z5'[F] is
an ideal in By (X). We also note that Zz[Z5'[#]] = Z. So each Zp-filter on
X is the image of some ideal in B;(X) under the map Zp : I — Zp(X).

Oe |

Observation. The map Zp : 5 — Fp(X) is not injective in general. Be-
cause, for any ideal I in By(X), Z5'[Zg[I]] is an ideal in B;(X), such that
IC Z;l[ZB[I]] and by our previous result ZB[ZEL[ZB[I]]] = Zgl[I]. If one
gets an ideal J in B;(X) such that I C J C Zz'[Zp[I]], then we must have
ZglI] = Zp[J]. The following example shows that such an ideal is indeed pos-
sible to exist. In fact, in the following example, we get countably many ideals
I,, in B1(R) such that the images of all the ideals are same under the map Zp.
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Example 2.7. Let fp : R — R be defined as,

% ifng,wherepGZqGNand g.cd. (p,q) =1
folx) =491 ifz=0
0  otherwise

It is well known that fo € B1(R) (see [2]). Con81der the ideal I in 31 (X) gener-
ated by fo, i.e., I = (fo). We claim that fo ¢ I. If possible, let fo € I. Then
there exists g € B1(R), such that f0 = gfo. When x = 5’ where p € Z,q € N

and g.c.d (p,q) =1, g(z) = ¢%. We show that such g does not exist in By (R).
Let o be any irrational number in R. We show that ¢ is not continuous at «,
no matter how we define g(a). Suppose g(«) = 3. There exists a sequence of
rational numbers {#2}, such that {£=} converges to o and py, € Z,qn € N
with g.c.d (pm,qm) =1,V m € N. If g is continuous at « then {g( =)} con-

verges to g(a), which implies that qm converges to 5. But ¢, € N, so {qm}
must be eventually constant. Suppose there exists ng € N such that ¥V m > ny,
¢m 18 either ¢ or —c or ¢, oscillates between ¢ and —c, for some natural num-
ber ¢, i.e., {#=} converges to o or —a or oscillates. In any case, {%} cannot
converges to a. Hence we get a contradiction. So, ¢ is not continuous at any
irrational point. It is well known that, if, f € B;(X,Y), where X is a Baire
space, Y is a metric space and B;(X,Y") stands for the collection of all Baire
one functions from X to Y then the set of points where f is continuous is dense
in X [4]. Therefore, the set of points of R where g is continuous is dense in R
and is a subset of Q. Hence it is a countable dense subset of R (Since R is a
Baire space). But using Baire’s category theorem it can be shown that, there
exists no function f : R — R, which is continuous precisely on a countable
dense subset of R. So, we arrive at a contradiction and no such g exists. Hence

1

fo ¢ 1. ) )

Observe that, Z(fo) = Z(f3) and I C Zz'|Zp[I]]. Again, f§ ¢ I but
1

f¢ € Zg'Zp[I], which implies I S Z5'([Zp[I]]. By an earlier result Zp[I] =

Zg|Z5'Zp[I))], proving that the map Zp : £ — Fp(X) is not injective

when X =R.

=

Observation: (fy) <f)%) Analogously, it can be shown that (fy) C <f0%> -

1 1
(f&)y € ... € (fg™™) € ... is a strictly increasing chain of proper ideals in

=

B;(R). Hence By (R) is not a Noetherian ring.

Theorem 2.8. If M is a mazimal ideal in By(X) then Zg[M] is a Zp-
ultrafilter on X.

Proof. By Theorem 2.5, Zg[M] is a Zp-filter on X. Let %# be a Zpg-filter
on X such that, Zg[M] C #. Then M C Z3'(Zg[M]| C Z5'|F]. Z5' 7]
being a proper ideal and M being a maximal ideal, we have Zg [ﬁ] =M =
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ZpIM| = Zp|Z5'[F]] = F. Hence every Zp-filter that contains Zp[M] must
be equal to Zg[M]. This shows Zg[M] is a Zp-ultrafilter on X. O

Theorem 2.9. If % is a Zp-ultrafilter on X then Z5' (%] is a mazimal ideal

Proof. By Theorem 2.6, we have Z;'[%] is a proper ideal in By(X). Let I
be a proper ideal in B;(X) such that Z5'[%] C I. It is enough to show that
Z' ) = 1. Now Z5' %) C 1 = Zp|Zz' %)) C Zp|l] = % < Zgp[I).
Since % is a Zp-ultrafilter on X, we have % = Zpl[l] = Zz'|%] =
Z'Zp[I] 2 1. Hence Z5' %) =1 O

Remark 2.10. Each Zpg-ultrafilter on X is the image of a maximal ideal in
B1(X) under the map Zg.

Let M(B1(X)) be the collection of all maximal ideals in By (X) and Qp(X) be
the collection of all Zg-ultrafilters on X. If we restrict the map Zpg to the class
M(B1(X)), then it is clear that the map Zp : M(B1(X)) = Qp(X)

M(B1(X))
is a surjective map. Further, this restriction map is a bijection, as seen below.

Theorem 2.11. The map Zp : M(B1(X)) = Qp(X) is a bijection.

M(B1(X))

Proof. 1t is enough to check that Zp

: M(B1(X)) = Qp(X) is in-
M(B1(X))
jective. Let M; and My be two members in M (B1(X)) such that Zg[M;] =
ZpMy) = Zj'[Zg[Mi]] = Z5'[Zg[Mi]]. But My C Zz'(Zp[M;]] and
M, C ZEI[ZB[MQH. By maximality of M; and My we have, M; = ZEI[ZB[Ml]}
= Z5'[Zp[Ma]] = M. O

Definition 2.12. An ideal I in By(X) is called a Zp-ideal if Z5'[Zp[I]] = I,
ie,VfeBi(X), fel < Z(f) € Zg[1].
Since ZB[Z]}l[ﬁB]] = I3, Zgl[ﬂg] is a Zp-ideal for any Zpg-filter %5 on X.
If T is any ideal in By (X), then, Z5'[Zp[I]] is the smallest Zp-ideal containing
1. Tt is easy to observe
(1) Every maximal ideal in B;(X) is a Zp ideal.
(2) The intersection of arbitrary family of Zp-ideals in By (X) is always a
Z p-ideal.
(3) The map Zp : I — Zp(X) is a bijection, where #p denotes
B
the collection of all Zp-filters on X.

Example 2.13. Let I = {f € Bi(R) : f(1) = f(2) = 0}. Then I is a Zp ideal
in By(R) which is not maximal, as I C M; = {f € By(R) : f(1) = 0}. The
ideal I is not a prime ideal, as the functions x — 1 and = — 2 do not belong to
I, but their product belongs to I. Also no proper ideal of I is prime. More
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generally, for any subset S of R, Is = {f € B1(R) : f(S) =0} is a Zp-ideal in
Bi(R).

It is well known that in a commutative ring R with unity, the intersection of
all prime ideals of R containing an ideal [ is called the radical of I and it is
denoted by v/I. For any ideal I, the radical of I is given by {a € R : a™ € I, for
some n € N} ([3]) and in general I C v/I. For if I = /T, I is called a radical
ideal.

Theorem 2.14. A Zg-ideal I in B1(X) is a radical ideal.

Proof. VI = {f € By(X) : 3 n € N such that f* € I} = {f € Bi(X) :
such that Z(f™) € Zp[I] for some n € N} (As I is a Zp-ideal in B;(X) )
={feBi(X): Z(f)e Zpll] } ={f € B1(X): f eI} =1 Solisaradical
ideal in B (X). O

Corollary 2.15. Every Zp-ideal I in B1(X) is the intersection of all prime
ideals in B1(X) which contains I.

Next theorem establishes some equivalent conditions on the relationship among
Z p-ideals and prime ideals of B;(X).

Theorem 2.16. For a Zg-ideal I in B1(X) the following conditions are equiv-

alent:
(1) I is a prime ideal of B1(X).
(2) I contains a prime ideal of B1(X).

(3) if fg=0, then either f €l orgel.

(4) Given f € By(X) there exists Z € Zg[I], such that f does not change
its sign on Z.

Proof. (1) = (2) and (2) = (3) are immediate.

(3) = (4): Let (3) be true. Choose f € B1(X). Then (fV0).(f A0)=0. So
by (3), fv0eIlor fAO€I. Hence Z(fV0) e Zg[I] or Z(f NO) € Zg[I]. Tt
is clear that f <0 on Z(f A0) and f >0 on Z(f V0).

(4) = (1): Let (4) be true. To show that I is prime. Let g,h € B1(X) be
such that gh € I. By (4) there exists Z € Zg[I], such that |g| — |h] > 0 on
Z (say). It is clear that, Z N Z(g) C Z(h). Consequently Z N Z(gh) C Z(h).
Since Zg[lI] is a Zp-filter on X it follows that Z(h) € Zg[I]. So h € I, since
I is a Zp-ideal. Hence, I is prime. (I

Theorem 2.17. In Bi(X), every prime ideal P can be extended to a unique
mazimal ideal.

Proof. If possible let P be contained in two distinct maximal ideals M; and
Ms. So, P C M; N Ms. Since maximal ideals in By (X) are Zp-ideals and
intersection of any number of Zp-ideals is Zp-ideal, My} N M5 is a Zp-ideal
containing the prime ideal P. By Theorem 2.16, M; N M, is a prime ideal. But
in a commutative ring with unity, for two ideals I and J, if, I ¢ J and J ¢ I,
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then I N J is not a prime ideal. Thus M; N M5 is not prime ideal and we get
a contradiction. So, every prime ideal can be extended to a unique maximal
ideal. (]

Corollary 2.18. By(X) is a Gelfand ring for any topological space X .

Definition 2.19. A Zp-filter 5 on X is called a prime Zpg-filter on X, if,
for any 71,75 € Z(B1(X)) with Zy U Zy € Zp either Z; € g or Zy € Fp.

The next two theorems are analogous to Theorem 2.12 in [3] and therefore, we
state them without proof.

Theorem 2.20. If I is a prime ideal in B1(X), then Zp[I| ={Z(f): f € I'}
is a prime Zpg-filter on X.

Theorem 2.21. If Fp is a prime Zp-filter on X then Z5'|Fp] = {f €
Bi(X): Z(f) € #g} is a prime ideal in By (X).

Corollary 2.22. FEvery prime Zg-filter can be extended to a unique Zg-ultrafilter
on X.

Corollary 2.23. A Zp-ultrafilter % on X is a prime Zg-filter on X, as
U = Zp[M], for some mazimal ideal M in B1(X).

3. FIXED IDEALS AND FREE IDEALS IN Bj(X)

In this section, we introduce fixed and free ideals of B;(X) and Bj(X) and
completely characterize the fixed maximal ideals of B1(X) as well as those
of Bf(X). It is observed here that a natural relationship exists between fixed
maximal ideals of B (X) and the fixed maximal ideals of By (X). However, free
maximal ideals do not behave the same. In the last part of this section, we find
a class of Baire one functions defined on a perfectly normal T space X which
precisely determines the fixed and free maximal ideals of the corresponding
ring.

Definition 3.1. A proper ideal I of B;(X) (respectively, Bi(X)) is called
fixed if N Z[I] # @. If I is not fixed then it is called free.

For any Tychonoff space X, the fixed maximal ideals of the ring By (X) and
those of Bf(X) are characterized.

Theorem 3.2. {M\p :p € X} is a complete list of fized mazimal ideals in
By (X), where M, = {f € Bi(X) : f(p) = 0}. Moreover, p#q = M, # M,.
Proof. Choose p € X. The map ¥, : B1(X) — R, defined by U,(f) = f(p) is
clearly a ring homomorphism. Since the constant functions are in By (X), ¥,
is surjective and ker ¥, = {f € B1(X) : U,,(f) =0} = {f € Bi(X) : f(p) =
0} = M, (say). .

By First isomorphism theorem of rings we get By (X)/M, is isomorphic to the
field R. By(X)/M, being a field we conclude that M, is a maximal ideal in
By (X). Since p € () Zp[M], the ideal M, is a fixed ideal.
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For any Tychonoff space X, we know that p # ¢ = M, # M,, where
M, = {f € C(X) : f(p) = 0} is the fixed maximal ideal in C(X). Since
]\//E, NC(X) = M,, it follows that for any Tychonoff space X, p # ¢ = J\//fp #*
i

Let M be any fixed maximal ideal in By (X). There exists p € X such that for

all f € M, f(p) =0. Therefore, M C ]\/4\1, Since M is a maximal ideal and ]Tfp
is a proper ideal, we get M = M,,. O

Theorem 3.3. {J/\/[\; :p € X} is a complete list of fivred mazimal ideals in
B (X), where J/W\; ={f € Bf(X) : f(p) = 0}. Moreover, p # ¢ = M\; #
M;.

Proof. Similar to the proof of Theorem 3.2. O

The following two theorems show the interrelations between fixed ideals of
B;(X) and Bf(X).

Theorem 3.4. If I is any fized ideal of B1(X) then I N B} (X) is a fized ideal
of Bf(X).

Proof. Straightforward. O

Lemma 3.5. Given any f € B1(X), there exists a positive unit u of B1(X)
such that uf € Bf(X).

Proof. Consider u = SR Clearly u is a positive unit in B;(X) [1] and
uf € Bf(X) as |uf| < 1. O

Theorem 3.6. Let an ideal I in B1(X) be such that IN B} (X) is a fized ideal
of Bf(X). Then I is a fixed ideal of B1(X).

Proof. For each f € I, there exists a positive unit uy of B1(X) such that

usf € INBf(X). Therefore, ( Z(f) = () Z(usf) 2 N Z(g) £+ @.
fer fer geB (X)NT

Hence I is fixed in By(X). O

Since for any discrete space X, C(X) = B1(X) and C*(X) = B(X), consid-
ering the example 4.7 of [3], we can conclude the following:

(1) For any maximal ideal M of By (X), MNB;(X) need not be a maximal
ideal in By (X).

(2) All free maximal ideals in B7(X) need not be of the form M N Bf(X),
where M is a maximal ideal in B;(X).

Theorem 3.7. If X is a perfectly normal Ty space then for each p € X,

Xp : X — R given by
1 ifx=p
Xp(33):{

0 otherwise.

is a Baire one function.
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Proof. For any open set U of R,

X if0,1€U
gy JX M) f0eU b1 gU
P {p} if0¢Ubut1 €U

2 i0¢ U but 1¢ U.

Since X is a perfectly normal space, the open set X \ {p} is a F, set. Hence in
any case Xp pulls back an open set to a F, set. So X, is a Baire one function

[5]. O

In view of Theorem 3.7 we obtain the following facts about any perfectly normal
T} space.

Observation 3.8. If M is a maximal ideal of By(X) where X is a perfectly
normal T} space then

(1) For each p € X either x, € M or x, —1 € M.
This follows from x,(xp —1) =0 € M and M is prime.

(2) If xp —1 € M then x, € M for all ¢ # p.
For if x, — 1 € M for some ¢ # p then Z(x, — 1), Z(xq — 1) € Zp[M].
This implies @ = Z(xp, — 1) N Z(xq — 1) € Zp[M] which contradicts
that Zg[M] is a Zpg-ultrafilter.

(3) M is fixed if and only if x, — 1 € M for some p € X.
If M is fixed then M = ]\/4\1, for some p € X and therefore, x, —1 € M.
Conversely let x, —1 € M for some p € X. Then {p} = Z(x, — 1) €
Zp[M] shows that M is fixed.

(4) M is free if and only if M contains {x, : p € X}.
Follows from Observation (3).

The following theorem ensures the existence of free maximal ideals in B;(X)
where X is any infinite perfectly normal T3 space.

Theorem 3.9. For a perfectly normal Ty space X, the following statements
are equivalent:

(1) X is finite.

(2) Every mazimal ideal in B1(X) is fized.

(3) Ewery ideal in By(X) is fized.

Proof. (1) = (2): Since a finite T} space is discrete, C(X) = B;(X) = X&.
X Dbeing finite, it is compact and therefore all the maximal ideals of C(X)
(= Bi(X)) are fixed.

(2) = (3): Proof obvious.

(3) = (1): Suppose X is infinite. We shall show that there exists a free
(proper) ideal in By (X).

Consider I = {f € B1(X) : X \ Z(f) is finite} (Here finite includes @).

Of course I # &, as 0 € I. Since X is infinite, 1 ¢ I and so, I is proper.

We show that, I is an ideal in Bi(X). Let f,g € I. Then X \ Z(f) and
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X\ Z(g) are both finite. Now X\ Z(f —¢g) C X\ Z(f) U X \ Z(g) implies
that X \ Z(f — g) is finite. Hence f —g € I. Similarly, X \ Z(f.9) € X \ Z(f)
for any f € I and g € By(X). So, X\ Z(f.g) is finite and hence f.g € I.
Therefore, I is an ideal in By (X). We claim that [ is free.
For any p € X, consider x, : X — R given by

xpm{l e

0 otherwise.

Using Theorem 3.7, X, is a Baire one function. Also, X'\ Z(x,) = X \ (X \ {p})
{p} = {p} = finite and x,(p) # 0. Hence, I is free. O

4. RESIDUE CLASS RING OF Bj(X) MODULO IDEALS

An ideal I in a partially ordered ring A is called convex if for all a,b,c € A
witha <b<cand c,a € I = b€ I. Equivalently, for all a,b € A,0<a <b
andbel = a€l.

If A is a lattice ordered ring then an ideal I of A is called absolutely convex
ifforalla,be A, Ja] <|plandbe]l = a€l.

Example 4.1. If ¢t : B1(X) — B1(Y) is a ring homomorphism, then kert is
an absolutely convex ideal.

Proof. Let g € kert and |f| < |g|, where f € B1(X). g € kert = t(g) =
0 = t(|g]) = |t(g)] = 0. Since any ring homomorphism ¢ : B1(X) — B1(Y)
preserves the order, t(|f]) = 0 = [t(f)| =0 = ¢t(f) =0

kert. ]

Let I be an ideal in By(X). In what follows we shall denote any member of
the quotient ring By (X)/I by I(f) for f € B1(X). i.e., I(f) = f + 1. Now we
begin with two well known theorems.

Theorem 4.2 ([3]). Let I be an ideal in a partially ordered ring A. The
corresponding quotient ring A/I is a partially ordered ring if and only if I is
convex, where the partial order is given by I(a) > 0 iff 3 x € A such that x >
0 and a = z( mod I).

Theorem 4.3 ([3]). On a convez ideal I in a lattice-ordered ring A the follow-
ing conditions are equivalent.

(1) T is absolutely convex.
(2) x €1 implies |z| € I.
(3) z,y €I impliesxVye€l
(4) I(aVvb) =1(a)V I(b), whence A/I is a lattice ordered ring.
(5) Vae€ A, I(a) >0 iff I(a) = I(|al]).
Remark 4.4. For an absolutely convex ideal I of A, I(|a]) = I(aV —a) =
I(a)VI(—a)=|I(a)|,V a€ A

Theorem 4.5. Every Zg-ideal in B1(X) is absolutely convez.
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Proof. Suppose I is any Zp-ideal and |f| < |g|, where g € I and f € By (X).
Then Z(g) C Z(f). Since g € I, it follows that Z(g) € Zp[I], hence Z(f) €
ZglI]. Now I being a Zp-ideal, f € I. O

Corollary 4.6. In particular every mazimal ideal in B1(X) is absolutely con-
vex.

Theorem 4.7. For every mazimal ideal M in B1(X), the quotient ring B1(X)/M
s a lattice ordered field.

Proof. Proof is immediate. |

The following theorem is a characterization of the non-negative elements in the
lattice ordered ring B1(X)/I, where I is a Zp-ideal.

Theorem 4.8. Let I be a Zp-ideal in B1(X). For f € B1(X), I(f) >0 if
and only if there exists Z € Zg[I| such that f >0 on Z.

Proof. Let I(f) > 0. By condition (5) of Theorem 4.3, we write I(f) = I(|f]).
So, f—|fl € T — Z(f — |f]) € Zs[1) and f >0 on Z(f - |]).

Conversely, let f > 0 on some Z € Zg[I]. Then f = |flon Z = Z C
Z(f = |fl) = Z(f —|fl) € Zp[I]. I being a Zp-ideal we get f — |f| € I,
which means I(f) = I(|f]). But |f| > 0 on Z gives I(|f|) > 0. Hence,
I(f) > 0. O

Theorem 4.9. Let I be any Zp-ideal and f € B1(X). If there exists Z € Zp[I|
such that f(x) > 0, for all x € Z, then I(f) > 0.

Proof. By Theorem 4.8, I(f) > 0. But ZNZ(f) = @ and Z € Zp[l] =
Z() ¢ Zpll] = f¢1 = I(f) #0 = I(f) > 0. .

The next theorem shows that the converse of the above theorem holds if the
ideal is a maximal ideal in B;(X).

Theorem 4.10. Let M be any mazimal ideal in B1(X) and M(f) > 0 for
some f € B1(X) then there exists Z € Zg[M] such that f >0 on Z.

Proof. By Theorem 4.8, there exists Z; € Zg[M] such that f > 0 on Z;. Now
M(f) >0 = f ¢ M which implies that there exists g € M, such that
Z(f) N Z(g) = @. Choosing Z = Zy N Z(g), we observe Z € Zp[M] and
f(z) >0, for all z € Z. O

Corollary 4.11. For a mazimal ideal M of B1(X) and for some f € B1(X),
M(f) > 0 if and only if there exists Z € Zg[M] such that f(x) >0 on Z.

Now we show Theorem 4.10 doesn’t hold for every non-maximal ideal .

Theorem 4.12. Suppose I is any non-mazimal Zp-ideal in B1(X). There
exists f € Bi1(X) such that I(f) > 0 but f is not strictly positive on any
Z € Zp[I].
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Proof. Since I is non-maximal, there exists a proper ideal J of Bj(X) such
that I S J. Choose f € J\I. f>¢ 1 = I(f*)>0. Choose any Z € Zg|I].
Certainly, Z € Zp[J] and so, ZNZ(f?) € Zp[J] = ZNZ(f?)# @. So f is
not strictly positive on the whole of Z. (I

In what follows, we characterize the ideals I in B;(X) for which B;(X)/I is a
totally ordered ring.

Theorem 4.13. Let I be a Zp-ideal in B1(X), then the lattice ordered ring
B1(X)/I is totally ordered ring if and only if I is a prime ideal.

Proof. B1(X)/I is a totally ordered ring if and only if for any f € B;(X),
I(f) > 0or I(—f) <0if and only if for all f € B1(X), there exists Z € Zp[I]
such that f does not change its sign on Z if and only if I is a prime ideal (by
Theorem 2.16). O

Corollary 4.14. For every maximal ideal M in B1(X), B1(X)/M is a totally
ordered field.

Theorem 4.15. Let M be a mazimal ideal in B1(X). The function & : R —
B1(X)/M (respectively, ® : R — Bf(X)/M) defined by ®(r) = M(r), for
all r € R, where r denotes the constant function with value r, is an order
preserving monomorphism.

Proof. Tt is clear from the definitions of addition and multiplication of the
residue class ring By (X)/M that the function is a homomorphism.

To show ¢ is injective. Let M (r) = M(s) for some r, s € R with r # s. Then
r —s € M. This contradicts to the fact that M is a proper ideal. Hence
M(r) # M(s), when r # s.

Let r,s € R with r > s. Then r — s > 0. The function r — s is strictly positive
on X. Since X € Z(By1(X)), by Theorem 4.9, M(r —s) >0 = M(r) >
M(s) = ®(r) > ®(s). Thus ® is an order preserving monomorphism. O

For a maximal ideal M in B;(X), the residue class field By (X)/M (respectively
B} (X)/M) can be considered as an extension of the field R.

Definition 4.16. The maximal ideal M of B;(X) (respectively, Bf (X)) is
called real if ®(R) = By (X)/M (respectively, ®(R) = Bf(X)/M) and in such
case B1(X)/M is called real residue class field. If M is not real then it is called
hyper-real and B;(X)/M is called hyper-real residue class field.

Definition 4.17 ([3]). A totally ordered field F' is called archimedean if
given « € F, there exists n € N such that n > «. If F' is not archimedean then
it is called non-archimedean.

If F is a non-archimedean ordered field then there exists some o € F such
that a > n, for all n € N. Such an « is called an infinitely large element of
F and é is called infinitely small element of F' which is characterized by the
relation 0 < é < %, Vv n € N. The existence of an infinitely large (equivalently,
infinitely small) element in F' assures that F' is non-archimedean.
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In the context of archimedean field, the following is an important theorem
available in the literature.

Theorem 4.18 ([3]). A totally ordered field is archimedean iff it is isomorphic
to a subfield of the ordered field R .

We thus get that the real residue class field By (X)/M is archimedean if M is
a real maximal ideal of B (X).

Theorem 4.19. FEvery hyper-real residue class field B1(X)/M is non-archimedean.

Proof. Proof follows from the fact that the identity is the only non-zero homo-
morphism on the ring R into itself. O

Corollary 4.20. A mazimal ideal M of B1(X) is hyper-real if and only if there
exists [ € B1(X) such that M(f) is an infinitely large member of B1(X)/M.

Theorem 4.21. Each mazimal ideal M in B} (X) is real.

Proof. It is equivalent to show that Bj(X)/M is archimedean. Choose f €
Bi(X). Then |f(z)| < n, for all z € X and for some n € N. ie., |[M(f)| =
M(|f]) < M(n). So there does not exist any infinitely large member in
B (X)/M and hence B (X)/M is archimedean. O

Corollary 4.22. If X is a topological space such that B1(X) = Bj(X) then
each mazximal ideal in By (X) is real.

The following theorem shows how an unbounded Baire one function f on X is
related to an infinitely large member of the residue class field By (X)/M.

Theorem 4.23. Given a mazimal ideal M of B1(X) and f € Bi(X), the
following statements are equivalent:

(1) |M(f)] is infinitely large member in By(X)/M.

(2) f is unbounded on each zero set in Zg[M].

(3) forallneN, Z, ={zx e X :|f(z)| >n} € Zp[M].

Proof. (1) < (2): |[M(f)] is not infinitely large in By (X)/M if and only if
I n € N such that, |M(f)| = M(|f]) < M(n) if and only if |f| < n on some
Z € Zg[M] if and only if f is bounded on some Z € Zg[M].

(2) = (3): Choose n € N, we shall show that Z, € Zg[M]. By (2),
Z, intersects each member in Zg[M]. Now Zp[M] being a Zpg-ultrafilter,
Z, € Zp[M).

(3) = (2): Let each Z, € Zg[M], for all n € N. Then for each n € N,
|f] > n on some zero set in Zg[M]. Hence |M(f)| = M(|f]) > M(n), for all
n € N. That means |M(f)| is infinitely large member in B (X)/M. O

Theorem 4.24. f € B;(X) is unbounded on X if and only if there exists a
mazimal ideal M in B1(X) such that M (f) is infinitely large in B1(X)/M.

Proof. Let f be unbounded on X. So, each Z,, in Theorem 4.23 is non-empty.
We observe that {Z, : n € N} is a subcollection of Z(B1(X)) having finite
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intersection property. So there exists a Zg-ultrafilter % on X such that {Z,, :
n € N} C % . Therefore, there is a maximal ideal M in B;(X) for which
U = Zg|M] and so, Z,, € Zg[M], for all n € N. By Theorem 4.23 M(f) is
infinitely large.

Converse part is a consequence of (1) = (2) of Theorem 4.23. O

Corollary 4.25. If a completely Hausdorff space X is not totally disconnected
then there exists a hyper-real mazimal ideal M in By(X).

Proof. Tt is enough to prove that there exists an unbounded Baire one func-
tion in By (X). We know that if a completely Hausdorff space is not totally
disconnected, then there always exists an unbounded Baire one function [1]. O

In the next theorem we characterize the real maximal ideals of By (X).

Theorem 4.26. For the mazimal ideal M of B1(X) the following statements
are equivalent:

(1) M is a real mazimal ideal.
(2) Zg[M] is closed under countable intersection.
(3) Zp[M] has countable intersection property.

Proof. (1) = (2): Assume that (2) is false, i.e., there exists a sequence of
functions {f,} in M for which " Z(fn) ¢ Zg[M]. Set f(z) = 3 (|fu(z)| A

n=1 n=1

4%), Vr € X. It is clear that, the function f defined on X is actually a
o0

Baire one function ([1]) and Z(f) = (| Z(f»). Thus, Z(f) ¢ Zg[M]. Hence
=1

FEM — M(f)>0in Bi(X)/M.
Fix a natural number m. Then Z(fl)ﬂZ(]:Z)ﬂZ(fg)...ﬂZ(fm) = Z(say)

€ Zp[M]. Now forany pointz € Z, f(z) = > ([fa(@)|Ag) < X &=
n=m-+1 n=m+1

3714=™_  This shows that, 0 < M(f) < M(3714=™),V m € N. Hence M(f) is
an infinitely small member in By (X)/M. So, M becomes a hyper-real maximal
ideal and then (1) is false.

(2) = (3): Trivial, as @ ¢ Zp[M].

(3) = (1): Assume that (1) is false, i.e. M is hyper-real. So, there exists
f € B1(X) so that |M(f)]| is infinitely large in B;(X)/M. Therefore for each
n € N, Z,, defined in Theorem 4.23, belongs to Zg[M]. Since R is archimedean,

we have (| Z, = @. Thus (3) is false. O
n=1

So far we have seen that for any topological space X, all fixed maximal ideals

of B1(X) are real. Though the converse is not assured in general, we show in

the next example that in By (R) a maximal ideal is real if and only if it is fixed.

Example 4.27. Suppose M is any real maximal ideal in By (R). We claim
that M is fixed. The identity ¢ : R — R belongs to By (R). Since M is a real
maximal ideal, there exists a real number r such that M (i) = M(r). This
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implies ¢ —r € M. Hence Z(i —r) € Zg[M]. But Z(i — r) is a singleton. So,
Zp[M] is fixed, i.e., M is fixed.

In view of Observation 3.8(3), we conclude that a maximal ideal M in B;(R)
is real if and only if there exists a unique p € R such that x, —1 € M.

If X is a P-space then C(X) possesses real free maximal ideals. In such case
however, B;(X) = C(X). Consequently, B1(X) possesses real free maximal
ideals, when X is a P-space. It is still a natural question, what are the topo-
logical spaces X for which By (X) (2 C(X)) contains a free real maximal ideal?
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