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ABSTRACT

Kirk introduced the notion of pointwise eventually asymptotically non-
expansive mappings and proved that uniformly convex Banach spaces
have the fixed point property for pointwise eventually asymptotically
nonexpansive maps. Further, Kirk raised the following question: “Does
a Banach space X have the fixed point property for pointwise eventually
asymptotically nonexpansive mappings whenever X has the fixed point
property for nonexpansive mappings?”. In this paper, we prove that a
Banach space X has the fixed point property for pointwise eventually
asymptotically nonexpansive maps if X has uniform normal sturcture
or X is uniformly convex in every direction with the Maluta constant
D(X) < 1. Also, we study the asymptotic behavior of the sequence
{T"z} for a pointwise eventually asymptotically nonexpansive map T
defined on a nonempty weakly compact convex subset K of a Banach
space X whenever X satisfies the uniform Opial condition or X has a
weakly continuous duality map.
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1. INTRODUCTION

Let K be a nonempty weakly compact convex subset of a Banach space X.
A mapping T : K — K is said to be asymptotically nonexpansive if there exists
a sequence {a,} C [1,00) with lim a,, =1 such that for each integer n > 1,
n—oo

(1.1) |T"z —T"y|| < anllz —y||, for all z,y € K.

If ap, = 11in (1.1) for all n € N, then T is said to be nonexpansive. If for each
z € K, the following inequality holds

imsup (sup {77 = 7] - o = 1} ) <0,
n—o00 yeK

then T is said to be asymptotically nonexpansive type. Kirk [13] proved that if
K is a nonempty weakly compact convex set in a Banach space X with normal
structure, then every nonexpansive map 7T on K has a fixed point. Goebel and
Kirk [9] further proved that if X is a uniformly convex Banach space, then
every asymptotically nonexpansive map T on K has a fixed point. Later, this
result was extended to mappings of asymptotically nonexpansive type by Kirk
[14]. However, it remains open that whether normal structure condition on
a Banach space X guarantees the existence of fixed points of asymptotically
nonexpansive mapping.

Kim and Xu [12] proved that if X is a Banach space with uniform normal
structure, then every asymptotically nonexpansive map 7" on K has a fixed
point. Li and Sims [8] proved the existence of fixed points of asymptotically
nonexpansive type mappings in the setting of Banach spaces having uniform
normal structure. Gossez and Lami Dozo [11] studied the class of spaces which
satisfies Opial’s condition and observed that all such spaces have normal struc-
ture. Hence, if X is a Banach space satisfying Opial’s condition, then every
nonexpansive map 7" on K has a fixed point. However, it is not clear whether
Opial’s condition implies the existence of fixed points for asymptotically non-
expansive mappings.

In this direction, Lin et. al [18] proved that every asymptotically nonexpan-
sive map T on K has a fixed point whenever X is a Banach space that satisfies
the uniform Opial condition. Also, Lim and Xu [17] proved the existence of
fixed points of an asymptotically nonexpansive map T on K in a Banach space
X whenever the Maluta constant D(X) < 1 and T is weakly asymptotically
regular on K.

In 2008, Kirk and Xu [16] introduced the notion of pointwise asymptotically
nonexpansive mappings and studied the existence of fixed points in the setting
of uniformly convex Banach spaces.

Definition 1.1 ([16]). A mapping T : K — K is said to be pointwise asymptot-
ically nonexpansive if for each z € K there exists a sequence {a, ()} C [1,00)

with lim o, (z) = 1 such that for each integer n > 1,
n—oo

IT"z — Tyl < an(z)||z —y||, forallye K.
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Theorem 1.2 ([16]). Let K be a nonempty closed bounded convex subset of a
uniformly convexr Banach space X and T : K — K be a pointwise asymptoti-
cally nonexpansive map. Then T has a fized point in K.

Recently, Kirk [15] introduced the notion of pointwise eventually asymptot-
ically nonexpansive mappings as follows:

Definition 1.3 ([15]). A mapping T : K — K is said to be pointwise even-
tually asymptotically nonexpansive if for each x € K there exists a sequence
{an(z)} C [1,00) with lim a,(z) =1 and an integer N(z) € N such that for
n—oo
n > N(x),
(IT"z — T y|| < an(z)||z —y|, for all y € K.

Though the definition of pointwise asymptotically nonexpansive mappings
and pointwise eventually asymptotically nonexpansive mappings are quite sim-
ple to understand, examples of such mappings are rare.

In [15] Kirk proved that Theorem 1.2 holds for pointwise eventually asymp-
totically nonexpansive mappings. Further, Kirk [15] raised the following ques-
tion:

Does a Banach space X have the fixed point property for pointwise even-
tually asymptotically nonexpansive mappings whenever X has the fixed point
property for nonexpansive mappings?

In this paper we give a partial answer to the above question. In section 3,
we prove that a Banach space X have the fixed point property for pointwise
eventually asymptotically nonexpansive mappings if X has uniform normal
structure or X is uniformly convex in every direction with the Maluta constant
D(X) < 1.

In section 4, we study the asymptotic behavior of the sequence {T"x}
for a pointwise eventually asymptotically nonexpansive map T defined on a
nonempty weakly compact convex set K in a Banach space X whenever X
satisfies the uniform Opial condition or X has a weakly continuous duality
mapping. For results about asymptotic behavior of nonexpansive mappings
and asymptotically nonexpansive mappings, one may refer to [2, 7, 17, 18].

2. PRELIMINARIES

Let X be a Banach space and C be the collection of all closed bounded
convex sets in X. For K € C, define
(1) forz € X, §(z, K) =sup{|lz —y| : y € K};
(2) r(K) =inf{é(z,K):x € K} and
(3) 6(K) = diam(K) = sup{d(z,K) : z € K}.

Definition 2.1 ([3]). A Banach space X is said to have normal structure if
every nonempty closed bounded convex subset K of X with diam(K) > 0 has
a point zg € K such that 6(zo, K) < diam(K).

Also, Brodskii and Milman [3] gave a characterization for normal structure in
terms of sequences as follows:
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Theorem 2.2 ([3]). A Banach space X does not have normal structure if and
only if there exists a nonconstant bounded sequence {x,} in X such that

lim d(xp41,co{x1,...,z,}) = diam({x,}).

n—oo
Using this characterization of normal structure, Maluta [19] defined the con-
stant D(X) of a given Banach space as follows:
Definition 2.3 ([19]). Let X be a Banach space. The Maluta constant D(X)
of X is defined as
limsupd (zpy1,co{z1,...,2n})
D _X — n—roo
(X) = sup diam({zn})

where the supremum is taken over all non-constant bounded sequences in X.

It is known from [19] that a Banach space X with D(X) < 1 has normal
structure.
In [5] Bynum defined the concept of uniform normal structure as follows:

Definition 2.4 ([5]). A Banach space X is said to have uniform normal struc-

K
ture if N(X) < 1, where N(X) = sup {% : K € C with §(K) > O} .
Remark 2.5. The following facts are known from [19].

(1) For a Banach space X, 0 < D(X) <1 and D(X) < N(X).
(2) If X is nonreflexive Banach space, then D(X) = 1. Thus if D(X) < 1
then X is reflexive.

Definition 2.6 ([20]). A Banach space X is said to satisfy Opial’s condition
if for each weakly convergent sequence {x,} in X with limit zy € X,

limsup ||z, — zo]| < limsup ||z, — z||, for all z € X with z # .
n—oo n—oo

It is known that every Hilbert space, finite dimensional Banach spaces and
the Banach space [P(N) for 1 < p < oo satisfy Opial’s condition.
In [21] Prus introduced the notion of the uniform Opial condtion:

Definition 2.7 ([21]). A Banach space X is said to satisfy the uniform Opial
condition if for each ¢ > 0, there exists an r > 0 such that

1+ r < limsup ||z, + ||

n—00

for each x € X with ||z|| > ¢ and each sequence {z,} in X such that
w— lim 2, =0 and limsup ||z,| > 1.
n—oo n—00

Further, Prus [21] defined the Opial modulus of X denoted by rx, as follows

rx(c) = inf {hmsup |zn + x| — 1} ,
n—oo
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where ¢ > 0 and the infimum is taken over all x € X with ||z| > ¢ and

sequences {z,} in X such that w — lim x, = 0 and limsup ||z,| > 1. It is
n—0o0 n— o0

easy to see that X satisfies the uniform Opial condition if and only if rx(¢) > 0
for all ¢ > 0.

Definition 2.8 ([10]). A continuous strictly increasing function ¢ : [0, 00) —
[0, 00) is said to be gauge if ©(0) = 0 and tlim ©(t) = oo.
—00

Definition 2.9 ([10]). Let X be a Banach space and ¢ be a gauge function.
Then we associate with X a generalized duality map J, : X — 2X" defined by

Jo(@) = {z" € X7 : (w,27) = ||zlle(||z]]) and [l2*[] = ¢ (l|z[))},
where (.,.) is the pairing between X and X*.

t
Define ®(t) = [ ¢(s)ds for t > 0. Then it is easy to see that ® is a convex
0

and gauge function on [0,00). Also, it is known from [4] that J,(x) is the
subdifferential of the convex function ®(]|.||) at z € X.

Definition 2.10 ([10]). A Banach space X is said to have a weakly continuous
duality map if there exists a gauge function ¢ such that the duality map J, is
single-valued and continuous from X with the weak topology to X* with the
weak™ topology.

It is clear from [10] that the Banach space I?(N) for 1 < p < oo has a weakly
continuous duality map with the gauge function o(t) = t*~1. Also, Browder [4]
proved that a Banach space X with a weakly continuous duality map satisfies
Opial’s condition.

3. EXISTENCE RESULT

In this section, we prove that a pointwise eventually asymptotically nonex-
pansive mappings defined on a weakly compact convex subset K of a Banach
space X always has a fixed point if X has uniform normal structure or X is
uniformly convex in every direction with the Maluta constant D(X) < 1.

We use the following two Lemmas in the sequel.

Lemma 3.1 ([6]). Let X be a Banach space with uniform normal structure.

o0

Then for every bounded sequence {xy} in X there exists a point z € () co{xy, :
k=1

n >k} such that

(1) lmsup ||z, — z|| < N(X)d(e0({zn}))
n—o0
(2) ||z —y|| < limsup ||z, — y||, for all y € X.

n—oo

Lemma 3.2 ([22]). Let K be a nonempty weakly compact convex subset of
a Banach space X and T : K — K be an asymptotically nonexpansive type
mapping. Let Ko be minimal with respect to being a nonempty closed convex
subset of K such that for every x € Ky we have wy(x) C Ko, where wy,(x) is
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the set of all weak subsequential limit points of the sequence {T™x : n € N}.
Then there exists a constant pg > 0 such that limsup ||T"z — y|| = po for all
n—oo

z,y € K.

Remark 3.3. We infer that if K is bounded, then a pointwise eventually asymp-
totically nonexpansive mapping on K is of asymptotically nonexpansive type.

Theorem 3.4. Let K be a nonempty weakly compact convex subset of a Ba-
nach space X with uniform normal structure and T : K — K be a pointwise
eventually asymptotically nonexpansive map. Then T has a fized point in K.

Proof. Assume that Ky is minimal with respect to being a nonempty closed
convex subset of K with the property that for every z € Kp, wy(z) C Kp.
By Lemma 3.2, there is a constant pg > 0 such that limsup ||T"z — y|| = po,

n—oo
for all z,y € Ky. First note that if pg = 0, then lim ||T"x — z|| = 0 and
n—00
lim ||T"z — Tx| = 0 for z € Ky, and it follows that Ko = {z} with Tz = «.
n—oo

To see that py = 0 we break the proof into two assertions.

Assertion I : If {T™z} has a convergent subsequence for some x € Ky, then
po =0.

Proof. Assume py > 0, and suppose that there exists a € Ky such that
lim T™x = y for some y € Ky, and choose 7 > 0 so that (1 +r1)N(X) < 1.
71— 00
Since o, (y) — 1, there exists a natural number N7 > N(y) such that a,(y) <
1+ rq, for all n > Ny.

Define F =co{T™y : n > N1}. For [;m € N with [ > m > Ny,

IT' () = T™ (W)l = Jim |77 () = T™y|
< limsup [|[T"x — T™y||
n—oo
< limsup au ()| T ™2 — ||
n—oo

am(y)po < (1+71)po-

This gives that 6(F) < (1 +71)po-
Now by Lemma 3.1, there exists a z € F'N Ky such that

po =limsup [T"y — z|| < N(X)5(F)
n—oo
< N(X)(1+71)po < po.

Hence assertion I is proved.

Assertion IT : There exists a & € Ko such that {7z} has a convergent
subsequence.

Proof. Let 29 € Ky and define D; = éo{T"zp:n=0,1,2,...}. By Lemma
3.1, there exists a 1 € D1 N K such that

0 < B1 = limsup [|z1 — T"xo| < N(X)d(D1).
n—oo

Choose 1o > 0 so that r = (1 +7¢)?N(X) < 1. Since a,,(71) — 1, there exists
a natural number ny > N(x1) such that «,(x1) < 1+ 7, for all n > ny.
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Define Dy = eo{T*"(z1) : k= 0,1,2,...}. For k > 1, we have
|IT*" (1) = T (o) | < ety (21) 21 — T ().

Letting lim sup on both sides, we get

n—oo

lim sup ||T]m1 (1) =T™(x0)|| < agny(z1)limsup ||z — Tn—km (o)l

n—oo n—00

= O, (z1) limsup |21 — T (z0)|
n—oo

= Qgn, (21)51
and for [, m € N with | > m,

7™ (1) = T (21)]| < oy (1) |21 = TE7™ ()|
< (1) limsup || T (1) — Tz |
n—oo
= Qmn, (T1) Q- myn, (T1) 51
< (1479)2H
< (1 +79)2N(X)d(D1) = ré(Dy).

This gives that §(D2) < rd(Dy).
Now by Lemma 3.1, there exists a x5 € Dy N K such that

0 < fp = limsup [|zg — T (21)| < N(X)§(D2).
k— o0
Since an, (x2) — 1 as k — oo, we can choose k1 € N such that ny = kyny >
N(z2) and agp, (x2) < 1419, for all k > k.
Define D3 = eo{T*"2(z2) : k =0,1,2,...}. For [ > 1, we have

T2 (22) = TF™ (@1)]| < oy (@2)l|l2 — TF™ 712 (21)

=, (w2)||lz2 = THHEI™M ().

This implies that limsup |72 (z2) — T (21)|| < ain, (22)B2.
k— 00

So for [,m € N with [ > m,

T2 (22) = T2 (22)|| < sy (w2) | — TH™72 ($2)||
< Qymn, (22) lim sup ||T "2(gy) — THM (21))]
k—o0
< Qnng (5132)04 I—m)ns (I2)ﬂ2
< (1479)%Bs
< (L479)*N(X)d(D2)
< r35(Dy).

This gives that §(D3) < r25(Dy).
By continuing the above process, we obtain a sequence {z,,} and a sequence
of sets {D,,} with the following properties:
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(1) There exists a z,;, € Dy, N Ky such that
0 < B = limsup ||z, — T (2, 1) || < N(X)6(Din)
k—o0

where D,,, = @o{T*""=1(2,,—1) : k=0,1,2,... yand npm_1 = kmn_2nm_2 >
N(2p—1) for some k,,,_2 € N.
(2) 8(Dy,) <1r8(Dpy—1) and hence §(D,,) < r™15(Dy).
Note that Z,,—1,Zm € Dy, and ||, — 21| < 6(Dy) < r™~16(D;). This
implies that {z,,} is a Cauchy sequence in K.
Thus, there exists a x € Ky such that x = lim z,,. Now, for k£ > N(x),

m—r oo
IT*% — T* @ || + | T 2 — 2|

<
< ag(@)llz — zm | + ||Tk$m = T || + |Tmtr — 2]

Letting lim inf on both sides, we get
k—o00

liminf |T*2 — z|| < || — @] + iminf | T%2, — Zpgi || + |Zmer — 2|
k—o00 k— o0

IN

e = | 4+ Y inf |77 20, — ]| + 1 = 2

IN

12 = @m|l + Bms1 + lZmar — .
As B, — 0 and z,,, — x, we have hkmmf |T*x — z|| = 0.
Thus, there exists a subsequence {T™z} of {T"x} such that hm Triz = x.

Hence assertion II is proved.
Therefore pg = 0 and K is singleton. Hence T has a fixed point in K. O

Next, we use the ultrafilter techniques to prove the existence of fixed points
for a pointwise eventually asymptotically nonexpansive mapping 7 on K in a
Banach space X with the Maluta constant D(X) < 1. This result (Theorem
3.6) is motivated by the following result of Lim and Xu [17]: If T is an asymp-
totically nonexpansive map defined on a nonempty weakly compact convex set
K in a Banach space with the Maluta constant D(X) < 1 and T is weakly
asymptotically regular on K, then T has a fixed point in K. In the following
remark, we recall some facts about ultrafilter which are used in the proof of
Theorem 3.6. For more information about ultrafilters, one may refer to [1, 10].

Remark 3.5 ([1]). A filter F on N is a nonempty collection of subsets of N
satisfying

(1) if A, B € F then ANB € F;

(2) if A€ Fand AC B then B € F.

If Fis a filter on N and @ € F, then F = 2" and is called an improper filter.
By usual set inclusion, the family P of all proper filters on N is a partially
ordered set and every chain in P has an upper bound. By Zorn’s lemma, we

get a maximal proper filter in P. A maximal filter in P is called an ultrafilter
on N.
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A sequence {z,} in a Banach space X converges to € X over the filter F
if for every neighbourhood V of z, the set {n € N : z,, € V'} belongs to F and
it is denoted by li}n T, =T.

A trivial ultrafilter 7, on N is the collection of subsets of N which contains
an element ng € N, where ng € N is fixed and all other ultrafilters on N are said
to be non-trivial. It is known that nontrivial ultrafilters always exist (Zorn’s
lemma), and a sequence {x,} in a compact set always converges relative to any
nontrivial ultrafilter over N.

Theorem 3.6. Let K be a nonempty weakly compact convex subset of a Banach
space X with the Maluta constant D(X) <1 and T : K — K be a pointwise
eventually asymptotically nonexpansive map. Further, assume that T is weakly

asymptotically regular on K( i.e., w— lim (T"z — T z) =0 for all v € K)
n—oo
Then T has a fixed point in K.

Proof. Let U be a non-trivial ultrafilter on N. Define a mapping S on K by
S(x) = w—liblln T"x, for z € K. Since K is weakly compact, S(z) is well defined

and there exists a subsequence {T™x} of {T"x} such that {T™ix} converges
weakly to S(z). For z,y € K, we have

Sz — Syl

IN

liminf || T2 — T™*yl|
k—o00
limsup |T"z — T"y||

n—roo

IN

IN

lim sup o, (z) ||z — y||
n—oo

Iz =yl

Hence S is a nonexpansive map on K.

Since D(X) < 1, X has normal structure. Therefore, the nonexpansive map
S : K — K has a fixed point in K. That is, there exists a z € K such that
w —limT"z = z. This implies that there exists a subsequence {T™(z)} of

u
{T"x} converges weakly to x.

Without loss of generality, we may assume that nj > N(x) for all k € N.
Choose r > 0 so that (1+7)2D(X) < 1. Since a,(z) — 1 as n — oo, we can find
a subsequence {n;} of {nj} such that ay,, () <147 and an,,,—n,(x) <147
for all ¢ € N. From the definition of D(X),

limsup |[T™z — z|| < D(X)0({T" z}).

1— 00

Since T is weakly asymptotically regular at * € K, for fixed ¢ > j it must be
the case that T"+("~")(z) converges weakly to  as t — oco.
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Now observe that

1770 = T2 < @IIT™ "5 (2) — 2]
< (1+7) hm sup |77 () — Tt i=ma) ()|
< (4o e ) limsup 2 — 77 (2)|
< (147)? hmsup |l — T™ ()|

Therefore

limsup ||z — T™ (z)|| < (1 +7)>D(X)limsup ||z — T™ (z)|

1—00 t—o0

and since (1 + 7)2D(X) < 1, we conclude limsup ||z — T™(z)|| = 0.
i—00
As T™ is continuous at z for all m > N(z), {T"+™(z)} converges weakly

to T™(z) and since T is weakly asymptotically regular at 2 this in turn implies
x =T™(z) for all m > N(x). Therefore x = T™ 1z = T(T™x) = Ta. O

Theorem 3.7. Let K be a nonempty weakly compact convez subset of a Banach
space X, which is uniformly convex in every direction and T : K — K be a
pointwise eventually asymptotically nonexpansive map. Further, assume that
the Maluta constant D(X) < 1. Then T has a fizved point in K.

Proof. Assume that K is minimal with respect to being a nonempty closed

convex subset of K with the property that for every € Ky, wy(z) C K. By

Lemma 3.2, there is a constant py > 0 such that limsup ||T"z — y|| = po, for
n—oo

all z,y € Ky. Since X is uniformly convex in every direction, Ky is singleton,
say Ko = {z} and so the sequence {T"x} converges weakly to x.

Now choose r > 0 so that (1+7)?D(X) < 1. Since a,,(z) — 1 as n — 0o, we
can find a subsequence {n;} of {N(x), N(x)+1,...} such that ap,(z) <1+
and o, —n, () <147 forallieN.

From the definition of D(X),

limsup ||z — T™z|| < D(X)0({T™ x}).

1— 00

Now for i > j, we have

| T2 — T x|

IN

an ()| T () — |

< (T+7) hm nsup |77 () — T+ =) ()|
< (1+7‘)am_nj( x) limsup ||z — T™ (x)||
t—00
< (147)?limsup ||z — T™(2)|
t—o00

Thus, limsup ||z — T" (z)|| < (1 +7)2D(X)limsup ||z — T™(x)||. Since (1 +
1—>00 t—o0
7)?D(X) < 1, we have limsup [z — T" (z)| = 0.

12— 00
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Finally, by the definition of T, we have {T™T™(z)} converging weakly to
T™(zx) for all m > N(x). But, we know that the sequence {T"x} converges
weakly to x. This implies that x = T™(z) for all m > N(x). Hence x is a fixed
point of T. O

4. ASYMPTOTIC BEHAVIOR

In this section, we investigate the asymptotic behavior of the sequence {T"x}
for a pointwise eventually asymptotically nonexpansive map 7T defined on a
nonempty weakly compact convex subset K of a Banach space X whenever
X satisfies the uniform Opial condition or X has a weakly continuous duality
map.

Lemma 4.1. Let K be a nonempty weakly compact convex subset of a Banach
space X satisfying Opial’s condition and T : K — K be a pointwise eventually
asymptotically nonexpansive map. Further, assume that T is weakly asymptot-
ically regular at some x € K. For m € N, define b,, = limsup ||T™ " (z) — y||

1— 00
where y = w — lim T™x. Then the sequence {b,,} converges.
71— 00

Proof. Let y = w — lim T™z. Since T is weakly asymptotically regular at
1—> 00

x € K, we have y = w — lim T™"™(x) for m € N.

11— 00
For any j > N(y), we have
bty = limsup [T (z) —y]|
i—00
< limsup |77 (@) — Ty
1—>00

< aj(y) limsup [T (z) — y|
11— 00

= (y)bm.
We claim that lim b,, exists. Note that there exists two subsequences {m;}
m—r oo
and {m}} of N such that lim b,,, = limsupb,, and lim b,,, = liminf b,,.
1—00 m—o00 1—00 N m— o0
This gives that there exists kg € N such that m; > m} +N(y), for all j > k.
ie., mj =mj + N(y) + n;, for some n; € N.
For any j > ko, we have
bmj = bm’1+N(y)+nj
AN (y)+n; (4) by

A —m (y)bm’l

IN

So limsup by, = lim by, < i, -
Jj—o0

m—0o0
Similarly, for each ¢ € N, we have limsup b, < b, and we get limsup b,, <
m—00 m—o0

lim inf b,,. Hence the sequence {b,,} converges. O
m—r o0

Theorem 4.2. Let K be a nonempty weakly compact convez subset of a Banach
space X satisfying the uniform Opial condition and T : K — K be a pointwise
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eventually asymptotically nonexpansive map. Then given an x € K, {T"z}
converges weakly to a fived point of T if and only if T is weakly asymptotically
regqular at x.

Proof. Tt {T™x} converges weakly to a fixed point of T, then {T™z} is obviously
weakly asymptotically regular at x.

Conversely, assume that T' is weakly asymptotically regular at z € K. Then
we claim that wy, () C F(T), where F(T) is the set of all fixed point of T and
wy () is singleton. To see that wy,(x) C F(T), let y € wy(x). Then there exists
a subsequence {T™x} of {T"x} such that y = w— lim T™iz. Since T is weakly

71— 00
asymptotically regular at z, we have y = w — lim T™+™(z) for m € N.
1— 00
Now, let b, = limsup ||T"*™(z) — y[|. By Lemma 4.1, the sequence {b;,}

1—> 00

converges to b > 0. Assume b = 0. For m > N(y), we have

1Ty =yl < |T™y — T2 (@) + [T (2) -y
< limsup [Ty — T2 (2)|| + limsup | 772" (z) — y|
1—00 17— 00

Letting m — oo on both sides, we get Ty — y.

Now, for m > n > N(y), we have ||T™y — T™y|| < an(v)|ly — T™ "y|.

It follows that if n > N(y), then T™y — T™y as m — oco. This implies that
y =T"y, for n > N(y) and hence Ty = y.

m Tm+m _
Now, suppose b > 0 and let zz( ) = % Then for each m > 0,
w — lim zi(m) = 0 and lim sup ||zlm)|| = 1. By the uniform Opial condition of
100 i—00
X, we have

1+ rx(c) <limsup ||zl-(m) + z||, for all z € X with ||z]| > c.
i—>00

_m
Take z = % Then for m > N(y),

2m
_m

1+7ﬁX(IIy y||> <
b2m

lim sup
i—»00

Tni+2m (I) _ Tmy
b2m
and hence
—_Tm
bam (1 +7x (|yb79|)> <limsup | T 2™ (z) — T™y|| < am(y)bm.
2m 17— 00
Letting m — oo, we get
limsup ||y — T™y|

b )

b 1+’I”X

limsup [ly — T"™y||

© AGT, UPV, 2019 Appl. Gen. Topol. 20, no. 1 130



Existence of fixed points for pointwise eventually asymptotically nonexpansive mappings

Since X satisfies the uniform Opial condition, we have lim ||T™y — y| = 0.
m—0o0

This implies that Ty = y and thus w,,(xz) C F(T).

Now, it remains to prove that w,(x) is a singleton. First to observe that
lim ||T™z —p|| exists for every p € F(T). For this, let p € F(T'). For m > N(p)
n—oo

and n > 1, we have

[T+ — p| | T+ — T p||

am(p)||T"z — p||

IN

Letting limsup on both sides, we get limsup [|[T™x — p|| < ||T"z — p|| for all

m—r oo m

—00
n > 1. Thus, we have lim ||[T"z — p|| exists for all p € F(T).
n—oo

Suppose that there exists two subsequences {n;} and {m;} of N such that
w— lim T™ (z) = p; and w — lim T™i(z) = py for p; # pa.
1—> 00 71— 00

lim [|[T"z —pi|| = lim |7 (2) — p1|
n—o0 71— 00
< lim [T (z) — pa]
71— 00
= lim |T™(z) — p2||
71— 00
< lim [|[T™(z) — p1]|
71— 00

lim || T2 — p1]]
n— o0

which is a contradiction. Hence w,,(z) is singleton and the sequence {T"z}
converges weakly to a fixed point of 7T O

Theorem 4.3. Let K be a nonempty weakly compact convez subset of a Banach
space X with a weakly continuous duality map J, andT : K — K be a pointwise
eventually asymptotically nonexpansive map. Then given an x € K, {T"x}
converges weakly to a fized point of T if and only if T is weakly asymptotically
regqular at x.

Proof. It {T™x} converges weakly to a fixed point of T, then {T™z} is obviously
weakly asymptotically regular at x.

Conversely, assume that 1" is weakly asymptotically regular at € K. Then
we claim that wy,(x) C F(T) and wy(x) is singleton. Since X has weakly
continuous duality map J,, so it satisfies Opial’s condition. By Theorem 4.2,
it is enough to show that w,(z) € F(T). Let y € wy(x). Then there exists a
subsequence {T™x} of {T"x} such that y = w — lim T™z. Since T is weakly

11— 00
asymptotically regular at z, we have y = w — lim T™+™(z) for m € N.
11— 00
Let by, = limsup |[T"*™(z) — y||. By Lemma 4.1, the sequence {b,,} con-

1— 00
verges to b.

For m > N(y), we have
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B (T @) <yl) = @ (T ) = T+ T )
= @ (1T Ty ) +

—_

(T™y —y, J, (T 2™ (2) = T™y + t(T™y —y))) dt

IN

O\,_, *9* o

(am@IT™ ™ (2) —yl) +

(T™y =y, Jp(T™ 27 (2) = T™y + t(T™y — y))) dt
Letting lim sup on both sides, we get
i—00

(I)(b2m) < @ (am(y)d )

1
/ "y =y, Jo(y =Ty +t(T™y —y))) dt
0

- dwam@wmy—/wy—Tmmw<u—wmy—Tmmnﬁ

0
= @ (an(y)bm) —2(ly —T"yl)

Letting lim sup on both sides, we get

m—r oo

@@mwmm—wwos@@—@@.

m— o0

Thus, T™y — y as m — oo and Ty = y. Hence w,, () C F(T') and the sequence
{T"x} converges weakly to a fixed point of T. O
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