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ABSTRACT

The main purpose of this paper is to introduce a viscosity-type proximal
point algorithm, comprising of a nonexpansive mapping and a finite
sum of resolvent operators associated with monotone bifunctions. A
strong convergence of the proposed algorithm to a common solution of
a finite family of equilibrium problems and fixed point problem for a
nonexpansive mapping is established in a Hadamard space. We further
applied our results to solve some optimization problems in Hadamard
spaces.
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1. INTRODUCTION

Optimization theory is one of the most flourishing areas of research in math-
ematics that has received a lot of attention in recent time. One of the most
important problems in optimization theory is the Equilibrium Problem (EP)
since it includes many other optimization and mathematical problems as special
cases; namely, minimization problems, variational inequality problems, comple-
mentarity problems, fixed point problems, convex feasibility problems, among
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others (see Section 4, for details). Thus, EPs are of central importance in opti-
mization theory as well as in nonlinear and convex analysis. Given a nonempty

set C and f:C x C' — R, the EP is defined as follows:
(1.1) Find 2* € C' such that f(z*,y) >0, VyeC.

The point z* for which (1.1) is satisfied is called an equilibrium point of f.
Throughout this paper, we shall denote the solution set of problem (1.1) by
EP(f, C). EPs have been widely studied in Hilbert, Banach and topological
vector spaces by many authors (see [5, 10, 16, 28]), as well as in Hadamard
manifolds (see [9, 26]). One of the most popular and effective method used for
solving problem (1.1) and other related optimization problems is the Proximal
Point Algorithm (PPA) which was introduced in Hilbert space by Martinet [25]
in 1970 and was further extensively studied in the same space by Rockafellar [30]
in 1976. The PPA and its generalizations have also been studied extensively in
Banach spaces and Hadamard manifolds (see [9, 14, 22, 28] and the references
therein).

Recently, researchers are beginning to extend the study of the PPA and its gen-
eralizations to Hadamard spaces. For instance, Ba¢dk [2] studied the following
PPA for finding minimizers of proper convex and lower semicontinuous func-
tionals in Hadamard spaces: Let X be a Hadamard space, then for arbitrary
point z1 € X, define the sequence {x, } iteratively by

(12) Tp41 = prOX;an (In)a

where p,, > 0 for allm > 1, and proxlfi : X — X is the Moreau-Yosida resolvent
of a proper convex and lower semicontinuous functional f defined by

(1.3) proxﬁ(x) = argvmei)r% (f(v) + id%u,x)) .

Bacdk [2] proved that (1.2) A-convergence to a minimizer of f. In 2016, Su-
paratulatorn et al [33] extended the results of Bacdk [2] by proposing the follow-
ing Halpern-type PPA for approximating a minimizer of a proper convex and
lower semicontinuous functional which is also a fixed point of a nonexpansive
mapping in Hadamard spaces:

u, 1 € X,

(1.4) Yn = proxfn (zn),
Tnt1 = QB (1 — )Ty n > 1,

where {a,,} C (0,1) and gy, > A > 0. They obtained a strong convergence
result under some mild conditions. The PPA was also studied by Khatibzadeh
and Ranjbar in [19] for finding zeroes of monotone operators and in [20] for solv-
ing variational inequality problems in Hadamard spaces. Based on the results of
Suparatulatorn et al [33], Khatibzadeh and Ranjbar [19], Okeke and Izuchukwu
[27] studied the Halpern-type PPA and obtained a strong convergence results
for finding a minimizer of a proper convex and lower semicontinuous functional
which is also a zero of a monotone operator and a fixed point of a nonexpansive
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mapping. For more recent important results on PPA in Hadamard spaces and
other general metric spaces, see [1, 17, 36] and the references therein.

Very recently, Kumam and Chaipunya [22] studied EP (1.1) in Hadamard
spaces. First, they established the existence of an equilibrium point of a bi-
function satisfying some convexity, continuity and coercivity assumptions, and
they also established some fundamental properties of the resolvent of the bi-
function. Furthermore, they studied the PPA for finding an equilibrium point
of a monotone bifunction in a Hadamard space. More precisely, they proved
the following theorem.

Theorem 1.1. Let C' be a nonempty closed and convex subset of a Hadamard
space X and f: C x C — R be monotone, A-upper semicontinuous in the first
variable such that D(J{) D C for all A > 0 (where D(J{) means the domain of
J{) Suppose that EP(C, ) # @ and for an initial guess xo € C, the sequence
{zn} C C is generated by

Ty = J{n (xp—1), n €N,

where {\n} is a sequence of positive real numbers bounded away from 0. Then,
{zn} A-converges to an element of EP(C, f).

Motivated by the above results of Kumam and Chaipunya [22], we study some
other important properties of the resolvent of monotone bifunctions. We then
introduce a viscosity-type PPA comprising of a nonexpansive mapping and a
finite sum of resolvent operators associated with these bifunctions. We prove
that the sequence generated by our proposed algorithm converges strongly to a
common solution of a finite family of equilibrium problems which is also a fixed
point of a nonexpansive mapping. Furthermore, we applied our results to solve
some optimization problems in Hadamard spaces. Our results serve as a con-
tinuation of the work of Kumam and Chaipunya [22]. They also extend related
results from Hilbert spaces and Hadamard manifolds to Hadamard spaces, and
they complement some recent important results in Hadamard spaces.

2. PRELIMINARIES

In this section, we recall some basic and useful results that will be needed
in establishing our main results. We categorize our study into brief-detailed
subsections.

2.1. Geometry of Hadamard spaces.

Definition 2.1. Let (X, d) be a metric space, 2,y € X and I = [0,d(z,y)] be
an interval. A curve ¢ (or simply a geodesic path) joining z to y is an isometry
¢: I — X such that ¢(0) = z, c(d(z,y)) = y and d(c(t),c(t') = |t — t'| for all
t,t’ € I. The image of a geodesic path is called the geodesic segment, which is
denoted by [z, y] whenever it is unique.

Definition 2.2 ([13]). A metric space (X, d) is called a geodesic space if every
two points of X are joined by a geodesic, and X is said to be uniquely geodesic
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if every two points of X are joined by exactly one geodesic. A subset C' of X
is said to be convex if C' includes every geodesic segments joining two of its
points. Let z,y € X and t € [0, 1], we write tz & (1 — )y for the unique point
z in the geodesic segment joining from x to y such that

(2.1) d(z,z) = (1 —t)d(z,y) and d(z,y) = td(x,y).

A geodesic triangle A(z1, z2,23) in a geodesic metric space (X, d) consists of
three vertices (points in X') with unparameterized geodesic segment between
each pair of vertices. For any geodesic triangle there is comparison (Alexan-
drov) triangle A C R? such that d(z;, ;) = dg2(;,7;) for 4,7 € {1,2,3}. Let
A be a geodesic triangle in X and A be a comparison triangle for A, then A
is said to satisfy the CAT(0) inequality if for all points 2,y € A and Z,7 € A,

(2.2) d(z,y) < dg2(Z, 7).

Let z,y, z be points in X and yo be the midpoint of the segment [y, z], then
the CAT(0) inequality implies

1 1 1
(23) (o) < 5 (,y) + 3d(w,2) - 7y, 2).

Inequality (2.3) is known as the CN inequality of Bruhat and Titis [7].

Definition 2.3. A geodesic space X is said to be a CAT(0) space if all geodesic
triangles satisfy the CAT(0) inequality. Equivalently, X is called a CAT(0)
space if and only if it satisfies the CN inequality.

CAT(0) spaces are examples of uniquely geodesic spaces and complete CAT(0)
spaces are called Hadamard spaces.

Definition 2.4 ([4]). Let X be a CAT(0) space. Denote the pair (a,b) € X x X

by ab and call it a vector. Then, a mapping (.,.) : (X x X) x (X x X) => R
defined by

1
(@b, ed) = 5 (@ (a.d) + B (b,0) = d*(a,¢) = d*(b,d)) Va,b,e,d e X
is called a quasilinearization mapping.

It is easily to check that %, %) = d?*(a,b), @,3@ = —@,E@, @,3@ =
(@, cd) + (eb,cd) and (ab,cd) = (cd,ab) for all a,b,c,d,e € X. A geo-
desic space X is said to satisfy the Cauchy-Swartz inequality if @,3@ <
d(a,b)d(c,d) Ya,b,c,d € X. It has been established in [4] that a geodesically
connected metric space is a CAT(0) space if and only if it satisfies the Cauchy-
Schwartz inequality. Examples of CAT(0) spaces includes: Euclidean spaces
R™, Hilbert spaces, simply connected Riemannian manifolds of nonpositive sec-
tional curvature [29], R-trees, Hilbert ball [15], among others.

Lemma 2.5 (see [23, Lemma 7]). Let X be a uniformly convex hyperbolic space
with modulus of uniform convexity n. For any ¢ >0, € € (0,2], A € [0,1] and
v,x,y € X, we have that d(z,v) < ¢,d(y,v) < ¢ and d(z,y) > ec imply that

d((1 =Nz & Ay, v) < (1 =21 = N)n(c,e))e.
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If X is a CAT(0) space, then X is uniformly convex with modulus of uniform

convezity 1(c, €) := % (see [23, Proposition 8]).

We end this subsection with the following important lemmas which character-
izes CAT(0) spaces.

Lemma 2.6. Let X be a CAT(0) space, x,y,z € X and t,s € [0,1]. Then
(i) dtz ® (1 —t)y, z) < td(x,z) + (1 — t)d(y, z) (see[l3]).

(i) ?2(]15):17 & (1 —t)y,z) <td*(z,2) + (1 — t)d*(y, z) — t(1 — t)d*(z,y) (see
13)).

(it)) d?(tx® (1 —t)y, z) < t2d?(x, 2) + (1 —t)2d?(y, 2) + 2t (1 — t) (T2, J2) (see
[1]).

(iv) dtw® (1 — )z, ty ® (1 —t)2) < td(w,y) + (1 — t)d(x, 2) (see [6]).

(v) z=tx® (1 —t)y implies (27, z0) < t(x7), z%), ¥V we X (see [11]).

(vi) dtz ® (1 —t)y, sz ® (1 — s)y) < |t — s|d(x,y) (see [8]).

Lemma 2.7 ([37]). Let X be a CAT(0) space. For anyt € [0,1] and u,v € X,
let uy = tu ® (1 — t)v. Then, for all z,y € X,

(i, ugl) < t(wt, ) + (1 — (0, wrg);
(2) () < t <7 ) + (1—t)<ﬁ,@> and
(e, 0g) < t(ut, 0f) + (1 - t)(0F, 7).
Lemma 2.8 ([35]). Let X be a C’AT(O) space, {x;,i =1,2,...,.N} C X and
e[0,1], i=1,2,...,N such that ZZ Lo; = 1. Then,

3 )

d(@aixz, ) <ZozZ i, z2), Vz € X.
i=1

Remark 2.9 (see also [35]). For a CAT(0) space X, if {x;,i =1,2,...,N} C X,
and «; € [0,1], ¢ =1,2,..., N. Then by induction, we can write

N N-1 o

3
i DaNTN.
—ay

2.2. The notion of A-convergence.

Definition 2.10. Let {z,} be a bounded sequence in a geodesic metric space
X. Then, the asymptotic center A({z,}) of {x,} is defined by
A({zn}) = {v € X : limsupd(v, z,) = mf hmsup d(v,zp).

It is generally known that in a Hadamard space, A({x,}) consists of exactly
one point. A sequence {x,} in X is said to be A-convergent to a point o € X if
A({zn, }) = {0} for every subsequence {x,, } of {z,}. In this case, we write A-
lim x,, = ¥ (see [12]). The concept of A-convergence in metric spaces was first
n—oo

introduced and studied by Lim [24]. Kirk and Panyanak [21] later introduced
and studied this concept in CAT(0) spaces, and proved that it is very similar
to the weak convergence in Banach space setting.

The following lemma is very important as regards to A-convergence.
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Lemma 2.11 ([13]). Every bounded sequence in a Hadamard space always have
a AN—convergent subsequence.

2.3. Existence of solution of equilibrium problems and resolvent op-
erators.

Theorem 2.12 ([22, Theorem 4.1]). Let C be a nonempty closed and convex
subset of a Hadamard space X and f: C x C — R be a bifunction satisfying
the following:

(A1) f(z,z) >0 for each x € C,

(A2) for every x € C, the set {y € C': f(x,y) < 0} is convex,

(A3) for every y € C, the function x — f(x,y) is upper semicontinuous,

(A4) there exists a compact subset L C C' containing a point yo € L such
that f(z,y0) < 0 whenever x € C\L.

Then, problem (1.1) has a solution.

In [22], the authors introduce the resolvent of the bifunction f associated with
the EP (1.1). They defined a perturbed bifunction fz : C x C = R (Z € X) of

f by
(2.5) fz(z,y) == f(z,9) x:v .z, Vx,y € C.

The perturbed bifunction f has a unique equilibrium called the resolvent op-
erator J/ : X — 2¢ of the bifunction f (see [22]), defined by

(2.6) Jf(x):=EP(C,[,) ={2€C: f(z,y)— (z£,20) >0, ye C}, z € X.

It was established in [22] that J/ is well defined.
We now recall the following definitions which will be needed in what follows.

Definition 2.13. Let X be a CAT(0) space. A point z € X is called a fixed
point of a nonlinear mapping T : X — X, if Tx = x. We denote the set of
fixed points of T' by F(T'). The mapping T is said to be

(i) firmly nonezpansive (see [19]), if
&2(Tz, Ty) < (TaTy, 7)) Va,y € X,
(ii) nonezpansive, if
d(Tz,Ty) < d(x,y) Vx,y € X.

From Cauchy-Schwartz inequality, it is clear that firmly nonexpansive mappings
are nonexpasive.

Definition 2.14. Let X be a CAT(0) space and C' be a nonempty closed
and convex subset of X. A function f : C x C — R is called monotone if
fz,y)+ fly,z) <0 forall z,y € C.

Definition 2.15. Let X be a CAT(0) space. A function f : D(f) C X —
(—00, +00] is said to be convex if

J(tz ® (1 - t)y) < tf(2) + (1 - )] (y) Yo,y € X, L€ (0,1).
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f is proper, if D(f) :={z € X : f(z) < 400} # &. The function f : D(f) —
(=00, 0] is lower semi-continuous at a point x € D(f) if

(2.7) f(@) < liminf f (),

for each sequence {z,} in D(f) such that lim x, = x; f is said to be lower
n—00

semicontinuous on D(f) if it is lower semi-continuous at any point in D(f).

Lemma 2.16 ([22, Proposition 5.4]). Suppose that f is monotone and D(J') #
. Then, the following properties hold.
(i) J7 is single-valued.
(i) If D(J7) D C, then J/ is nonexpansive restricted to C.
(iil) If D(J) D C, then F(J') = EP(C, f).

Theorem 2.17 (][22, Theorem 5.2]). Suppose that [ has the following proper-
ties

(i) f(z,z) =0 for all z € C,

(ii) f is monotone,

(iii) for each x € C, y — f(z,y) is convex and lower semicontinuous.

(iv) for each x € C, f(z,y) > limsup, o f((1 —t)z D tz,y) for all z,z € C.

Then D(Jf) = X and J7 single-valued.

The following two lemmas will be very useful in establishing our strong con-
vergence theorem.

Lemma 2.18 ([34]). Let {zn} and {yn} be bounded sequences in a metric space
of hyperbolic type X and {B,} be a sequence in [0,1] with liminf, . B, <
limsup,, o, Bn < 1. Suppose that 11 = By @ (1 — Bn)yn for alln >0 and
limsup,, _, oo (A(Yn+41,Yn) — A(@nt1,2n)) < 0. Then lim,, o0 d(Yn, zn) = 0.
Lemma 2.19 (Xu, [38]). Let {a,} be a sequence of nonnegative real numbers
satisfying the following relation:

Ap+1 < (1 - an)an + anon + Yn,n > Oa
where, (1) {an} C [0,1], > ay = o0; (41) lim sup oy, < 05 (442) v, > 0; (n > 0),
> n < 00. Then, ap, — 0 as n — oo.

3. MAIN RESULTS

Lemma 3.1. Let X be a CAT(0) space, {x;, i =1,2,.... N} C X, {y;, i =
1,2,...,N} C X and a; € [0,1] for eachi=1,2,...,N such thathilai =1.
Then,

N N N
(3.1) d (@ aifci,@aiyi) <Y aid(@i, i)

i=1 i=1 i=1

Proof. (By induction). For N = 2, the result follows from Lemma 2.6 (iv).
Now, assume that (3.1) holds for N = k, for some k > 2. Then, we prove that
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(3.1) also holds for N = k + 1. Indeed, by Remark 2.9, Lemma 2.6 (iv) and
our assumption, we obtain that

k1 k1 k o k o
d o, oy | < (1-«a d ——, - i
(@en @) = 1ot (Dt B i)
+ap1d(Trt1, Yet1)
k+1
< Zaid(iﬂi,yi)-

i=1

Hence, (3.1) holds for all N € N. O

Remark 3.2. It follows from (2.6) that the resolvent J Af of the bifunction f and
order A > 0 is given as

- 1
(32) J{(2) = EP(C, o) = {2 € C: f(z,y)+1(7%,7]) 20, y € C}, w € X,
where f is defined in this case as
(3.3) fz(z,y) == f(z,y) + xwﬁ/ Ve,ye C, T € X.

Lemma 3.3. Let C be a nonempty, closed and convex subset of a Hadamard
space X and f : C x C — R be a monotone bifunction such that C C D(J{)
for A > 0. Then, the following hold:

(i) J ){ 18 firmly nonexpansive restricted to C.
(ii) If F(Jy) # &, then

d*(Jyz, x) < d*(x,v) — dQ(fo v)VeeC, ve F(J{)
(iii) If 0 < A < p, then d( fo J x) <4/1 d (z, J x), which implies that
d(:z:,J/\:zr) < 2d(x, Jx) Ve € C.

Proof. (i) Let z,y € C, then by Lemma (2.16) (i) and the definition of J{, we
have

Foooof Lol Tf of
(3.4) f(J3z, J3y) + Y (edie, Jxzdyy) 2 0
and
e
(3.5) F(Hy, Jx) + X<yJAfy, JyJ{z) > 0.

Adding (3.4) and (3.5), and noting that f is monotone, we obtain

1
3 (<$J){£B, J){:EJ){y> + (nyy, J;ny@) >0,

which implies that

(z7), Jf:EJ){y> <Jf:EJ)\y, Jf:EJ){y>

© AGT, UPV, 2019 Appl. Gen. Topol. 20, no. 1 200



A viscosity iterative technique for equilibrium and fixed point problems in a Hadamard space

That is,

foqf 2 1f f

(3.6) (@, Jad{y) > d&*(J{z, J{y).

(ii) Tt follows from (3.6) and the definition of quasilinearization that
d?(x, J){x) < d?*(z,v) — dz(v,fo) VeeC, ve F(J){)

(iii) Let z € C and 0 < A < p, then we have that

. 1 —— —F—
3.7 f(Hz, T+ =@z, Jzlz) >0
A n Y A A o
and
1 —— ———
3.8 ffo,fo —i——:Efo,Jf:vax > 0.
Iz A U I [

Adding (3.7) and (3.8), and by the monotonicity of f, we obtain that

A
(J{xx,Jl{xJ){@ > —<J5$$,Ji$J{$>.
1
By the definition of quasilinearization, we obtain that
A A A »
(; + 1) d*(Jz, J{x) < (1 - ;> d?(x, J,x) + (; - 1) d*(z, J]z).

Since % < 1, we obtain that

A : A
(; + 1) d*(Jfx, J{z) < (1 —~ ;) d*(z, J1z),

which implies

' [ A
(3.9) d(ng, J{x) <y/1- ;d(z,Jim).

Furthermore, by triangle inequality and (3.9), we obtain
d(x, J){x) < 2d(z, ng)
(I

Remark 3.4. We note here that, if the bifunction f satisfies assumption (i)-(iv)
of Theorem 2.17, the conclusions of Lemma 3.3 hold in the whole space X.

Lemma 3.5. Let C' be a nonempty, closed and convexr subset of a Hadamard
space X and T be a nonerpansive mapping on C. Let f; : C x C = R, i =
1,2,...,N be a finite family of monotone bifunctions such that C C D(J{i)
for X > 0. Then, for 8; € (0,1) with Zij\io Bi = 1, the mapping S\ : C — C
defined by Sz = Pox B ﬂlJ{II &) ﬁnggp QP ﬂNJ{NI for all z € C, is
nonezpansive and F(T o Sy,) C ﬂij\ilF(J{i) NE(T) for 0 < A1 < Ag, where
Sx, : C — C is defined by S,z := Pox @ﬁlJ{;xGBﬂQJ{;x @ @ﬂNJ{;VQ; for
all x € C.

© AGT, UPV, 2019 Appl. Gen. Topol. 20, no. 1 201



C. Izuchukwu, K. O. Aremu, A. A. Mebawondu and O. T. Mewomo

Proof. Since f is monotone, it follows from Lemma 3.3 (i) (or Lemma 2.16 (ii))
that J{i is nonexpansive for A > 0, ¢ = 1,2,..., N. Thus, by Lemma 3.1, we
obtain

d(Sxa, Sxy) < Bod(x,y) + Brd(J{ x, L y) + -+ Bnd(J{¥ z, TN y)
N
1=0

= d(z,y).
Hence, S) is nonexpansive.
Now, let z € F(T 0 S,,) and v € ﬂf\ilF(J/{Q) N F(T). Then, by Lemma 3.1,
we obtain

IN

d(z,v) < d(Sx,x,v)
< Bod(z,v) + ﬁld(J{;x, v)+ -+ ﬁNd(J{;Va:,v)
N-1
(3.10) < > Bid(w,v) + Brd(J{Y x,v)
i=0
< d(z,v).
From (3.10), we obtain that
N-1
d(z,v) = Z Bid(x,v) + BNd(JQ’;E, v) = (1 = Bn)d(z,v) + BNd(JQ’;E, v),
i=0

which implies that d(z,v) = d(JQ’x,U) = d(Sx,z,v) = d(Box B BlJQx P
ﬂzj){jx D.-P BNJQ’Q:, v). Similarly, we obtain

d(z,v) = d(JQ”lx,v) =...= d(J{Z:E,v) = d(J){;x,v).
Thus,
(3.11) | | |
d(z,v) = d(J{;VI, v)=---= d(Jﬁx,v) = d(ﬁox@ﬁlJi‘;x@ﬂgJ{ix@~ . ~®BNJ<;V:1:, v).

Now, let d(z,v) = c. If ¢ > 0, and there exist ¢ > 0 and 7,5 € {0,1,2,..., N},
1 # j such that d(J){;:E,J{;CE) > ec (where J;;’ = I), then by Lemma 2.5, we
obtain that

d(Box @ BrJ{z @ BoJPx @ - @ By J{N2,v) < ¢ = d(z,v),
and this contradicts (3.11). Hence, ¢ = 0. This implies that = v, hence
(3.12) x e N, F(J{) NF(T).
Since 0 < A1 < A2, we obtain from Lemma 3.3 (iii) and (3.12) that
d(z, J{ z) < 2d(x, J{iz) =0, i=1,2,...,N.

Hence, = € ﬂlN:lF(J){i) N F(T). Therefore, we conclude that F(T o Sy,) C
NN F(I{) N F(T). 0
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We now present our strong convergence theorem.

Theorem 3.6. Let C' be a nonempty closed and convex subset of a Hadamard
space X and f; : C xC = R, i =1,2,...,N be a finite family of monotone
and upper semicontinuous bifunctions such that C' C D(le) for A > 0. Let
T : C — C be a nonezxpansive mapping and g : C — C' be a contraction mapping
with coefficient T € (0,1). Suppose that T := NN, EP(f;,C) N F(T) # @ and
for arbitrary x1 € C, the sequence {x,} is generated by

(313) {yn = Sx,Tn = oty ® B1IL 00 ® BoJ P20 @ - ® BTN 2,
Tni1 = Ozng(iEn) D BnTn © VnTLYn, n>1,
where {an}, {Bn} and {yn} are sequences in (0,1), and {\,} is a sequence of
positive real numbers satisfying the following conditions:
(i) Jim o, =0 and Y07 ay, = 00,
0 < hrnlnfﬂn <limsupf, <1, ap+Bn+7mm =1Vn>1,

n—00

ii)
(iii) 0 <A< A, Vn>1 and hm)\n—)\
v) B

(i € (0,1) with Ei:o Bi =1.
Then, {xn} converges strongly to z € T'.

Proof. Step 1: We show that {x,} is bounded. Let u € T, then by Lemma
2.8, we obtain that

d(@nt1,u) < and(g(xn), u) + Bud(@n, u) + Y d(Tyn, u)
< apTd(@n, u) + and(g(u), u) + Brd(@n, ) + Vnd(Yn, )
< anTd(Tn, u) + (o + Bn)d(@n, u) + and(g(u), u)
= (I—oan(l—7))d(zn,u) + and(g(u),u)
_ dlg(u). v

d(zn,
max{ (T, u) + =

S max{d(;vl,u)+ M}

1—71

Hence, {x,} is bounded. Consequently, {y,}, {g(z,)} and {T(y,)} are all

bounded.

Step 2: We show that lim d(z,4+1,2,) = 0. Observe from Remark 2.9, that
n—roo

(3.13) can be rewritten as

Yn = S, Tn = Botn ® BrJ{ zn & - @ By J{N @y,
(3.14) wn = 125-9(xn) O 725 Tyn,
Tpt1 = Bnn ® (1 = Bp)wn, n>1.
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Now, from (3.14), Lemma 2.6 (iv),(vi) and the nonexpansivity of T, we obtain
that

d(Wnp41,wn) = d(lf"iﬁt;lg(xnﬂ) ® %Tynﬂ, I C_Mnﬁng(xn) @ : jnﬁn Tyn)
+d(1fnT+:Hg(xn) ®(1- %)Tyn, 16_)[—”@19(17") ®(1- I f"ﬁn)Tyn)

(3.15)

ST an) + (1= 25l un) + 175 = 7l (). Ton)

Without loss of generality, we may assume that 0 < A\,4+1 < A, ¥n > 1. Thus,
from (3.14), condition (iv), Lemma 3.1 and Lemma 3.3 (iii), we obtain

d(Yn+1,Yn) =d(Bozni1 © 51J<;+1In+1 &P ﬂNJ/{;VH‘T”“’ Boxn @ 51‘]/]\117" DD ﬂNJ{iVI")
N
<Bod(Tn+1,Tn) + Z Bid(J'Afin"H’ Jflx")
i=1
N ' N ,
<Pod(Tpi1,xn) + Z ﬂid(*]{leanv Jﬁﬂxn) + Z ﬂid(‘]x{flﬂxm Jin n)
i1

=1

N
/ An v
Sd(fbn-{-luwn) + ( 1- /\+1) § ﬁzd(J){;+lxnuxn)
nT =1

<d(Tpi1,2n) + ( 1— A;:)M,

(3.16)

where M := sup{ Eﬁl Bid(J{
n>1

)\nﬂxn,xn)}. Substituting (3.16) into (3.15), we

obtain that

(67% Qp
d(wn-i-luwn) Sl_ingTd(ﬂﬁn-i-l,iEn) + (1 - T;ﬂ)d(xn-‘rluxn)
Ant1 Qnt1 nt1 an
(-3 (1- 22 M+ | - d(g(2n), Tyn
N, T 6o 1-4. (9(zn), Tyn)
[e778S] )\n—i-l Qnt1
=1———(1—7)|d(z, ,:zrn—|—( 1-— )(1—7)M
=15, ld@nsan) An 1= Bt
Ap+41 «

1 _ﬁnJrl - 1 _Bn d(g(xn)aTyn)

Since lim ay, =0, lim A, = X and {g(zn)}, {Tyn} are bounded, we obtain
n—roo n—r oo

that
lim sup (d(wn+17w’n«) — d(Tn+1, xn)) <0.

n—roo
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Thus, by Lemma 2.18 and condition (ii), we obtain that
(3.17) lim d(wp,x,) = 0.

n—00

Hence, by Lemma 2.6 we obtain that

(3.18)  d(zpy1,2n) < (1 —Bn)d(wn,zy,) — 0, as n — oo.

Step 3: We show that nlgxgo d(xn, T(Sx,)zn) = 0 = nhﬁn;o d(wp, T(Sx, )wn).
Notice also that (3.13) can be rewritten as

) (ﬁnwn S TyYn

Tyl = ang(xn) ® (1 - (1 - an)

)7 Yn = S)\nxn-

Thus, by Lemma 2.6, we obtain that

(3.19)
d(:bn+17 %) < O‘nd(g(xn)v

Also, from (2.1), we obtain
d( Brn @”ynTyn) _
(1 —ay) 1
which implies from (3.18) and (3.19) that

Tn
1—a,

Brntn ® YnTyn

= an) >—>O, as n — oo.

d(,Tn, Tyn)a

n

BnTn @ YT Yn
(1—an)

d(meyn) < d(xn7$n+1)+d($n+17 ) — 0, as n — oo.

Hence,
(3.20) lim d(xn,Ty,) = lim d(z,, T(S\,)zn) = 0.
n—oo n—00

Now, since {z,} is bounded and X is a complete CAT(0) space, then from
Lemma 2.11, there exists a subsequence {z,,, } of {z,} such that A—klim Ty, =
—00

Z. Again, since T o Sy, is nonexpansive (and every nonexpansive mapping is
demiclosed), it follows from (3.20), condition (iii), Lemma 3.5 and Lemma 2.16
(iii) that z € F(T o Sy,) C NN, F(JI) N F(T)=T.

d(wn, T(Sx,)wn) < d(wn,xn) + d(Tn, T(Sx,)n) + d(T(Sr, )Zn, T(Sx, )wn)
(3.21) < 2d(wn, xn) + d(xy, T(Sx,xn) — 0, as n — oco.

—
Step 4: We show that limsup(g(z)z, m} <0.
n—oo

Now, define T,z = B2 @ (1 — B,)w, where w = ﬁg(m) ® ﬁT(S)\n),T,

then T,, is a contractive mapping for each n > 1. Thus, there exists a unique
fixed point z, of T}, Yn > 1. That is,
QAm TYm

Zm = PBmzm @ (1 = B )wm, where wm = 725—=9(2m) ® 72557 (Sx,.)2m-
Moreover, n%ignoozm =7z €T (see [31]).
Thus, we obtain that
d(Zm, wn) = d(Bmzm @ (1 — Bim)wm, wy,)
< Bnd(zm, wy) + (1 = B )d(wim, wn),
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which implies that

(3.22) d(Zm, W) < d(Wpn, wh).
From (3.22) and Lemma 2.6(v), we obtain that
d2(wmvwn) = <m7m>

= <me(S)\m)Zmu wmwn> + <T(S)\m)zmwn7wmwn>

< %QQ(ZW)T(S)‘WL)Z"“ wmw"> + <T(S)\mzm)wnu m>

=" gz o) Bz} + = (G Ytrs s Zo,

- _6m)<g( m) T (S, 2m ) WmZm) + a _Bm)<g( ) W, Z )

+ %Wﬁ(&mw, Zmm) 4+ (T (Sx,. 2m)T (S, Wn ), W)

+ <T(S)\mwm;7m>
Cm Uy, —_—

< md(g(zm)v T(S)\mzm))d(wm; Zm) + m(g(zm)zm, m>

+ ufiném)@mT(S)\msz Zmn) + d(T(Sx,, Zm), T(Sx, wn))d(wy, , wy,)

+ d(T(SXm wn)v wn)d('wmu wn)
Qm A, —

< md(g(zm),T(SAmzm))d(wn, Zm) + m(g(zm)z"“ 2y

+ Ofi"gm)@mT(Sxmzm;, Zm W) + Az, Wi ) AW, wy ) + A(T(S,, W), Wn ) d(We, Wiy )
Om O, —_—

< md(g(zm),T(S,\mzm))d(wm Zm) + m@(zm)zm, Zm )

+ Ofi%m)d(zma T(Sx,, 2m))d(Win s 2m) + AW, wy) + d(T (S, W ), We )d(Wr , Wiy ),

which implies that

<m, Wnzm) < d(g(zm)s T(Sx, ) 2m)d(Wn, 2m) + A(Zms T(Sx, ) 2m ) d(Zm , W)

m

Thus, taking lim sup as n — oo first, then as m — oo, it follows from (3.17),(3.20)
and (3.21) that

——
(3.23) lim sup lim sup{(g(zm)zm, Wnzm) < 0.

m—r oo n—oo

Furthermore,
—_ —_— _ _— _— —
(@)% Tn2) = (9()9(m s ) + (9(om) 2s T2 + (9 o) 2es TrZs) + (9 2ms 22} + (a2 T )

+d(g(zm), 2m)d(zm, Z) + d(2m, Z)d(xy, Z)

< (1 +7)d(zm, 2)d(2n, 2) + (9(2m) 2m. m> + [d(@n, wn) + d(zm, Z)]d(g(2m), 2m),
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which implies from (3.17), (3.23) and the fact that lim z,, = Z, that
m— o0

lim sup(g(z)z, m> = lim sup lim sup{g(z)z, m>
n—00 m—00 n—»00
—
(3.24) < lim sup lim sup{g(zm)Zm, Wnzm) < 0.

m—r o0 n—oo

Step 5: Lastly, we show that {x,,} converges strongly to z € T.
From Lemma 2.7, we obtain that

<m,m>gﬁ<m@ . 7ﬂn><m,m>
S(1finﬂn)@(gc")g(z’E’% { ﬂ,ﬁm z2) + a j"ﬂn) d(T(Sx, )T, Z)d(wn, %)
< gt e, E) + e @R 5 + (- T (@, )
— | 0 )| D) + s (R ),

Thus, from Lemma 2.6, we have
d*(2n11,2) < Bnd? (20, Z) + (1 = B)d” (wn, Z)
= Bud? (@0, Z) + (1 — Bu){wn %, w,2)
= Bnd? (20, 2) + (1= ) [(wn %, Wnn) + (wnZ, 20%)]

< [Bu + anT +1ld2 (@0, Z) + (1 = B) (W%, W) + an(9(Z)Z, %)

(3.25)
1 —
< (A —an(l=m)d*(@n,2) + an(l = 1) | 7—=(9(2)7, n2) | + (1= Bp)d(wn, wn) M.
-7
By (3.17) and applying Lemma 2.19 to (3.25), we obtain that {z,,} converges
strongly to Z. O

Corollary 3.7. Let C' be a nonempty closed and convex subset of a Hadamard
space X and f; : Cx C = R, i =1,2,...,N be a finite family of monotone
and upper semicontinuous bifunctions such that C C D(J){i) for X > 0. Let
g : C — C be a contraction mapping with coefficient 7 € (0,1). Suppose
that T := NY EP(f;,C) # @ and for arbitrary z; € C, the sequence {x,} is
generated by

(326) {yn = Sn,n = Botn @ B 20 @ Ba {0 @ - ® By J{¥n,
Tn+1 = ang(xn) ® Bn®n @ YnYn, n =1,
where {an}, {Bn} and {v,} are sequences in (0,1), and {\,} is a sequence of
positive real numbers satisfying the following conditions:
(i) hm an—O and Y07 ay, = 00,
(ii) 0 < hrnlnfﬁn <limsupf, <1, an+Bn+v=1Vn>1,

n—00

(iii) 0 <A< A, Vo >1 and lim A, = A,
n— o0
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(iv) B; € (0,1) with YN, B = 1.
Then, {x,} converges strongly to z € T.

Corollary 3.8. Let C' be a nonempty closed and convex subset of a Hadamard
space X and f : CxC — R be a monotone and upper semicontinuous bifunction
such that C' C D(J{) for X > 0. Let T : C — C be a nonexpansive mapping
and g : C — C be a contraction mapping with coefficient 7 € (0,1). Suppose
that T := EP(f,C)NF(T) # @ and for arbitrary x1 € C, the sequence {x,}
is generated by

n - Jj nsy
(3.27) I =0
Tnt1 = ng(Tn) ® Bnxn ® WTYn, n>1,

where {an}, {Bn} and {7y} are sequences in (0,1), and {\,} is a sequence of
positive real numbers satisfying the following conditions:
(i) lim a, =0 and >~ o = 00,
n—00
(ii)) 0 < liminf8, <limsupfB, <1, an +Bn+ 1 =1Vn>1,
n—oo

n— oo
(iii) 0 <A< A, Vo >1 and lim A\, = A\

n—oo

Then, {x,} converges strongly to zZ € T.

4. APPLICATION TO OPTIMIZATION PROBLEMS

In this section, we give application of our results to solve some optimiza-
tion problems. Throughout this section, X is a Hadamard space and C' is
a nonempty closed and convex subset of X.

4.1. Minimization problem. Let h : X — R be a proper convex and lower
semicontimnuous function. Consider the bifunction fj : C' x C — R defined by

In(z,y) = h(y) — h(z), Yo,y € C.

Then, f3, is monotone and upper semicontinuous (see [22]). Moreover, EP(C, f3,)
argming h, J/» = prox" and D(prox") = X (see [22]). Now, consider the fol-
lowing finite family of minimization problem and fixed point problem:

(4.1)Find = € F(T) such that h;(z) < h;(y), Yy € C, i=1,2...,N,

where T is a nonexpansive mapping. Thus, by setting J /{n = prox’;; in Algo-
rithm (3.13), we can apply Theorem 3.6 to approximate solutions of problem
(4.1).

4.2. Variational inequality problem. Let S : C — C be a nonexpansive

mapping. Now define the bifunction fs:C x C — R by fs(z,y) = <S@,@>
Then, fs is monotone and J¥s = J% (see [20, 3]). Consider the following finite
family of variational inequality and fixed point problems:

(4.2)Find z € F(T) such that (S;zz,z7) >0, Yy € C, i =1,2..., N,
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where 7' is a nonexpansive mapping on C. Thus, by setting J /{n =J f; in Algo-
rithm (3.13), we can apply Theorem 3.6 to approximate solutions of problem
(4.2).

4.3. Convex feasibility problem. Let C;,i = 1,2,..., N be a finite family
of nonempty closed and convex subsets of C' such that NY ,C; # @. Now,
consider the following convex feasibility problem:

(4.3) Find = € F(T) such that z € N}, C;.
We know that the indicator function §c : X — R defined by
0, ifxeC,
do(x) =

400, otherwise

is a proper convex and lower semicontinuous function. By letting §c = h and
following similar argument as in Subsection 4.1, we obtain that f5. is monotone
and upper semicontinuous, and J/%c = prox’¢ = Py. Therefore, by setting
Jfi = Pg,, i=1,2,...,N in Algorithm (3.13), we can apply Theorem 3.6 to
approximate solutions of (4.3).
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